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1 
h�L�zEs:na''s:�B�*9�	eF2 [1,2], #����s:npN�*�s
[3] �F#���I�ms:a'���#s: Lebesgue-Stieltjes pN��s�!s [4] Æ�9R3�[{�Fs:�0_9R3���#T:KP_[%s:�0_9s: Riemann-

Stieltjes pN��g*#pN9�>�W+#s: Riemann-Stieltjes �p9)�i}�IiW+#T:KPna'[%s:�0a'9s:npN�P X YT�N Banach �z� 9C4�zr X∗, x
P0(X) = {A ⊂ X : A 6= ∅};

P(b))f(c)(X) = {A ∈ P0(X)Y (#�) � (m) s}.P A, B ∈ P0(X), '
A + B = {x + y : x ∈ A, y ∈ B};

A ⊕ B = cl(A + B), 9� cl(A)�XA9��;

A ⊖ B = {x ∈ X : Bx ⊂ A}, 9� Bx = B + {x};

σ(x∗, A) = sup{< x∗, x >: x ∈ A}, x∗ ∈ X∗;

d(x, A) = inf{‖x − y‖ : y ∈ A}, x ∈ X ;

h(A, B) = max{sup
x∈A

d(x, B), sup
y∈B

d(y, A)}.{[vu: 2004-10-21; j|vu: 2005-07-12bk�t: LxR�*kGA�ÆC�m� (03JK063)
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 ( 6 + 27S� 1.1 (1) % σ(x∗, A) r A 98$_� d(x, A) r x 6 A 9��� h(A, B) r A, B9 Hausdorff ���
(2) P {An} ⊂ Pf (X), A ∈ Pf (X), E`C ∀ x∗ ∈ X∗, limn→+∞ σ(x∗, An) = (x∗, A), %

{An} IZ 6 A, xr (w) limn→+∞ An = A.

(3) E`C ∀ x ∈ X, limn→+∞ d(x, An) = d(x, A), % {An}Wijsman Z 6 A, xr
(Wijs) limn→+∞ An = A.

(4) E` limn→+∞ h(An, A) = 0, % {An}Hausdorff Z 6 A, xr (h) limn→+∞ An = A.#�z (Pbfc(X), h) Yp�9B"�z [2].s� 1.1
[4] (1) H A, B ∈ P0(X), / B ⊖ A =

⋂

x∈−A Bx, 9� −A = {−x : x ∈ A}.

(2) P A ∈ Pbfc(X), B ∈ Pfc(X), E`0. C ∈ Pfc(X), V8 B = A ⊕ C, / C = B ⊖ A.P X r��N9 Banach U�96Dxr X+, x
P(b)fc(X

+) = {A ∈ P(b)fc(X) : A ⊂ X+}.S� 1.2
[4] P X r��N9 Banach U� A, B ∈ Pbfc(X), E`0. C ∈ Pfc(X

+), V8
B = A ⊕ C, /% A � B.D�71 (Pbfc(X),�) r�Æ��z�vCB�9 A, B, C ∈ Pbfc(X), #

1) A � A;

2) H A � B, B � C, / A � C;

3) H A � B, B � A, / A = B.S� 1.3 (1) %s:�N G(t) : R → Pbfc(X) Ys:0_�HC ∀ u < v, # G(u) ⊂

G(v).

(2) %s:�N G(t) : R → Pbfc(X) Ys:�0_�HC ∀ u < v, # G(u) � G(v), v
G(v) = G(u) ⊕ [G(v) ⊖ G(u)],9� [G(v) ⊖ G(u)] ∈ Pbfc(X

+).S� 1.4 P G(t) Y [a, b]M9 Pbfc(X):s:�0_�' ∨b

a(G) = supπ

∑n

i=1 ‖G(ti)⊖

G(ti−1)‖, 9� π �X [a, b] 9�;#�kN {a = t0 < t1 < · · · < tn = b; n ≥ 1}, % ∨b

a(G) Y
Pbfc(X) :s:�0_ G(t) . [a, b] M9?���E` ∨b

a(G) < +∞, % G(t) Y [a, b] M9
Pbfc(X) :#���s:�0_�o� 1.1 P X = R, f(t), g(t) Y [a, b] M9T:_�< f(t) ≤ g(t) (t ∈ [a, b]), '
G(t) = [f(t), g(t)], t ∈ [a, b], / G(t) Y [a, b] M9 Pfc(R) :s:_��7�

1) G(t) Y [a, b] M9s:�0_5<�5 f(t), g(t) Ær [a, b] M9T:0_	
2) G(t) Y [a, b] M9s:0_5<�5 f(t) r [a, b] M9T:{_� g(t) r [a, b] M9T:0_�".��+�s:0_��Y!:a'9n℄���YT:0_9n℄	Es:�0_�YT:0_9s:���

2 w�TY_}℄Æf���_}Qf� Riemann-Stieltjes dWC% {Ai, i = 1, 2, · · · , n} ⊂ Pbfc(X), x ∑n

i=1 Ai = A1 ⊕ A2 ⊕ · · · ⊕ An.



18 �h�<�U;LQd`\&t;�1d`:t; Riemann-Stieltjes qO 137S� 2.1 P f(t)Y [a, b]M9T:KP_�G(t)Y [a, b]M Pbfc(X):s:�0_�C
[a, b] 9NT Λ : a = t0 < t1 < · · · < tn = b, ∀ ξi ∈ [ti−1, ti], i = 1, 2, · · · , n, K Riemann-Stieltjese�

SΛ(f, ξ, G) =
n

∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)] ∈ Pbfc(X
+),

ξ = (ξ1, ξ2, · · · , ξn), ξi ∈ [ti−1, ti], i = 1, 2, · · · , n.x λ = max1≤i≤n{ti − ti−1}, E`
(h) lim

λ→0
SΛ(f, ξ, G) = (h) lim

λ→0

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)] = A ∈ Pbfc(X
+), (2.1)vC ∀ ε > 0, ∃ δ > 0, V5 λ < δ S�# h(SΛ(f, ξ, G), A) < ε &��/%T:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b]M Riemann-Stieltjes �p��%.r� A rT:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b] M9s: Riemann-Stieltjes pN�xr

∫ b

a

f(t)dG(t) = A = (h) lim
λ→0

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)]. (2.2)� 2.1 5 X = R <��. [a, b] M9 Pbfc(X) :s:�0_ G(t) r3>:_
g(t) S�T:KP_[%s:�0_9s: Riemann-Stieltjes pNvrs [5] �!|9T: Riemann-Stieltjes pN�Sn 2.1 (1) P G(t) Y [a, b] M Pbfc(X) :s:�0_�/

∫ b

a

kdG(t) = k[G(b) ⊖ G(a)], ∀ k ≥ 0.

(2) PT:KP_ f1(t), f2(t)[% Pbfc(X):s:�0_ G(t). [a, b]MÆ Riemann-

Stieltjes �p�/C%B� α ≥ 0, β ≥ 0, α, β ∈ R, T:KP_ αf1(t) + βf2(t) [% Pbfc(X):s:�0_ G(t) . [a, b] M Riemann-Stieltjes �p�<
∫ b

a

[αf1(t) + βf2(t)]dG(t) = α

∫ b

a

f1(t)dG(t) ⊕ β

∫ b

a

f2(t)dG(t).�r (1) "�� 2.1 es~ [4] �9�� 3.3

SΛ(k, ξ, G) =

n
∑

i=1

k[G(ti) ⊖ G(ti−1)] = k

n
∑

i=1

[G(ti) ⊖ G(ti−1)] = k[G(b) ⊖ G(a)]�n+�*�
(2) "�� 2.1 e

SΛ(αf1 + βf2, ξ, G) =

n
∑

i=1

[αf1(ξi) + βf2(ξi)][G(ti) ⊖ G(ti−1)]

= α

n
∑

i=1

f1(ξi)[G(ti) ⊖ G(ti−1)] ⊕ β

n
∑

i=1

f2(ξi)[G(ti) ⊖ G(ti−1)]
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 ( 6 + 27�8�`�Sn 2.2 T:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b] M Riemann-

Stieltjes �p9)N��i}YC ∀ ε > 0, ∃ δ > 0, V5 [a, b] 9Bf!VNT Λ′ ' Λ′′ -H
λ′ < δ, λ′′ < δ S�#

h(SΛ′(f, ξ′, G), SΛ′′ (f, ξ′′, G)) < ε. (2.3)�r � �. �rT:_ f(t) [% Pbfc(X):s:�0_ G(t) . [a, b]M Riemann-

Stieltjes �p�"�� 2.1, C ∀ ε > 0, ∃ δ > 0, 5 [a, b] 9NT Λ -H λ < δ S�#
h(SΛ(f, ξ, G), A) < ε

2 &��%YC [a, b] 9Bf!VNT Λ′ ' Λ′′, <� λ′ < δ, λ′′ < δS��#
h(SΛ′(f, ξ′, G), SΛ′′(f, ξ′′, G)) ≤ h(SΛ′(f, ξ′, G), A) + h(A, SΛ′′ (f, ξ′′, G)) <

ε

2
+

ε

2
= ε (2.4)&������PC ∀ ε > 0, ∃ δ > 0, V5 [a, b] 9Bf!VNT Λ′ ' Λ′′ -H λ′ < δ, λ′′ < δS�#

h(SΛ′(f, ξ′, G), SΛ′′(f, ξ′′, G)) < ε (2.5)&��' Λ
(k)
i (i = 1, 2)N�r [a, b]9�-NT�< limk→+∞ λ

(k)
i = 0,/ {S

Λ
(k)

i

(f, ξ(k), G)} (i =

1, 2) AY�v%�'
λ(k) =

{

λ
(k)
1 , kr:_

λ
(
2k), kr4_ , ξ(k) =

{

ξ
(k)
1 , kr:_

ξ
(k)
2 , kr4_ ,

SΛ(k)(f, ξ(k), G) =







S
Λ

(k)
1

(f, ξ
(k)
1 , G), kr:_

S
Λ

(k)
2

(f, ξ
(k)
2 , G), kr4_ ,/ {SΛ(k)(f, ξ(k), G)} rl�%�"#�z (Pbfc(X

+), h) 9p��9 {SΛ(k)(f, ξ(k), G)} rZ %�/Ef9:F%r�'4F%r��;�v
lim

k→+∞
S

Λ
(k)
1

(f, ξ
(k)
1 , G) = lim

k→+∞
SΛ(k)(f, ξ(k), G) = lim

k→+∞
S

Λ
(k)
2

(f, ξ
(k)
2 , G), (2.6)".864Br�' {Λ(k)} 9
>u[�x.r�r

A = lim
k→+∞

SΛ(k)(f, ξ(k), G).z071T:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b] M Riemann-

Stieltjes �p��< A =
∫ b

a
f(t)dG(t).(H7G) yP ∫ b

a
f(t)dG(t) 6= A, / ∃ ε0 > 0, C ∀ k ∈ N,�# [a, b]M9NT Λ(k) ,V8 λ(k) < 1

k
,4 h(SΛ(k)(f, ξ(k), G), A) ≥ ε0. }��limk→+∞ λ(k) = 0,4 limk→+∞ SΛ(k)(f, ξ(k), G) 6= A, 4'M^�* limk→+∞ SΛ(k)(f, ξ(k), G) = A �.D�Sn 2.3 PT:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b] M Riemann-

Stieltjes �p� /C ∀ c ∈ (a, b), T:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) .
[a, c], [c, b] MÆ Riemann-Stieltjes �p��<

∫ b

a

f(t)dG(t) =

∫ c

a

f(t)dG(t) ⊕

∫ b

c

f(t)dG(t). (2.7)



18 �h�<�U;LQd`\&t;�1d`:t; Riemann-Stieltjes qO 139�r C ∀ ε > 0, �T:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b] M
Riemann-Stieltjes �p�"�� 2.2 eW (2.5), 0. δ > 0, 5 [a, b] 9Bf!VNT Λ1 ' Λ2-H λ1 < δ, λ2 < δ S�#

h(SΛ1(f, ξ′, G), SΛ2(f, ξ′′, G)) < ε&��C% [a, c] 9B�!VNT Λ1 ' Λ2 -H λ1 < δ, λ2 < δ, ��f/�or [a, b] M9NT��JCxr Λ1 ' Λ2, V8 Λ1 ' Λ2 9. [c, b] M9N>p?�l<=z"B�% δ. e�
h(SΛ1 (f |[a,c], ξ

′, G), SΛ2(f |[a,c], ξ
′′, G)) = h(SΛ1(f, ξ′, G), SΛ2(f, ξ′′, G)) < ε,4�. [c, b] M� ξ′i = ξ′′i . -"�� 2.2 9� f |[a,c] [% G . [a, c] M Riemann-Stieltjes �p�l�� f [% G . [c, d] M Riemann-Stieltjes �p�%Y

∫ b

a

f(t)dG(t) = lim
λ→0

SΛ′

1∪Λ′

2
(f, ξ, G) = lim

λ→0
[SΛ′

1
(f |[a,c], ξ

′, G) ⊕ SΛ′

2
(f |[c,b], ξ

′′, G)]

= lim
λ1→0

SΛ′

1
(f |[a,c], ξ

′, G) ⊕ lim
λ2→0

SΛ′

2
(f |[c,b], ξ

′′, G) =

∫ c

a

f(t)dG(t) ⊕

∫ b

c

f(t)dG(t),9� Λ′
1, Λ

′
2 N�Y [a, c]e [c, b]9NT�λ1,λ2 N�YNT Λ′

1,Λ
′
2 9I1�=z"B�E Λ′

1∪Λ′
2Y" Λ′

1, Λ
′
2  Q9 [a, b] YNT� λ = max{λ1, λ2}.Sn 2.4 E`KPT:_ f(t)[% Pbfc(X):s:�0_ G(t). [a, b]M Riemann-

Stieltjes �p�/ F (t) =
∫ t

a
f(u)dG(u) Y��. [a, b] M9 Pbfc(X) :s:�0_��r "%T:_ f(t) KP�G(t) Y [a, b] M Pbfc(X) :s:�0_�"�� 2.3, C

∀ t1 < t2, t1, t2 ∈ [a, b], #
F (t2) =

∫ t2

a

f(u)dG(t) =

∫ t1

a

f(u)dG(t) ⊕

∫ t2

t1

f(u)dG(t) = F (t1) ⊕

∫ t2

t1

f(u)dG(t)."% ∫ t2

t1
f(u)dG(u) ∈ Pbfc(X

+), e� F (t1) � F (t2).Sn 2.5 E`T:KP_ f(t)[% Pbfc(X):s:�0_ G(t). [a, b]M Riemann-

Stieltjes�p�/C ∀ x∗ ∈ X∗,T:KP_ f(t)[%T:_ σ(x∗ , G(t)). [a, b]M Riemann-

Stieltjes �p��<
σ(x∗,

∫ b

a

f(t)dG(t)) =

∫ b

a

f(t)dσ(x∗, G(t)), x∗ ∈ X∗.�r "%T:KP_ f(t) [% Pbfc(X) :s:�0_ G(t) . [a, b] M Riemann-

Stieltjes �p�/C [a, b] 9NT Λ : a = t0 < t1 < · · · < tn = b, ∀ξi ∈ [ti−1, ti], i = 1, 2, · · · , n,#
(h) lim

λ→0

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)] =

∫ b

a

f(t)dG(t)."s~ [2] ��� 1.5.5, Hausdoff Z �IZ �v
(w) lim

λ→0

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)] =

∫ b

a

f(t)dG(t),
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 ( 6 + 27/E#
σ(x∗,

∫ b

a

f(t)dG(t)) = lim
λ→0

σ(x∗,

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)]) = lim
λ→0

n
∑

i=1

f(ξi)σ(x∗, [G(ti) ⊖ G(ti−1)])

= lim
λ→0

n
∑

i=1

f(ξi)[σ(x∗, G(ti)) − σ(x∗, G(ti−1))] =

∫ b

a

f(t)dσ(x∗, G(t)), x∗ ∈ X∗.Sn 2.6 P f(t) Y. [a, b] MT:KP�	_� G(t) Y [a, b] M9 Pbfc(X) :#���s:�0_�/ f(t) [% G(t) . [a, b] M Riemann-Stieltjes �p�<
‖

∫ b

a

f(t)dG(t)‖ ≤ M

b
∨

a

(G),9� M YT:KP�	_ f(t) . [a, b] M9I1:� ∨b

a(G) Y Pbfc(X) :s:�0_
G(t) . [a, b] M9?����r CB� ε > 0," f(t)Y. [a, b]MT:KP�	_9�0. δ1 > 0,5 |x−y| < δ1S�# |f(x) − f(y)| < ε. C [a, b] 9B�!VkN

Λ1 : a = u0 < u1 < · · · < un = b, ∀ ξi ∈ [ui−1, ui], i = 1, 2, · · · , n, λ1 = max
1≤i≤n

{ui − ui−1};

Λ2 : a = v0 < v1 < · · · < vm = b, ∀ ηj ∈ [vj−1, vj ], j = 1, 2, · · · , m, λ2 = max
1≤j≤m

{vj − vj−1}.KeW
SΛ1 =

n
∑

i=1

f(ξi)[G(ui) ⊖ G(ui−1)]; SΛ2 =

m
∑

j=1

f(ηj)[G(vj) ⊖ G(vj−1)]."%
[a, b] =

n
∑

i=1

[ui−1, ui] =
n

∑

i=1

m
∑

j=1

[ui−1, ui] ∩ [vj−1, vj ] =
m

∑

j=1

[vj−1, vj ] = [a, b],x [ti−1,j−1, ti,j ] = [ui−1, ui]
⋂

[vj−1, vj ], /#
SΛ1 =

n
∑

i=1

f(ξi)[G(ui) ⊖ G(ui−1)] =

n
∑

i=1

f(ξi)

m
∑

j=1

[G(ti,j) ⊖ G(ti−1,j−1)];

SΛ2 =

m
∑

j=1

f(ηj)[G(vj) ⊖ G(vj−1)] =

m
∑

j=1

f(ηj)

n
∑

i=1

[G(ti,j) ⊖ G(ti−1,j−1)].5 |λ1| < δ2 = δ1

2 , |λ2| < δ2 = δ1

2 S�#
h(SΛ1 , SΛ2) = h(

n
∑

i=1

m
∑

j=1

f(ξi)[G(ti,j) ⊖ G(ti−1,j−1)] ,
m

∑

j=1

n
∑

i=1

f(ηj)[G(ti,j) ⊖ G(ti−1,j−1)])

≤
n

∑

i=1

m
∑

j=1

|f(ξi) − f(ηj)|‖G(ti,j) ⊖ G(ti−1,j−1)‖

< ε

n
∑

i=1

m
∑

j=1

‖G(ti,j) ⊖ G(ti−1,j−1)‖ < ε

b
∨

a

(G).



18 �h�<�U;LQd`\&t;�1d`:t; Riemann-Stieltjes qO 141"�� 2.2 9 f(t) [% G(t) . [a, b] M Riemann-Stieltjes �p�/E
‖

∫ b

a

f(t)dG(t)‖ = ‖(h) lim
λ→0

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)]‖

≤ lim
λ→0

n
∑

i=1

f(ξi)‖G(ti) ⊖ G(ti−1)‖

≤ M lim
λ→0

n
∑

i=1

‖G(ti) ⊖ G(ti−1)‖ ≤ M

b
∨

a

(G).S� 2.2 P X Y Riesz �z� ‖ · ‖ Y X M9UI_�E`C ∀ x, y ∈ X , x ≥ 0, y ≥ 0,# ‖x + y‖ = ‖x‖ + ‖y‖, /%.UI_r L- I_� (X, ‖ · ‖) %r L- �z�p�9 L- �z%r AL- �z�P X Y AL- �z��7
1) 5 A, B ∈ Pbfc(X

+) S� # ‖A + B‖ = ‖A‖ + ‖B‖;

2) 5 A � B S�# ‖A‖ ≤ ‖B‖.�p 2.1 P X Y AL- �z� f(t) Y [a, b] MT:KP�	_� G(t) Y [a, b] M9
Pbfc(X) :#���s:�0_� / ‖

∫ b

a
f(t)dG(t)‖ ≤ M ‖G(b) ⊖ G(a)‖, 9� M YT:KP�	_ f(t) . [a, b] M9I1:��r "�� 2.6 9 f(t) [% G(t) . [a, b] M Riemann-Stieltjes �p�/E

‖

∫ b

a

f(t)dG(t)‖ = ‖(h) lim
λ→0

n
∑

i=1

f(ξi)[G(ti) ⊖ G(ti−1)]‖ ≤ lim
λ→0

n
∑

i=1

f(ξi)‖G(ti) ⊖ G(ti−1)‖

≤ M lim
λ→0

n
∑

i=1

‖G(ti) ⊖ G(ti−1)‖ = M lim
λ→0

‖
n

∑

i=1

G(ti) ⊖ G(ti−1)‖

= M lim
λ→0

‖G(b) ⊖ G(a)‖ = M‖G(b) ⊖ G(a)‖.Sn 2.7 P {fn(t)} Y [a, b] MT:KP�	_3?%�< {fn(t)} . [a, b] M�=Z % f(t), $P G(t) r [a, b] M9 Pbfc(X) :#���s:�0_�/
(h) lim

n→+∞

∫ b

a

fn(t)dG(t) =

∫ b

a

f(t)dG(t).�r "T:KP�	_% fn(t) . [a, b] M�=Z % f(t) 9� f(t) . [a, b] MKP�	�-"�� 2.6 9 f(t) [% G(t) . [a, b] M Riemann-Stieltjes �p�C ∀ ε > 0, �r fn(t). [a, b] M�=Z % f(t), ∃ N ∈ N, 5 n > N S�#
sup

x∈[a,b]

|fn(x) − f(x)| <
ε

b
∨

a

(G) + 1

.�JP_% {fn(t)} Y [a, b] M3?K{�"�� 2.1(2) #
∫ b

a

f(t)dG(t) =

∫ b

a

fn(t)dG(t) ⊕

∫ b

a

[f(t) − fn(t)]dG(t),
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h(

∫ b

a

fn(t)dG(t),

∫ b

a

f(t)dG(t)) = ‖

∫ b

a

[f(t) − fn(t)]dG(t)‖

≤ sup
x∈[a,b]

|f(x) − fn(x)| ·
b

∨

a

(G) ≤
ε

b
∨

a

(G) + 1

·
b

∨

a

(G) < ε,v (h) limn→+∞

∫ b

a
fn(t)dG(t) =

∫ b

a
f(t)dG(t).Sn 2.8 P f(t) Y [a, b] MT:3?KP�	_� [a, b] M9 Pbfc(X) :#���s:�0_% {Gn(t)} Z % Pbfc(X) :s:�0_ G(t), �0.!_ k > 0, V8

b
∨

a

(Gn) ≤ k < +∞, n = 1, 2, · · ·/ G(t) �r [a, b] M9 Pbfc(X) :#���s:�0_�E<
(h) lim

n→+∞

∫ b

a

f(t)dGn(t) =

∫ b

a

f(t)dG(t).�r C [a, b] 9BfNT Λ : a = t0 < t1 < · · · < tm = b, #
m

∑

i=1

‖Gn(ti) ⊖ Gn(ti−1)‖ ≤
b

∨

a

(Gn) ≤ k < +∞, n = 1, 2, · · ·' n → +∞,�8 m
∑

i=1

‖G(ti)⊖G(ti−1)‖ ≤ k,/E b
∨

a

(G) = sup
Λ

n
∑

i=1

‖G(ti)⊖G(ti−1)‖ ≤ k,v G(t)Y [a, b]M9#���s:�0_�"�� 2.69�f(t)[% G(t). [a, b]M Riemann-Stieltjes�p� f(t) [% Gn(t) . [a, b] M Riemann-Stieltjes �p� n = 1, 2, · · ·.�JP f(t) Y [a, b] M3?K{�C ∀ ε > 0, KNT Λ : a = t0 < t1 < · · · < tm = b, V�	_ (�Y�=�	_)f -H
|f(t) − f(ti−1)| <

ε

3k
, ∀ t ∈ [ti−1, ti]

‖
m

∑

i=1

∫ ti

ti−1

[f(t) − f(ti−1)]dG(t)‖ ≤
ε

3k

m
∑

i=1

ti
∨

ti−1

(G) =
ε

3k

b
∨

a

(G) ≤
ε

3
.e�"�� 2.3 �u�� 2.1 #

∫ b

a

f(t)dG(t) =

m
∑

i=1

∫ ti

ti−1

f(t)dG(t) =

m
∑

i=1

∫ ti

ti−1

[f(t) − f(ti−1)]dG(t) ⊕
m

∑

i=1

∫ ti

ti−1

f(ti−1)dG(t)

=

m
∑

i=1

∫ ti

ti−1

[f(t) − f(ti−1)]dG(t) ⊕
m

∑

i=1

f(ti−1)[G(ti) ⊖ G(ti−1)],4�
h(

∫ b

a

f(t)dG(t),

m
∑

i=1

f(ti−1)[G(ti) ⊖ G(ti−1)]) = ‖
m

∑

i=1

∫ ti

ti−1

[f(t) − f(ti−1)]dG(t)‖ ≤
ε

3
.
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h(

∫ b

a

f(t)dGn(t),

m
∑

i=1

f(ti−1)[Gn(ti) ⊖ Gn(ti−1)]) ≤
ε

3
."% {Gn(t)} . [a, b] MZ % G(t), e�CZ�9NT Λ : a = t0 < t1 < · · · < tm = b,

∃ N ∈ N, 5 n > N S�#
h(

m
∑

i=1

f(ti−1)[Gn(ti) ⊖ Gn(ti−1)],

m
∑

i=1

f(ti−1)[G(ti) ⊖ G(ti−1)]) <
ε

3
,%Y�8

h(

∫ b

a

f(t)dGn(t),

∫ b

a

f(t)dG(t)) ≤ h(

∫ b

a

f(t)dGn(t),

m
∑

i=1

f(ti−1)[Gn(ti) ⊖ Gn(ti−1)])+

h(

m
∑

i=1

f(ti−1)[Gn(ti) ⊖ Gn(ti−1)],

m
∑

i=1

f(ti−1)[G(ti) ⊖ G(ti−1)])+

h(

∫ b

a

f(t)dG(t),

m
∑

i=1

f(ti−1)[G(ti) ⊖ G(ti−1)]) <
ε

3
+

ε

3
+

ε

3
< ε.

3 f� Riemann-Stieltjes �dW�(T:KPna'[%s:�0a'9s: Riemann-Stieltjes npN�P (Ω,A, P ) YR)�z� {ft(ω), t ∈ [a, b]} YT:KPna'� {Gt(ω), t ∈ [a, b]} Y
Pbfc(X) :s:�0a'�E`C ∀ ω ∈ Ω, T:KPna' {ft(ω), t ∈ [a, b]} 9^7_[% Pbfc(X) :s:�0a' {Gt(ω), t ∈ [a, b]} 9^7_ Riemann-Stieltjes �p�x

B(ω) =

∫ b

a

ft(ω)dGt(ω)."s: Riemann-Stieltjes pN9�� 2.1 � Hausdoff Z ' Wijsman Z 9[y�us:n�"R3��7 B(ω) =
∫ b

a
ft(ω)dGt(ω) rs:n�"��b��

Bt(ω) =

∫ t

a

fu(ω)dGu(ω), t ∈ [a, b]./ {Bt(ω), t ∈ [a, b]}Y Pbfc(X
+):s:na'�"�� 2.49�{Bt(ω), t ∈ [a, b]}Y Pbfc(X

+):s:�0a'�Ol���
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Set-Valued Riemann-Stieltjes Integral of Real Non-Negative Function

with Respect to Set-Valued Order Increasing Function

XUE Hong, WANG La-sheng
(School of Science, Xi’an Polytechnic University, Shaanxi 710048, China )

Abstract: In this paper, we establish the set-valued Riemann-Stieltjes integral of a real valued non-
negative function with respect to set-valued order increasing function. Then, we discuss the properties of
the set-valued Riemann-Stieltjes integral. Some sufficent and necessary conditions for Riemann-Stieltjes
integrability are obtained. Finally, we introduce the set-valued Riemann-Stieltjes stochastic integral.

Key words: set-valued order increasing process; set-valued Riemann-Stieltjes integral; set-valued
Riemann-Stieltjes stochastic integral.


