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Stability Analysis of M 4X 8" X.S*in the
Seven-Dimensional Einstein-Maxwell Theory

Zhou Bwnglu

Abstract The compactification of the seven-dimensional Einstein-Maxwell theory into
four-dimensional Minkowski space M, X 8! X.S? is found to be stable.
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0 Introduction

In recent years thcre has teen aitractiveness in superstring theoriest to unify all four inter-
actions with good guantum behavior. The low-energy limits® of type- I or heterotic stringm are
d =10 dimensional N =1 supergravity theories with additional terms given by superstring theo-
ries. The stability of compactifications of these higher dimensional theories is crucial for physics.
The Einstein-Maxwell and Einstein-Yang-Mills theoriesare found to be stable in Minkowski
space-time with a monopole compactification in d =6 dimensions. The instanton compactification
of d =8 dimensions intoc Minkowski space-time is also to be stable!®. The compactifications of
the eight-dimensional Einstein-Maxwell theory and Einstein- Maxwell- scalar theory into
four-dimensional Minkowski space are found to be unstable!®. Also, M, X8*X8*X 8%in the d =
10 Einstein-Maxwell theory is unstablet™. However, the stability for M4X (product space) has
not yet been fully analyzed to our knowledge. In this paper, we wish to study the stability of M,

X 8' X 8% compactification in seven-dimensional Einstein-Maxwell theory.

1 Field equations

The action of seven-dimensional Einstein-Maxwell theory with cosmological constant is
s=— |d'z \/—g[%lf —{—%FMNF”“" + A1, (1.1

where R is the curvature scalar with Ryy =Rpux' » and the metric is (——+-+++++). The index
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M is split into ©u=0,1,2,3, m;=4,5,m,=06 Here & is the seven-dimensional gravitational cou-

pling. The field equation for the graviton and Maxwell part are

1 1 2
Ryy =— _kZEFMPF.\'P - ——Fzg uy T —Agm], (1.2
2 10 5
V" = 0. (1. 3)
The 7-dimension space compactified into M, X .S* XS by giving the following vacuum expec-
tation values F,; =</ 2 /ka. The cosmological constant is adjusted as A=%F2. The stability of

this compactification“'sl will be determined by examining the tachyonic modes in the linearized e-
quations of motion. The field are then expanded the vacuum state as
guy = g.M‘\' + khyy s Vy = VM + Vs (1.4
Fuy = Fyx + Fuxs Ffaux = 23[uV 5], (1.5)
where the overdot over the field denotes the background value. The backgrounds for the Ricci

tensor in tangent frames are read from Eq. (1.2) as
R = Rk =— =, R = 0. (1.6)

The gauge is fixed as Vbl = %Vo/li , (1.7)

since this theory has the invariance of general coordinate and Abelian gauge transformations.

The linearized equations of (1.2) and (1. 3) in tangent frames with external sources T 45

and J, are
D(hm - iﬂfmhg) + ZR(Ach”) + sz(BCf ¥ — iknABFCDfCD =—T4p» (1.8)
2 o 4 2
VS A RV — b)) =— T, 1.9

Here we introduced external source to obtain the fluctuation Green’s functions. As a result of the
Bianchi identity for the graviton, the sources satisfy the source conservation law

VAT = KF™J,., VaJ*=0. (1.10)

After the harmonic expansions on S! X S% are performed, the four-dimensional scalars are

given by

he = 5 lha Fihs] 0 =0,1,2,3,

1 .
Vo= ——[V,FiFs],
+ \/—2—[ 14 1 5]
by = —; [hg + kss ]y (1. 1)

1 .
hyig = 7[’144 — sy F 2ihys ],

1 )
hyrpr = 5 [hes F thss]s
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The four-dimensional graviton &, , its trace &, vector I, and the above scalar satisfy the follow-

ing linearized equations of motion

L VL. . .

EP2+?+n2][hab+nuh(h+—+h66)]+nub7[P +—L —:IzTub——;-ﬂﬂbTCL 4 (1' ]‘2)
[P + ¢ 4 12 [ha + heg)] — —/2+_ S Ly J=—or, ., (1.13)
[P? + L+ u?h,, £ L2y VGZL V=T, (1. 14)

2 L 2
[P? + 5 4 0Tk = T (1.15)

2 L 2
Lp +F+" Jrsisr = T sig1» (1.16)
L 1 JIL .
[(p2+ e + nzj[?k,," + by — %hesj + —a—z—l'y e — V=== 1y, (1.17)
VL
[p? + 5 + 1)k g4y £ - V + ¥ “/'—_TVZI’ § =T 11425 (1. 18)
vV 2a

W IANVAN V4

(P74 b s = Y e — -] = 0., (1.19)
[P? + -|- 2:lV:t:i: h+ + 207 [h" + k] YZp .
2

'aﬂh:tl:tz =Ji, (1. 20)

L V2L
[Pz + "a'é‘ + nZJVs - T[Il+1+2 - h—l—2] = Jb,‘ (].. 21)
with L=((({41). In a similar way the harmonic expansions of the source conservation laws are

carried out
P,;TZ +a \1/7 vV L[:T;,+ +Tb—] +nT66 = O’
1 1
4+ ——= VLT, VL =2T o1+ V20T 410y ==+ T
e ST + a A +1+1 2nT 14 ~ i/ +

1
P.T; + PR L{T 1o+ T3]+ 0T =0,

L

] ]- — 0
a a \/7 .
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2 Results

To obtain the mass eigenstates, we follow the procedures of Randjbar-Daemi Salam[*land

strathdee. The fields are solved in terms of the sources as

1 i 1
b — ke = I—)TWET"’) - TnubTw]7 (1. 23)
}Z — [PZ + MOZ:l T + 4
“ T B[PY 4 Mo P)[PPH Mot " T S[PE A MP[PE A+ Mo P[P+ My 7]
2 2
{—2[P* + M7 — [P? + mp P J[P? + mp 21T + 2 \/TD;Z amLE ][J+_ J1—
22Lp oy o, ] = I ) (1. 24)
—8JL
= | T — —
b = SRR MR+ Mo P e, T M e
J2 2n [P* 4+ Mzzj

_"_P [T at + T:—] - "'[T+1+2 +T. -1—2 H D[Pz + M0+2]|:P2 +M0_z][Tua +T65:| +
8Pt m [P A m ]
5UF2 - M JLP? + M ][P? + M2 ]
by = mTilili
[Pz + m2+Z][P2 +m,_* 1 ]
5[ P2+ M,2[P* + M, 2 ](P* + M, _*]
1
5[P2 + M22:||:P2 + M0+2][P2 +Mo_2]{— 2[P2 +M22]T+-+
2V L[P? 4+ M2
[P M)y, — gy 222

T,y (1.25)

(1.26)

hﬁﬁ = Taa +

P [Ta+ + Tn-—] -

AP 4+ m P [PP 4 m T +

471

[T+1+z +7T_,- z]} 1.27)

[P+ M) ~ L
I VI T e ey ey [
V' 2LP,
[P7 + M JIP7 + M TP7 + M7 J0P + M
/ p2 2
EJ+_J_]___ 2[ a+M2:]

2]{[P2 + 7"1+2:]|:P2 + m1_2]

2\/ PJ 2n»\/2_L—
o a Js_

Pb[Tb+ - Tb—] -

2n[ P* M2
i[—“‘;—lt—zj[THH - T—1—z]} ’ (1. 28)

NV Mzz:l}[P? e e [ e e

V2P 4 M2] 2 V2L 2n[P%2 4 M,?
2 : —TP,,J,, - %[T+1+2 —T_1_,]—

2V

Prl[Tll+ - Tu—] -
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2 \/ZLJ + 1 16 VL[P:+ M,?] 4
@@ ¢ T B[P+ M A Mo PP+ Mo ] o T

S[P% w2 00P + I — ] + 2L

5J_

(P + M) [T +Tu]—

S 2Pty MR + o] = 20 [PY b md )T g + T (129)

2k, £= (Twr + T ] £ 753 {LP* + M,*]
R

[P2+M2:| Ml 2][P2+M 2]
2 \/_ } + J2P,/a

(P2 + M )[P* + M ][P* + M 2 ][P? 4 M, "]
2[P? 4 M,*]

[TH-
(P2 +m ?J[P? +m 2J[T +J -] — Py[Ty —T:-] —

2/2L 2n[P? + M,*
_a—i—Pbe —_ —a___

5P7 + M, 1P + MJOZJTEZ'Z/: W FPT g oL T MR LT = T+
’ J_EP o M+ Te] — 28 Lpe g o237, —
2 ﬁ ——=0P? + m* JP,[ Ty + Ty-] — 10”[P2 Fm T oras +T_1])s (1.30)
Vi = R i e ] (LMD
Ly 2L fpr g g 20,0 — 700+ Y2ELP? 4 MR + ]
[P? 4 my 2][T 142 — T ] — = J_[PZ + M 2P M 2]+ T ]+
2 \ﬁ;?‘_"LPbJu (1.3D

B 1 20°[P2 4 my?]/a
N VI L Ve T R TN T

‘ n/a
(T2 +T_ ] — 5[P? +Mzz][P2 +M02][P2 + Moi2][PEF M, 7]

5[P2+M22][P2+M02][J+—J ]+
16\/_ 5J—

I:PZ + M :I[Tnm + TGG] -

———[P?+ M} I — —=[P* + m]P, (7o + 7, ]}i

[P? + my, 2P + m —]
[P? 4+ Moz:][pzs:_ M1+2:|[:Pg + Ml_z][T+1+z —T..]+

{vﬁn[st—l— M,*]

1
(P2 + M J[P? + M I[P* + M, 2][P? + M, 7]
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P[Tyy —Th-1+ Z"_(l\{“zpb-/b - %[Pz +m 2P+ m 2]+ I+
\/(EZ]:P2 4 my 2 [(P2 4+ my_?)Js s (1.32)
by = Wj_l—mfl'"e, (1.33)
Here the following symbols are used

M =[U+ 1) +na? —2]/a>  1=2), (1. 34)
M2 = [l ~+ 1) + n%?®]/a® (1=0), (1. 35)
My £=[5(( + 1) + 5n*a* + 3+ VI + 8N + D]/6a> (=03, (1.36)
Myi? = [+ D £ VAU + 1) + n’a?]/a? (=0, Q.37
my? = [51(1 4+ 1) + 5n’a® 4- 671/54", (1.38)
m? =200+ 1) + 20%® + 1+ STF 12T + 1)]/22, (1. 39)
my? += [l -1} —n%a® + I -+ 1+ 4UF 1)]/a?, (1. 40)
ol d= UU4 U ke — 1+ ST 2/, (1. 41)
my® b= {3 + 1) + 3n%a? — 3 + V9 — 481 + 1) /342, (1. 42)

These solutions are to be substituted into the expression
I(T,J) = % d’z \/:;(%Twhu, +JV ). (1. 43)

To see the massive states it is much better to use the rest frame P,=(p,,0,0,0). For mass-
less states we use the light-cone frame P,=(p,,0,0,p3). Here we notice that M, M,%, Mi+,
M?+ denotes the physical masses and mo?,mi+ ,m3+, m3+, m%4 do not appear in the denom-
inator of Eq. (1. 23)~ (1. 33) and thus do not correspond to the physical masses.

To extract the massless particle, we insert Eqs. (1. 23)~ (1. 33) into Eg. (1. 43) following
the procedure of Ref. 4. When this is dont one finds the terms

1

11 . 1 1
I(M = 0) = EETIT22—766|2+§|T11 "‘szz‘gTealz‘*' |T12|2+

1 -
[Ji]* + [J.]* + |J6'2+‘2‘|T+1+2 —T_ )=

T —Te + V20 |To — Ton + V27,202 (1. 44)

Massive particles should be reanalyzed in the rest frame P,= (p,,0,0,0)similar analyses are
performed and finally we observe that there are no tachyons and, since the residues all have the
same sign, no negative metric state. This means that the ground state is at least perturbatively

stable.
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