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1. Introduction

In 1985, Filippov!!) introduced the concept of n-Lie algebra, which is a natural generalization
of the concept of Lie algebra to the case where the fundamental multiplication is n-ary, n > 2. The
n-Lie algebra has its background in geometry and physics. In 1973, Yoichiro Nambu generalized
the Poisson bracket-a “binary” operation on classical observation on the phase space to the
“multiple” operation of higher order n > 2, and proposed the Nambu mechanics!?. In 1993, Leno
Takhtajan formulated the fundamental identity FI-generalization of Jacobi identity, which is a
consistency condition for the Nambu’s dynamics(®l. Based on FI, Leno Takhtajan introduced the
notion of Nambu Poisson manifolds, which play the same role in Nambu mechanics that Poisson
manifolds play in Hamiltonian mechanics. The linear Poisson bracket structure is equivalent
to the Lie algebra structure on the dual space. The linear Nambu structures of order n are in
one-to-one corresponding with Nambu-Lie algebras of order n on the dual space.

Because of the multiplication in n-Lie algebras, the study on it is more difficult than one
on Lie algebras. In recent years, the local structure of n-Poisson and n-Jacobi manifolds(¥, the
decomposition of n-Lie algebras(”) and Cartan subalgebras!® were studied. But the systematic
study on n-Lie algebras is far from being completed. We know that representation theory is
very important in the theory on Lie algebras and in its applications. Especially representations
of simple 3-dimensional Lie algebra is a powerful tool in studying Lie algebras. In order to
study n-Lie algebras by means of complete theory on Lie algebras, we try to find more structural

properties on n-Lie algebras, and more relations between them.
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In this paper, we study finite dimensional representations of (n + 1)-dimensional n-Lie
algebras over an algebraically closed field F' with characteristic zero.
2. Preliminary

An n-Lie algebra is a vector space A over a field F' on which an n-ary multilinear operation

[,--,] is defined, satisfying the identities

[Ila"'axn] = (_1)T(U)['ro'(l)a'"7xo'(n)] (21)
[['rlv"'vxn]vaa"'ayn] :Z[Ila'"a[xi7y27"'7yn]7"'axn]7 (22)
1=1

where o runs over the symmetric group \S,, and the number 7(o) is equal to 0 or 1 depending on
the parity of the permutation o.

The map R(za,---,2,) : A — A, (x1)R(z2,- -+, 2pn) = [21, -, 2, for z; € A is called the
right multiplication defined by elements zs, - -, z,, € A.

A derivation of an n-Lie algebra is a linear transformation D of A into itself satisfying the

condition
n

([, 2a)D = [0, (@)D, (2.3)

i=1
for 1, -+, ®, € A. By virtue of (2.2), the right multiplications are derivations which are said
to be inner. All the derivations of A generate a subalgebra of Lie algebra gl(A) which is called
the derivation algebra of A, and denoted by DerA. Let L(A) denote the Lie algebra generated
by operators R(a1, -, an—1), where a; € A, 1 <i<mn-—1.
By virtue of (2.2) and (2.3), we have

[R(Ql, o '7an71);R(b15 o '7bn71)]
= R(alu e 7an—1)R(b17 e 7bn—1) - R(b17 o '7bn—1)R(alu e 7an—1)

n—1
= Z R(a’lu ) (a’i)R(blu ) bn—l)u e 7an—1)7 (24)
=1
R([al, Tty CLn], bla Ty bn72) = Z(_l)i+1R(a’i7 b17 Tty bn72)R(a17 oy @i—1, Q41,00 an)-
1=1
We call
Z(A)={ze€ A x,A,---,A =0} (2.5)

the center of A. Clearly Z(A) is an ideal of A.
Let A be an n—Lie algebra and V be a linear space over F, then a polynomial mapping
p: A" — EndV is said to be a representation of A in V denoted by (V, p) if the operators

plx1, +,Tpn1),x; € A, are skew-symetric functions of their arguments and satisfy the identities

[p(a), p®)] = ) plar, - aiR(), -+ an-1), (2.6)
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n

p([alv Tty an]v b27 Ty bnfl) = Z(_l)i+1p(a’i7 b27 Ty bnfl)p(a’la A1, Qi1 0, CLn), (27)

i=1
where a,b € A" L a= (a1, - ,an-1),b=(b1,...,bp_1).
The kernel of p is the subspace

Kerp ={z € A,p(x,A,---,A) =0}. (2.8)

By virtue of (2.6) and (2.7), Kerp is an ideal of A. If Kerp = 0, the representation is said to be
faithful. A particular instance of the representation is the regular representation a — R(a),a =
(a1, -an—1) € A" L. The kernel of the regular representation is the center Z(A) of A.

Denote L,(A) the Lie algebra generated by the operators p(z),z € A""!, and for any
a= (a1, - ,an_1),b=(by, - ,bp_1),c=(c1, -+, cn_1) € AL,

[p(a)p(b), p(e)] = [p(a), p(c)]p(b) + p(a)lp(b), p(c)]- (2.9)

Let (V, p) be an arbitrary representation of A, and B = V+A the linear space of direct sum of
V and A. From identities (2.6) and (2.7), B is endowed with an n—ary skew-symetric operation:

V,V,B,--,B]s =0, (2.10)
[v,a1, -, an—1]p = (V)plar, -, an_1), (2.11)
[alu"'uan]B:[ala"'uanL (212)

where v € V, a; € A, such that B is an n-Lie algebra, V' is an Abelian ideal of B and n-Lie algebra
A is a subalgebra of n-Lie algebra B. It is often convenient to use the language of modules along
with the (equivalent) language of representation. So the representation (V,p) often is called

A-module. The following lemma is easily proved by the defination:

Lemma 2.1 Let (V,p) be a representation of A , then V is L,(A)- module under the natural

action:
v.plag, -+ an—1) = (v)play, -, an-1). (%)
And a subspace Vi of V is an A-submodule if and only if V} is a L,(A)-submodule. Hence (V, p)

is irreducible if and only if V' is an irreducible L,(A)-module under the action (x). Denote by
LP(B) a subalgebra of L(B) generated by the right multiplications Rg(a1,--,an-1),a; € A.
Then L(B) = LP(B)+Z,(V), where Z,(V) is a Lie algebra generated by the right multi-
plications Rp(v,ai,---,an—2),v € V,a; € A, and Z,(V) is an Abelian ideal of L(B), and
R%(v,a1,- -+, an—2) = 0. Set

w1 : LP(B) — gl(A), Dw— Dl|a,D € L?(B). (2.13)
Then for any ai,---,0p—-1, bla Tty bn,1 S A; (RB(a17 T a’n.fl))wl - R(a’lv Tty a'n,fl):
Im(wr) = L(A), (2.14)

[(RB(alv ) anfl))wlv (RB(bla B bnfl))wl] = [R(ala ) anfl)a R(bla B bnfl)]
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= ([Rp(ai, -, an—1), Rp(b1,- -, bp_1)])wi.

This leads to the following result

Lemma 2.2 w; is a Lie homomorphism from LP(B) onto L(A) and

Lr(B)
L(A) = 2.1
(=g, (215)
Kerwy; = {D € L?(B), D|a =0} C Z(L(B)). (2.16)
Set
we : LP(B) — gl(V), Dw Dl|y, D e LP(B). (2.17)
Lemma 2.3 wy Is a Lie homomorphism from L*(B) into L,(A), and
Im(ws) = L,(A), (2.18)
Kerwy = {D € L?(B), D|y = 0}, (2.19)
Lr(B)
L,(A) 2.2
)= (220)
Kerw; N Kerwy = 0. (2.21)

Theorem 2.4 Let A be a simple (n + 1)-dimensional n-Lie algebra (n > 3), and (V,p) be a
finite dimensional representation of A, then V is completely reducible; and if p # 0, then we
have: Whenn =2m+1 > 3,

L,(4) = L7(B) = L(A) = Dy, (2.22)
and V is a representation of L(A) under the natural action
U'R(a’lv ) anfl) = (v)p(alv ) anfl) = [1}, ag,- -, a’n«*l]B; (223)

When n = 2m,
L,(A)=L"(B) = L(A) = B, (2.24)

and V is a representation of L(A) under the natural action (2.24);
When n = 3,
L,(A)=L"(B)=L(A) =sl(2,F) ®sl(2, F), (2.25)

and V is a representation of L(A) under the natural action (2.23). So V' is completely reducible,
that is, for any A-submodule V7, there exists a A-submodule Va such that V = Vi +V5.

Proof If p =0, it is obviously V is a completely reducible. When p # 0, then L,(A) # 0, we

divide the proof into three cases:

Case 1. Whenn =2m+ 1> 3. Let e1,---,e,41 be a basis of A, and the multiplication table

as follows:

[e1,- -, E2t—1,€t, *,€nt1] = —€24, [€1,° ", 21,2, ,Ent1] = €241, (2.26)



No.4 BAI Rui-pu, et al: Representation of simple (n 4 1)-dimensional n-Lie algebras 663

where the symbol é; means that e; is omitted, 1 < ¢ < m + 1. By virtue of Table (2.26) and
Theorem 1 in [6], the inner derivation algebra L(A) is a simple Lie algebra L(A) = Dy, and has
abasis 1 R(éxi_1,60;) = Bai_1.9j—1 — Bajoi, 2i — 1 < 2j; R(ég,éaj-1) = Eainj — Baj_12i-1,2i <
2§ —1; R(é2i—1,€2j—1) = —FEoi—19; + Eaj_1,2i, R(é2:,é25) = —FE2; 2j—1 + E2j2;—1,1 < j; where
1 <1i,j <m+1, E;; are (n+1)-matrix units and as an endomorphism of A, satisfying(e;)E;; = e,
and R(é;,€é;) = R(e1, ,€i—1,€i41, ", €j—1,€j41, " *s€nt1),1 < 4,j < n+ 1,9 # j. From
the definition of L”(B) and since ej,--,ent1 is a basis of A, L”(B) is linearly spanned by
Rp(é2i-1,€25),2i—1 < 2j; Rp(é2i,€25-1),2i < 2j—1; Rp(é2i—1,€2j-1),% < j; Rp(€2:, €25),7 < 7,
where 1 < 4,5 < m + 1. This implies dimZL”(B) < dimL(A). By virtue of Theorem 2.2,
L(A) = L"B) then dimA < dimZLP(B), so we get

Kerw

L?(B) = L(A) = Dm+1, (2.27)

and Kerw; = 0. Then L?(B) is simple.
From Lemma 2.3, L,(A) = L°(B) # 0, then Kerws = 0, and

Kerws
L,(A) 2 LP(B) = Dypy. (2.28)
m:Ly(A) — L(A),p(ar, -+, an-1) — R(ai, -, an—1) (2.29)

is a Lie isomorphism. By Lemma 2.1, V is L(A)-module under the action (2.23), and V is a

completely reducible A-module.

Case 2. When n =2m, let eq,-- -, e,11 be a basis of A, and the multiplication table as follows:
[e1, -, €261, €6, s €np1] = —€2¢,  [€1,7 77, €20-1,82¢, ", €nyp1] = €261,
[61, R 79 én+1] = —€n+1, (230)

where the symbol é; means that e; is omitted, 1 < ¢t < m. By virtue of Table (2.30) and Theorem
1 in [6], the inner derivation algebra L(A) is a simple Lie algebra L(A) = By, and has a basis:

R(é2i—1,62j) = E2i—12j—1 — F2j2i,1 <2i—1<2j <n;
R(é2;,62j—1) = F2i2j — F2j_12i-1,2<2i<2j—1<n-1;
R(é2i—1,62j—1) = —Esi—12j + F2j_12i,1<2i—-1<2j—-1<n-1;
R(é9;,625) = —Eai2j-1 + E2j2i-1,2 <20 < 2j <n;
R(é2i-1,6n+1) = Ent1.2i — F2ic1nt1,1 < 20— 1 < n;
R(€2i,€nt1) = Eaint1 — Enti1,2i-1,1 <i <m.
The discussion is similar to Case 1,
L,(A) = L”(B) = L(A) = By,. (2.31)

And V is a L(A)-module under the action (2.23), thus V' is a completely reducible A-module.
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Case 3. When n =3, let e;,i = 1,2, 3,4, be a basis of A, and multiplication table as follows
le1,e2,e3] = €3, [e1,ea,e4] = —eq, [e1,e3,e4] =1, [e2,e3,e4] = —ea. (2.32)

By direct computation we get R(ei,es) = Fs3 — Eaq, R(es,eq) = E11 — Faa, R(ej,e3) =
—FEs3 + Ey, R(ez,e3) = Ei3 — Eyg, R(ei,e4) = Eoy — E31,  R(ez,es) = —FE14 + E33. Then
R(e;,e;),1 <i<j<4isabasis of L(A), and

L(A) = L, & Lo, (2.33)

L1 = FR(es,e1) + FR(eq, e2) + F(R(e1, e2) + Rles, 1)) = sl(2, F), (2.34)
[R(es, e1), R(es, e2)] = Rle1, e2) + Rles, eq),
[R(e1,e2) + Rles, ex), Rles, e1)] = —2R(es, e1), (2.35)
[R(e1, e2) + Rles, e1), R(es, e2)] = +2R(eq, e2).
Ly = FR(es, e2) + FR(es, e1) + F(R(e1, e2) — Rles, eq)) = sl(2, F), (2.36)
[R(es, e2), R(es, e1)] = Rley, e2) — Res, eq),
[R(e1, e2) — Rles, 1), Rles, e2)] = —2R(es, e2), (2.37)
[R(e1, e2) — Rles, es), R(es, e1)] = +2R(eq, e1).

By a similar discussion as in Case 1, we get

Kerw; =0, LP(B)XL(A) Zsl(2,F)®sl(2, F), (2.38)

LP(B) = Ll(B) ® LQ(B), Ll = (Ll (B))wl, L2 = (Lg(B))wl, (239)

Ll(B) e FRB(eg, 61) + FRB(64, 62) + F(RB(el, 62) + RB(eg, 64)) = 51(2, F), (240)
LQ(B) = FRB(eg, 62) + FRB(€4, 61) + F(RB(el, 62) — RB(63, 64)) = 81(2, F) (241)

We now prove Kerws = 0, that is L,(A) = L*(B).

If Kerwy # 0, because L,(A) # 0, then Kerws = Ly, or Kerws = L. Suppose Kerws = Ly,
then L,(A) = Ly. From Theorem 3.1 there exists an irreducible L,(A)-submodule of Vi, and
dimV; > 1. (In fact, if for any A-submodule V3 # 0, dimV; = 1. Since V is a module of
semi-simple Lie algebra L?(B), then (V1)R?(B) = 0, thus (V)R?(B) = 0, and (V)p = 0, this
contradicts to p # 0.) Suppose vy is a maximal vector of the highest weight A of (p(e1,es) —
ples,eq)) in V4.

By the properties of representations of sl(2, F), A = dimV; — 1 is a positive integer and

(vo)p(es,e2) =0,  (vo)(p((e1,e2) — ples,eq)) = AVp. (2.42)

From (2.7) and (2.42),

(vo)RE(es,e1) = (vo)ples,e1) =0, (vo)Rp(e4,e2) = (vo)p(es,e2) =0,
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(Uo)(RB (61, 82) + RB (63, 64)) = (vo)(p(el, 62) + p(eg, 84)) =0. (243)
From equation (2.42) and (2.43),

(vo)p(er,e2) = évo, (vo)p(es,eq) = _%UO' (2.44)

2

By the equation (2.7), 3v0 = (vo)p([e1, es, ea], e2) = (vo)[p(e1, e2)p(es, ea) — ples, e2)p(er, ea) +
ples,ea)p(er,es)] = —ATQUO, then we get A = —2, which contradicts that A is positive. This proves

Kerws # Ly. Similarly Kerws # Lo. Therefore, Kerws = 0,
L,(A) = L*(B) =sl(2,F) @sl(2, F), (2.45)

and V is a completely reducible A-module.

Set m : L,(A) — L(A), pl(ei,e;) — R(es,ej). From the discussion above, 7 is a Lie
isomorphism, and V' is a L(A)-module under the action (2.23). The proof is completed.

Let (Vi1,p1), (Va,p2) be two A-modules, the (Vi, p1), (Va, p2) are called isomorphic and de-
noted by (Vi,p1) =2 (Va, p2) if there exists a bijection o : Vi3 — Va, such that ((v)p1(a))o =
((v)o)p2(a), a € AL,

Theorem 2.5 Let (V1,p1), (Va, p2) be A-modules, then (V1, p1) = (Va, p2) if and only if Vi = V;
as L,(A)-module.

For any irreducible A—module (V, p), if A is the highest weight of irreducible L,(A)-module
under the nature action (%) , then we call (V,p) is an irreducible A—module with the highest

weight A. From Lemma 2.1, (V1,p1) = (Va, p2), if and only if the highest weights of them are

equal.

3. The main results

Theorem 3.1 Let A be a simple 4-dimensional 3-Lie algebra over the field F', then for any
irreducible A-module (V, p), there exists a positive integer m such that

A(h1) = A(h2) = m, (3.7)

is the highest weight of L,(A)-module V under the nature action (x). Conversely, for any positive
integer m, there exists an irreducible A-module (V, p) with the highest weight A, satisfing (3.7),
where A\ € H* = Fhy + Fhy, and H is a Cartan subalgebra of L,(A).

Proof Let (V,p) be an irreducible A-module. From Lemma 2.1, V is an irreducible L,(A)-

module under the natural action (*). From Theorem 2.4 and Equations (2.32-45), if we set

hi = p(e1, e2) + p(es, e1), ha = p(er, e2) — ples, ea),
and A is the highest weight of H = Fhy + Fha, then Ay = A(p(e1,e2) + p(es,eq)) = A(h1) # 0,
A2 = Ap(er,ez) — ples,eq)) = A(h2) # 0. Thus Aj, A2 are positive integers, and

A1 — A2

Mples, e4)) = —5—- (3-8)

A1+ Ao
2 )

Ap(er,e2)) =
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Let vy be the maximal vector in V' of the highest weight A, then (vo)p(es,e1) = (vo)p(es, e2) = 0,

AL+ A
%(Uo) = (Vo)p(er, e2) = (vo)p([e1, e3, e, €2)
= (vo)(p(e1,e2)p(es, ea) — ples, e2)pler, ea) + plea, e2)p(er, e3))
M- A -3
= = v+ (w)lples, e2), pler, e3)] = (== + Mo,
% = (@ + A1), (A1 —1)%2 = (Ay — 1), Since A1, Ay are positive integers, we get A1 = Aa.

Therefore, A(h1) = A(h2) .
Conversely, for any positive integer m, let V be a (m + 1)2-dimensional vector space, and
V00, V015" * * s Vom; V105" * s Ulm;} ** * 3 Um0, " * * » Umm b€ a basis of V. Define skew-symetric function
p: A2 — EndV as follows
(vij)pler, e2) = (m —i—jlvi;,  (vij)p(es, ea) = (i — j)vij,
(vig)ples,er) = (—im+ (G — 1))vig—1),
(vij)p(es, e2) = (—im +i(i — D)vi-1)js
(vig)p(ea, e2) = vigjp1y, (vig)plea, e1) = V(itr);, (3.9)
(vij)(p(e1, e2) + ples, ea)) = (m — 2j)vij,
(vij)(p(e1, e2) — ples, ea)) = (m — 2i)vij,
Vitm41) = VU(m41)j = V(=1)j = vj—1) =0, (voo)p(es,e1) = (voo)p(es,e2) = 0.
By direct computation, (V, p) is a A-module, and L,(A) = L1 & Lo,

L, = Fp(e3761) + Fp(64,€2) + F(p(€1,62) + p(€3,64)) = SZ(ZaF)a (310)

[p(e3, €1), plea, e2)] = pler, e2) + ples, ea),
[p(es, e1), pler, e2) + ples, ea)] = 2p(es; e1),
[p(ea; €2), p(e1, e2) + ples, e4)] = —2p(e, e2).
Lo = Fp(es,e2) + Fp(eq,e1) + Fp(er,ea) — ples,eq)) = sl(2, F), (3.11)
[p(es; €2), p(es, e1)] = p(e1, e2) — p(es, e4),
[p(es, e2), ple1, e2) — ples, ea)] = 2p(es; e2),
[p(ea, e1), pler, e2) — p(es, ea)] = —2p(ea, €1).

From equation table (3.9), V' is an irreducible L,(A)-module under the natural action (x) and

)
A(p(e1,e2) + p(es,eq)) = A(p(e1, e2) — p(es, e4)) = m is the highest weight of H = F(p(ey, ez) +
ples,es)) + Fp(er, e2) — ples, ea)). o

Corollary 3.2 Let A be a simple 4-dimensional 3-Lie algebra, (V1,p1) and (Va, p2) be irre-
ducible A-modules, then (V1,p1) = (Va, p2) if and only if dimV; = dimVa.
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We are now studying the (n+1)-dimensional simple n-Lie algebra with the case n = 2m+1 >
3. We take the multiplication table as (2.26). From paper [6], L(A) = D,,+1. From Lemma
2.1 and Theorem 2.4, let (V,p) be an irreducible A-module, then V is an irreducible L,(A)-
module under the action (x). And H = EZ’:{l Fhg, is a Cartan subalgebra of L,(A), where
{a1, -+, ms1} C H* is a simple root system of H, hy,, €a;, fa,, t=1,--,m+1 isa
Chevalley basis of L,(A):

ha, = p(€2i—1,€2i) — p(€2i41, €2iv2), €a; = p(E2i,€2i11),1 <0 < my
Pamir = p(€2m—1,€2m) + p(2m+1, €2m+2); €apm s = P(E2m, E2m+2), (*)
Joi = p(2i—1,€2i42), 1 < i <m; fann = p(é2m—1,€2m+1),
where p(é;,é;) = p(er, -+, €i—1,€i11," 1, €j—1,€j41," ", Entl)-
[eais fail = hay, [€ass hai] = 2€a,; [fais hai] = —2fa;, 1 S i <m+1ieq,, fo;] = 0,1 # j.
airha;l = = < ai,o5 > fo, [eas, ha,] =< ai,05 > eq,, 154, <m+1,

where < o, a; > are Cartan integers of Dy,11.
Let A € H* be a highest weight of H, vy a maximal vector of H in V respect to A, and
Ai = Mha,), ©=1,---,m+ 1, then )\; are nonnegative integers. By the above notations, we

have

Lemma 3.3 Let A be an (n + 1)-dimensional simple n-Lie algebra, n = 2m + 1> 3, (V,p) be
an irreducible A-module, and A be a highest weight of H, then

Am = Ami1. (3.12)
Proof Let vy be the maximal vector of H in V respect with A, then (vg)p(éz:,é2i+1) =
(vo)p(E2m, eami2) = 0, = 1,--- ,m; (vo)(p(€2i—1,€2:) — p(E2iy1,E2i42)) = Nivo, 1 =1,---,m;

(vo)(p(€2m—1,€2m) + p(E2m+1,€2m+2)) = Am+1%0,

R R Am + Am . . A4l — Am
(vo)p(é2m—1,€2m) = %, (v0)p(E2m+1,€2m+2) = %Uo (3.13)
From Equations (2.6), (2.7), (2.26) and (3.13)
Because A, A\j4+1 are nonnegative integers, we get A\, = Apy1- O
From identities (3.12) and (3.13), we get the useful identities:

(vo)p(€2m+1,€2m+2) =0,  (v0)p(é2m—1,€2m) = Amvo. (3.15)

Lemma 3.4 If A is an (n + 1)-dimensional simple n-Lie algebra with the multiplication table
(2.26), n =2m +1 > 3, (V, p) is an irreducible A-module with the highest weight A\, and vy is a

maximal vector of X\ in V| then we have for any 1 <i <m — 2

P(€2i5€2i42) € Fea,120: 41+ +20m 1+am+ami1s (3.16)
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P(€2i-1,€2i11) € Ffa, 420,11+ +2am 1+am+amsrs (3.17)
[p(é2i, €2i42), p(€2i—1,€2i41)] = ha, +2ha, + -+ 2ha,,_, + Pa,, +hay.y- (3.18)
p(eam—2,€2m) € Fea,, i +amtamsis  P2m—3,€2m-1) € Ffa, _1+amtamiis (3.19)
[p(€2m—2,€2m), p(é2m—3; €2m—1)] = P 1 + hay, + hag s (3.20)
p(é2i-1,€2i) = ha, + -+ + ha,, + p(C2m+1, C2m+2)- (3.21)

For 1 <i< k<m—1 we have
P(E2i; €2k) = Tik€aytrtan_1+2as++200m 1 +m+m 1> (3:22)
P(€2i—1,€2k-1) = Sik fait+an_ 14205+ +20m 1 +am+amirs (3.23)

[P(é2i, é2k), p(ézifl, ézkfl)] = hai + -+ hak71 + 2hak + -+ 2ham,1 + ham + ham+17 (324)

where 7,5 € F,1 <i<k<m-—1.

p(é2i7 éQm) = [eaiv [ T [eamfzvp(é2m727 éQm] o ]] = TimCa;+-+am—1+am+omi1r (325)
P(€2i—1,€2m—1) = [fai, [ fam_zs P(2m—3, €2m—1] - *]] = Sim fait-tam_r+amtamsrs (3.26)
[p(é2i7 é2m)7 p(é2i—17 é2m—l)] = hozi +--- 4+ ham,l + hozm + hozm+17 1 S 1 S m — 2; (337)
p(éQia é2(m-|-1)) = [eaia [ e [eﬂfm—l’eam+l] e ]] = tieai+"'+am—l+am+l’ (328)
p(éQiflv é2m+1) = [f(liv [ e [fam—l7f0¢m+l] o ]] = lifai+"'+am71+am+1a (329)
[p(éin é2(m+1))a p(éQiflv éQerl)] = hOti + o+ h’am—l + hOtm+1a (330)
ti,l; € F, 1<i<m-—1;

p(éQiflv éQk) = [fai7 [fai+15 Ty [fak—?’? [fakfzvfakaa o ]] = likfﬂti‘f’""f’ak—l’ (331)
p(é2i7 é2k§—1) — [eaiu [eai+17 Y [eak,;gu [eak,27eak—l]7 o ]] = tikeai-‘r----‘rak,lu (332)
[p(€2i, €2k-1), p(€2i—1, €2k)] = p(€2i—1,€2:) — p(Ear—1,€2k) = ha, + -+ + hay_,, (3.33)

lik,tikEF, 1<i<k<m+1.
(’Uo)p(ézi, égk_l) = (’Uo)p(ézi, égk) =0, 1<i<k<m+1. (334)

Proof For any i < m — 1, from the multiplication table (2.26), identities (2.6) and (x),
[p(E2i; €2i12), hay_y | = [p(€2:, €2i42), p(E2i-3, E2i-2) — p(E2i-1,€2:)] = —p(E2i; €2i42),  (3.35)
[p(E2i; €2i42), ha ] = [P(E2is €2i42), p(E2i—1, €2i) — p(E2i41, €2i42)] = 0, (3.36)

[p(é2i, €2i12), hayy] = [P(€2i, €2i42), p(E2i41, E2it2) — p(E2i43, €2i14)] = p(é2:, E2i12),  (3.37)

[p(é2i5é2i+2)7haj] :Oa ] #2_171714_1 (338)
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Then we get p(€2i, €2i+2) € Fea,120; 414 +2am_1+am+ams:- Similarly by direct computation, we

get p(€2i—1,€2i41) € F'fai+20: 41+ +20m 1 +am+am1s and
[p(éQia é2i+2)a p(éQiflv é2i+1)] = hOti + 2h’0¢i+1 + o+ 2ho¢m71 + ham + ham+1-

[0(E2m—2,€2m), hm—2] = —p(é2m—2,€2m), [p(é2m—2,€2m), hm—-1] =0,
[p(é2m727 é2m)7 ham] = p(é2m727 éQm)v [p(é2m727 é2m)7 ham+1] = p(é2m72; é2m)a

[p(€2m—2,82m), ha;] =0, j#m—2,m—1,m,m+ 1. From Equation (3.16) and by induction
on i, k, we get

p(é2i, éa1) = Tik€oy+-tar_1+2ak++20m—1+am+ami1s
P(€2i—1,€2k—1) = Sik fasttan1+2an+ 420m_1+am+amsss Tiks Sik € F, 1 <i <k <m—1;
[0(é2i, €2r), p(€2i—1,2k—1)] = ha, + -+ hay_, +2ha, + -+ 2ha,,_, +ha,, + hapirs
p(2i—1,€2k) = lik faittap_1s
p(€2i,€2k—1) = tik€a+tap_1»
[p(é2i, éak—1), p(é2i—1,€2k)] = by + -+ + hay_1slikytin €F, 1 <i<k<m+1.
From the above discussion and by induction on ¢, we get
p(é% éZm) = TimCa;++am—1+m+ami1r
P(E2i-1,€2m—1) = Sim faittom_1+om+tamirs
[p(€2:, €2m), p(€2i—1,E2m—-1)] = hay + - + hapy + Pay, T hap,y, 1 <i<m—2;
P(€2i5 €a(mi1)) = tiCayt - tam 1 +amis
p(2i—1, €2m41) = lifaittam_14amsr>s
[p(€2i, €2(m+1)), P(E20i-1, €2m+1)] = hay + -+ hap +Pap it i€ F, 1<i<m—1.

From identities (3.16),(3.22), (3.25), (3.28), (3.32), and noting that vy is a maximal vector of A,
we get identity (3.34). Identity (3.21) is obvious by the definition of h,. O

Theorem 3.5 Let A be an (n + 1)-dimensional simple n-Lie algebra with the multiplication
table (2.26), n = 2m + 1 > 3, and (V, p) be an irreducible A-module with the highest weight .
Then there exist only the following cases up to isomorphisms:

AM>0, X\=0, i=2,---,m+1, (339)

where A1 is any positive integer.

Proof Step 1. If (V,p) is an irreducible representation of A and A is the highest weight of
H= ZZ’:{I Fhy,, then from Lemma 3.4,

P(éla é2) = hm + o+ ham + p(é2m+1, é2m+2)-
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(vo)p(ér,é2) = (A1 + -+ Am)(vo).
[p(é27 é4)7 p(é17 é3)] = hOtl + 2ht12 +ot 2h0¢7n71 + hOtm + hOtm+1' (340)
By identities (2.7) and (2.26)

(vo)p(é1,é2) = (vo)p(ler, €2, €3, €4, €5, -, €ny1], €1,€2,€3,€4, -+, €nt1)
= (v0)(ha;, + 2hay + -+ 2ha,,_, + ha,, + ha, )+
M+ ) A+ -+ A (vo)
=M +20+F 201 F A F A F A+ ) (A2 -4+ An)) (vo). (3.41)

From equations (3.40) and (3.41), we get
A+M+- 4+ X)) A4+ Ay) =0. (3.42)
Because A # 0, A; are nonnegative integers, so Ay >0, X\, =0, i=2,---,;m+ 1.

Step 2. We now prove that for any A satisfying (3.39), there exists an irreducible representation
(V, p) of A with the highest weight .

Suppose V is a L(A)-module with the highest weight A satisfying (3.39) respect to H(A),
where H(A) = Zy:{l Fh,, is a Cartan subalgebra of L(A), {a1,+,ami1} C H(A)* is a simple
root system, ha,,€a;, fa;,@ = 1,---,m + 1, is a Chevalley basis of L(A), ha, = R(é2_1,é2;) —

R(é3i41,€2i42),i=1,-+-,m; ha,, ., = R(é2m—1,e2m) + R(E2m+1, €am+2). €a, = R(€2;,€2i41),1 =
L--oym;  €apyy = R(E2ms€2mt2), fa, = R(€2i—1,€2i42),1 =1, ,m; fa,.., = R(€2am—1,€2m41)-
R(é;,é;) = R(e1, -+, €i—1,€i41, " *,€j—1,€j41, ", €nt1). We define

p: AV — End(V), ()plar, -, an_1) = (v)R(ai, -, an_1). (3.43)

We now prove (V, p) is an irreducible A-module with the highest weight .
From (3.43) L,(A) generated by p(ai,---,an—1),a; € A is a Lie algebra satisfying identity
(2.6), and it is clear that

w:L(A) — L,(A), R(&,é;)v— p(é;,é;), (3.44)

is a Lie isomorphism. Write ha, = (ha,)T, €a; = (€a;)T, fa; = (fa;)mi = 1,---,m + 1, then
H = ZZ’:{I Fhg, is a Cartan subalgebra of L,(A), and ha,,€a;; fa;,@ = 1,---,m+11is a
Chevalley basis. From the property of the regular representation of simple n-Lie algebra and the
above discussion, L(A) satisfies identities (3.16-34). Hence Lie algebra L,(A) satisfies identities
(3.16-34).

If vp is a maximal vector of H in V with respect to the highest weight A, then V' is spanned by
the vectors (vo) fay, *** far,» ks > 0. By the properties of weights on Lie algebras, Lemma 3.4
and the character of A\, we have (vg) fa, # 0, (v0)fa; = 0,7 > 1; (vo)p(é2i—1,6r) = 0,1 < 7,2i—1 <
kE <2(m+1); (vo)p(é2, éx) = 0,1 <,2i < k < 2(m+1). We now prove identity (2.7) by induction
on ks. When ks = 0, suppose 1 < j < i <k <m+1, (a1,---,an) = (e1,---, €25, ", €nt1),

(b2, -+, bn_1) = (€1, -+, €2j-1, " *,€2—1, -, €2k, -+, €nt1). Then

(vo)p(lar, -+, an], b2, bn_1) = lir.(v0) fa; +-+ay_, = 0. (3.45)
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n
Z Z+1 a”L7b27"'7bn71)p(a’1)'.'56‘1-5'.'50’77,)

= (vo)(p(é2i—1, €2) — p(é2i—1,€2x)) = 0. (3.46)

Therefore, (2.7) holds for this case. If i =1, 1<j<k<m+1,

(Gl,"',an):(61,"’,é2j,"',€n+1),
(b27...7bn71) — (é17€27"'7é2j71;'"7é2k7"';en+1)7
(’Uo)p([a’la o '7an]ab25 o 'ab’n.fl) = _(UO)P(élaéQk)- (347)

(UO) Z(_l)i+lp(ai7 b27 ) bn—l)p(alu o 7di7 o 7an)

1
= —(vo)(p(€2j-1,€25)p(é1, éax) + [p(€1, ax), p(Eaj—1,€25)] + p(é1, é2x))
(vo)p(é1, éar), (3.48)

from identities (3.47), (3.48), the identity (2.7) holds. By similar discussion, when (a1, -+, an) =
(e1, -y €1, yent1), (ba, - bp_1) = (€1, -+, €py -, €1, +, €5y, Ent1), the identity (2.7) holds,
where | = 2j,r =25 —1,0orl =25 —1,r =25;t =2¢,0or 20 — 1; s = 2k — 1, or 2k. This proves
that for any a;,b; € A, (2.7) hold when ks = 0.

Suppose (2.7) holds for ks — 1, we now prove the case k. Set v1 = (vo)fa, =+ fay,_,- By

inductive supposition and the discussion above, we get

n

((00) fagy =+ fan,) (=1 pai, b, -+ bo1)pla, -+, iy, an)

i=1

|

N
Il
-

( 1)i+1(vl)f0tks p(ai, b2, ety bn—l)p(alu ) diu ) an)

|

N
Il
-

( 1)i+1(vl)p(ai7b27 o '7bn—1)faksp(a1’ a .7&/1.7 o .7an)+

.M:

N
Il
-

( 1)i+1(1)1)[faks,p(ai7 b27 T bnfl)]p(alv T di? ) an)

’Ul)fak p([a’lv ) n];an"'vbnfl)
Uo)fakl "'faksp([aJu'"7an]7b27"'7bn—1)'

o~ o~

The proof is completed.

The discussion of the case n = 2m > 3 is simlar to the case n = 2m + 1.

Lemma 3.6 If A is an (n + 1)-dimensional simple n-Lie algebra with the multiplication table
(2.30), n = 2m > 3, and (V, p) is an irreducible A-module with the highest weight X\, vy is a

maximal vector of \ in V', then we have

p(éin é2i+2) € Feai+2ai+l+”'+2am—l+2am’ (349)
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P(€2i-1,€2i+1) € F foi+20 1+ +20m_1+2ams (3.50)
[p(éQi, é2i+2), p(éQifl, é2i+1)] = hai + 2h’0¢i+1 + -+ 2h0¢m,1 + h/am, (351)
where 1 <1< m — 2.
p(é2m—2u é2m) S Feam,1+2o¢m7 p(é2m—37 é2771—1) S Ffam,1+2amu (352)
[0(E2m—2,€2m), P(€2m—3,€2m—1)] = ha,,_, + ha,,- (3.53)
Forl1<i<k<m-—1 we have
p(éin éQk) = [eaiv [eai+15 Tty [eakfzvp(éQkf% éQk)] t ]]
= TikCo;i+-+op_14+20,++20m—1+0m s (354)
p(é2i71, éQkfl) = [f(lia [fﬂti+17 ) [fakfzap(éﬂk—l)—la é2k*1)] o ]]
= Sik o+t an_1+ 20+t 20m 1 Fam (3.55)
[p(é2i, €ar), p(€2i—1, 2r—1)] = p(€2i—1, €2;) + p(éak—1, E2k)
= hai et hak—l + 2hak ot 2h0¢7n71 + hOtm? (356)
where 7,5 € F,1 <i<k<m-—1.
p(é2i7 é2m) = [ea“ [ o [eamfgup(é2m—2u é2m] o ]] = TimCas+-+m—1+20m s (357)
p(€2i-1,€2m—1) = [fai, [+ [fam_zr P(€2m—3, €2m—1] - ]| = Sim fait+am_1+2am> (3.58)
[p(ézi, éQm), p(égifl, émel)] = hai + -+ h(lmfl + ham, 1<i<m-—2; (359)
p(€2i; €am+1) = [€ais [ [€an_1s€an ] ]] = ti€aittam_1+am; (3.60)
R R 1
p(€2i-1, am+1) = (_5)[fam [ am—1> foam] ]l = lifastetam_1+am (3.61)
R . R 1
[p(E2i, €2m+1), p(E2i-1, €2m+1)] = —(hay + -+ + hayy + Shas), (3.62)
ti,l; € F, 1 <i<m
p(éQifla éQk) = [fﬂtia [foti+17 T fakfsv [fakfzvfaka o ]] = likfai‘i’""i’ak—l? (363)
p(é2i7 é2k—1) = [eaw [eai+17 ) [eak—37 [eak—27 eak—l] e ]] = lik€a;+tak_ 1 (3'64)
[0(€2i, €2—1), p(E2i—1, €2r)] = p(é2i—1,€2:) — p(2r—1,€2k) = ha, + -+ + hay_,, (3.65)
lik,tikEF, 1<i<k<m.
(’Uo)p(égi, éJ) =0, 1<2i<j<m+1. (366)
R R 1
('UO)p(EQifl, 621') = ()\1 + -+ /\m,1 + EAm)(vo). (367)

Proof The proof is similar to the proof of Lemma 3.4.
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Theorem 3.7 Let A be an (n + 1)-dimensional n-Lie algebra with the multiplication table
(2.30), n = 2m > 3, and (V,p) be an irreducible A-module with the highest weight A\. Then

there exist only following cases up to an isomorphism:

AM>0, N=0, i=2---,m, (3.72)
where A1 is any positive integer.
Proof The proof is similar to the proof of Theorem 3.5.
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