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1 /)2<+�|	$��p�WR"
u′′ + f(t, u) = 0 (1)A��~	

αu(0) − βu′(0) = 0, γu(1) + δu′(1) = 0 (2)�;J����U��� f A t = 0, 1(L2�KU α, β, δ, γ lUZhqP ∆ := αγ+αδ+βγ > 0.g:I#�{;$� �	 [1–4]. 3lap`	�Uwpnq f(t, u) g:�M0 u FlN*;�	 [5–7] $�1I#�{;C�UN*R��96K C[0, 1] J�x C1[0, 1] J�-A;$W�(~	�3x?TaFl*��;� [8] y71���R��3U���l�0W%;�w�dhP�A	U�?�B f(t, u)�L2���;���W%�0;R��A+B~	�96 C1 [0, 1]J�-A;$W~	p�(~	�-|�E6.^ ��; C1[0, 1]J��bua&1:`(S;�}*℄�?� J = (0, 1), I = [0, 1], R+ = [0, +∞), �Hnq f d\��B�
(H) f(t, u): J × R+ → R+ -��-Ahq 1 < a < b iH[0 0 < r < 1 6

rbf(t, u) ≤ f(t, ru) ≤ raf(t, u), ∀ (t, u) ∈ J × R+. (3)A-�y7U�^�t�4nq u(t) ∈ C(I) ∩C2(J) :`��~	 (2) pA J U:`R"
(1), D u(t) �wp�{;��* C(I) ��^� u(t) i9 u′

+(0) ; u′
−(1) F-A�D �

C1(I) ��^� u(t) A J atJ�D �J��/� (1) p (2) ;U4��lJ��= 1 ^A��~	 (2) U β 6= 0 P δ 6= 0, D (1) p (2) ;��l C1(I) ��4 β = 0 xH δ = 0 g� (1) p (2) ;��+Bl C1(I) ���y��: 2005-05-17��&�: j�_Z�"y� (10471075), \��k�[��'y� (20050446001)



804 r  % � < H 8 26�d u1(t)p u2(t)l I a;.^nq�̂ u1(t) ≤ u2(t),H+O t ∈ I !,�xH u1(t) ≥ u2(t)H+O t ∈ I !,�D u1(t) p u2(t) l ��;�
u′′ = 0 A��~	 (2) �; Green nq�

G(t, s) =











1

∆
(β + αt)(δ + γ(1 − s)), 0 ≤ t ≤ s ≤ 1,

1

∆
(β + αs)(δ + γ(1 − t)), 0 ≤ s < t ≤ 1,KU ∆ = αγ + αδ + βγ > 0. H: e(t) = G(t, t) = 1

∆(β + αt)(δ + γ(1 − t)) ��Y6
0 ≤ G(t, s) ≤ e(t), t, s ∈ I, (4)

Maf(t, u) ≤ f(t, Mu) ≤ M bf(t, u), ∀ (t, u) ∈ J × R+, M > 1. (5)5~	 (H) M8�H:[rhq 0 < u1 < u2 �j!,
f(t, u1) = f

(

t,
u1

u2
u2

)

≤

(

u1

u2

)a

f(t, u2) ≤ f(t, u2), (6)~ f(t, u) g: u l2AE�;�	;Y(�k�s� 1.1 d f(t, u) :`~	 (H), �P 0 <
∫ 1

0 e(s)f(s, 1)ds < ∞, D�O�{ (1) p (2)6 C1(I) J��s� 1.2 d f(t, u) :`~	 (H), D�O�{ (1) p (2) 6 C1(I) J�;�(~	�
∫ 1

0

f(t, e(t))dt < ∞. (7)s� 1.3 d f(t, u) :`~	 (H), P f(t, 1) A J atJ�D (1) p (2) �E6.^ ��; C1(I) ��Aap`B&U e(t) = G(t, t) = 1
∆(β + αt)(δ + γ(1 − t)).

2 t	 1.1 p8Æ� E = C(I),‖ · ‖ �b/ONq�W θ ∈ (0, 1
2 ), gθ = min{β+αθ

β+α
, δ+γθ

δ+γ
}, A Banach "� EUCJ\ Pθ pv℄ A \��

Pθ =

{

u ∈ C(I)| u(t) ≥ 0, ∃ r > 0, u(t) ≤ re(t), min
θ≤t≤1−θ

u(t) ≥ gθ‖u‖

}

,

Au(t) =

∫ 1

0

G(t, s)f(s, u(s))ds.?R(LBv℄ A A Pθ U6�E?�-�LBW_^�X�
2.1 A 3 Pθ �0,-i� A(Pθ) ⊆ Pθ



4J GFQ�=����M3�XS#�P�|<K� 805W ē = max{maxt∈I e(t), 1}, D4 (3) ; (5) j9
f(s, e(s)) ≤

(

e(s)

ē

)a

(ē)b f(s, 1) ≤ (ē)b−1e(s) f(s, 1),:l�s{d~	9
∫ 1

0

f(s, e(s))ds ≤ (ē)b−1

∫ 1

0

e(s)f(s, 1)ds < +∞. (8)H ∀ u ∈ Pθ, ∃ M > 1 i9 u(t) ≤ Me(t), t ∈ I, 5 (4),(5) j9
∫ 1

0

G(t, s)f(s, u(s))ds ≤ e(t)

∫ 1

0

f(s, Me(s))ds ≤ M be(t)

∫ 1

0

f(s, e(s))ds, t ∈ I.I�s (8) jM A A Pθ 601��PH r1 = M b
∫ 1

0
f(s, e(s))ds, 6

Au(t) ≤ r1e(t). (9)9H u ∈ Pθ, 4 (4) 9
Au(t) ≤

∫ 1

0

e(s)f(s, u(s))ds, t ∈ I.e
‖Au‖ ≤

∫ 1

0

e(s)f(s, u(s))ds. (10)H t : θ ≤ t ≤ 1 − θ, 6
G(t, s)

e(s)
=















γ + δ − γt

γ + δ − γ
, s ≤ t,

β + αt

β + αs
, t ≤ s.

≥















δ + γθ

γ + δ
, s ≤ t,

β + αθ

β + α
, t ≤ s.,K G(t,s)

e(s) ≥ gθ, θ ≤ t ≤ 1 − θ, :l
G(t, s) ≥ gθ e(s), θ ≤ t ≤ 1 − θ.I; (10) �s9

min
θ≤t≤1−θ

Au(t) ≥ gθ

∫ 1

0

e(s)f(s, u(s))ds ≥ gθ‖Au‖. (11)

(9) p (11) tB Au ∈ Pθ, ,K A(Pθ) ⊆ Pθ.

2.2 A: Pθ −→ Pθ ��
(oH n ≥ 2, B1
fn(t, u) =































min

{

f(t, u), f

(

1

n
, u

)}

, if 0 < t ≤
1

n
,

f(t, u), if
1

n
< t <

n − 1

n
,

min

{

f(t, u), f

(

n − 1

n
, u

)}

, if
n − 1

n
≤ t < 1.
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Anu(t) =

∫ 1

0

G(t, s)fn(s, u(s))ds, n ≥ 2.�Y fn(t, u) ≤ f(t, u), An (n = 1, 2, · · ·) l Pθ a;X-�v℄�H R > 1, 6
BR = {u ∈ Pθ | ‖u‖ ≤ R}.DH:[0; u ∈ BR, Z06 f(t, u) g: u ;E��4 t ∈ I g�

|Anu(t) − Au(t)|

=

∫ 1
n

0

G(t, s) (f(s, u(s)) − fn(s, u(s))) ds +

∫ 1

n−1

n

G(t, s) (f(s, u(s)) − fn(s, u(s))) ds

≤ 2Rb

∫ 1
n

0

e(s)f(s, 1)ds + 2Rb

∫ 1

n−1

n

e(s)f(s, 1)ds

≤ 2Rb

(

∫ 1
n

0

+

∫ 1

n−1

n

)

e(s)f(s, 1)ds. (12)5~	 e(s)f(s, 1) A I a zM8�4 n $W/g� (12) j8G -[0��I�B AEd5X-�v℄3 {An} +S���:l A lX-�v℄�
2.3 A 0jur wW 0 < R1 < 1 $W�i9 (R1)

a−1 ≤ (
∫ 1

0
e(s)f(s, 1)ds)−1, �

Ω1 = {u ∈ E | ‖u‖ < R1},D5 (3) p (6) M�H[r u ∈ Pθ

⋂

∂Ω1, 6
Au(t) ≤

∫ 1

0

e(s)f(s, u(s))ds ≤ (R1)
a

∫ 1

0

e(s)f(s, 1)ds ≤ R1.:l
‖Au‖ ≤ ‖u‖, ∀ u ∈ Pθ

⋂

∂Ω1. (13)5+R��W R2 $W/�i9 gθR2 > 1, �P
(R2) ≥ (gθ)

a

1−a

(

∫ 1−θ

θ

G

(

1

2
, s

)

f(s, 1)ds

)
1

1−a

,:l
(gθ)

a(R2)
a−1 ≥

(

∫ 1−θ

θ

G

(

1

2
, s

)

f(s, 1)ds

)−1

.� Ω2 = {u ∈ E | ‖u‖ < R2}, DH[r u ∈ Pθ

⋂

∂Ω2, 4~	 (5) M
Au(

1

2
) =

∫ 1

0

G

(

1

2
, s

)

f(s, u(s))ds ≥

∫ 1−θ

θ

G

(

1

2
, s

)

f(s, gθ‖u‖)ds

≥ (gθR2)
a

∫ 1−θ

θ

G

(

1

2
, s

)

f(s, 1)ds ≥ R2 = ‖u‖.
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‖Au‖ ≥ ‖u‖, ∀ u ∈ Pθ

⋂

∂Ω2. (14)5 A ;X-��-| (13) ; (14) j�4 [9, P314] B& 4.4 M A 6+^�E? w ∈

Pθ

⋂

(Ω2\Ω̄1), x:` R1 ≤ ‖w‖ ≤ R2.

2.4 w(t) �e9!� (1) ~ (2) o C1(I) 6��Y A ;�E? w(t) l (1), (2) ;J��5 w(t) ∈ Pθ M8-AJq Mw > 1 i9
w(t) ≤ Mwe(t). 5R" (1), (5) ; (8) j6

∫ 1

0

(−w′′(s))ds =

∫ 1

0

f(s, w(s))ds ≤ (Mw)b

∫ 1

0

f(s, e(s))ds < +∞.~ w′′(s) A I a z�:l limt→1−

(

w′(t) − w′(1
2 )
)

=
∫ 1

1
2

w′′(s)ds -A�~ limt→1− w′(t) -A��&9 limt→0+ w′(t) -A�:l w(t) ��{ (1) p (2) ; C1(I) ��
3 t	 1.2 p8Æd w(t) l�O�{ (1) p (2) ; C1(I) J��m�y7{� limt→0+

w(t)
e(t) .

(i) d w(0) 6= 0. �^ e(0) = 0, D β(δ + γ) = 0, I�s ∆ > 0 M8 β = 0, α 6= 0. 1℄ (2)j9 w(0) = 0. I�e=I�:l e(0) 6= 0.

(ii) d w(0) = 0. Ig�6�p; 3 ~�7
(a) w′(0) > 0; (b) e(0) = 0; (c) e′(0) > 0.5 w(0) = 0 -| w(t) lJ�M8 w′(0) ≥ 0, �^ w′(0) = 0, 5 w′′(t) = −f(x, w(t)) ≤ 0 M8 w′(t) l J a;�nq�:l w′(t) ≤ 0, t ∈ J . I; w(t) lJ�P w(0) = 0 =I�:l

w′(0) > 0.�^ β 6= 0, 5 αw(0) − βw′(0) = 0 9 w′(0) = α
β
w(0) = 0, I=I:ap�7 (a), :l

β = 0, ,K e(0) = 0. ,K α 6= 0, :l e′(0) = α(δ + γ) > 0.�s (i) ; (ii) .WR�?M8 limt→0+

w1(t)
e(t) -AlJq�#uRM 96{� limt→1

−

w1(t)
e(t) -AlJq�5: w(t), e(t) A J al-�tJ�-| w(t)

e(t) A t = 0, t = 1 ?;{�FlJq�:l-AJq M, m, M > 1 > m, i9
m e(t) ≤ w(t) ≤ M e(t), t ∈ I. (15)I�s (5) ; f(t, u) ;2A�96

f(t, e(t)) ≤ f(t,
1

m
w(t)) ≤ m−bf(t, w(t)). (16)5 f(t, u) UZM8 w′′(t) ≤ 0, t ∈ J , w′(t) A J al2A�b;�K w(t) l C1(I) ��:l

w′(0+), w′(1−) -A�~ w′(t) l I a;2A�nq�,Kx;5q w′′(t) A I a z�I�s
(1) ; (16) 96

∫ 1

0

f(t, e(t))dt < m−b

∫ 1

0

f(t, w(t))dt = m−b

∫ 1

0

(−w′′(t))dt < ∞,
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4 t	 1.3 p8ÆdU� [t1, t2] ⊂ I. �lNÆ�v96

∫ t2

t1

G(t, s)ds ≥































1

β + α
(t2 − t1)

[

β +
α

2
(t2 + t1)

]

e(t), t2 ≤ t ≤ 1,

1

2
(t2 − t1)e(t), t1 ≤ t ≤ t2,

1

δ + γ
(t2 − t1)

[

δ + γ −
γ

2
(t1 + t2)

]

e(t), 0 ≤ t ≤ t1.:l-AJq K = K(t1, t2), i9
∫ t2

t1

G(t, s)ds ≥ Ke(t), ∀ t ∈ I. (17)5{dM f(t, 1) > 0, t ∈ J , :l5 (3) p (5) j9�H[rJq u, 6
f(t, u) ≥ min{ub, ua}f(t, 1) > 0, t ∈ J.,K4 0 < u1 < u2 g

f(t, u1) = f

(

t,
u1

u2
u2

)

≤

(

u1

u2

)a

f(t, u2) < f(t, u2),~4 t ∈ J fBg� f(t, u) g: u l#℄2AE�;��B w1(t), w2(t) FlR" (1) p (2) ; C1(I) �� w2(t) ≥ w1(t). �P w1(t) 6≡ w2(t).�TdA J aC? t0 (i w2(t0) > w1(t0). 5 f(t0, u) g: u ;#℄E�M f(t0, w2(t0)) >

f(t0, w1(t0)), 4 f(t, u) ;-��M-AJq σ > 0 ;U� [t1, t2] ⊂ J i9
f(t, w2(t)) − f(t, w1(t)) ≥ σ, t ∈ [t1, t2]. (18)5 w1(t) ; w2(t) l (1) p (2) ; C1(I) J�96
wi(t) =

∫ 1

0

G(t, s)f(s, wi(s))ds, i = 1, 2.I�s (17) p (18) j9
w2(t) − w1(t) =

∫ 1

0

G(t, s) (f(s, w2(s)) − f(s, w1(s))) ds

≥

∫ t2

t1

G(t, s) (f(s, w2(s)) − f(s, w1(s))) ds

≥σKe(t). (19)5 (4) p (15) 9
w1(t) =

∫ 1

0

G(t, s)f(s, w1(s))ds ≤ e(t)

∫ 1

0

f(s, Me(s))ds. (20)
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w2(t) ≥w1(t) + σKe(t) ≥ w1(t) + σK

(
∫ 1

0

f(s, Me(s))ds

)−1

w1(t)

=

(

1 + σK

(
∫ 1

0

f(s, Me(s))ds

)−1
)

w1(t).6 b0 = sup{r | w2 ≥ rw1}, D 1 < b0 < ∞, �P w2(t) ≥ b0w1(t), ∀ t ∈ I. :l�
w2(t) =

∫ 1

0

G(t, s)f(s, w2(s))ds ≥

∫ 1

0

G(t, s)f(s, b0w1(s))ds ≥ (b0)
aw1(t).K a > 1, I=I: b0 ;B1�:l96 w2(t) ≥ w1(t) l� E;��& w1(t) ≥ w2(t) *l� E;�I�LB1 (1) p r(2) � E6.^ ��; C1(I) ��

5 ��21{>�?$�R"










u′′(t) +

n
∑

i=1

ai(t))(u(t))λi = 0, 0 < t < 1,

αu(0) − βu′(0) = 0 = γu(1) + δu′(1).

(21)KU λi > 1, ai(t) ∈ C(J, R+), i = 1, 2, · · · , n, αγ + αδ + βγ > 0.�� 5.1 1) ^
0 <

∫ 1

0

e(s)

n
∑

i=1

ai(s)ds < ∞,DL�L2�O�{ (21) 6 C1(I) J��
2) ^

∫ 1

0

n
∑

i=1

ai(s)(e(s))
λids = ∞,D�O�{ (21) >6 C1(I) J��

3) ^ ∑n
i=1 ai(t) > 0, t ∈ J , (21) �E6.^ ��; C1(I) ��KU e(s) = (β + αs)(δ + γ(1 − s)).IR(W f(t, u) =

∑n
i=1 ai(t)u

λi �4B& 1.1, 1.2, 1.3 ~ LB�= 2 �7�m1 [10] U;B& 1 �znR���PI'd1�+(&�w6�;� ����= 3 	96;lwp�{ C1(I) �;-A��* E6J^ C1(I) ��3x?�l ��;�4wp~	�:`g E-A C(I) ��k� $�
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Positive Solutions to Singular Super-Linear Boundary Value Problems

Zhao Zeng-qin, Wang Xin-hua
(Department of Mathematics, Qufu Normal University, Shandong 273165, China )

Abstract: This paper investigates a class of singular superlinear boundary value problems, we obtain
the necessary conditions and the sufficient conditions for the existence of C1[0, 1] positive solutions, and
obtain that C1[0, 1] positive solutions of the problems are incomparable. Lastly, we give an example
satisfying the conditions.

Key words: singular boundary value problem; positive solutions; sufficient condition; necessary condi-
tion.


