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1.1 � C � Banach ��� E �������������k� T : C → C �����������������k������� �¡�¢
{Ln} £�¤ limn→∞ Ln = 1, ¥�¦�§

‖T nx − T ny‖ ≤ Ln‖x − y‖, ∀x, y ∈ C, n = 1, 2, · · · .

���
1.2 � C � Banach ��� E ��������¨ª©������ C ��� E ��«�¬���¯®�°�� ���±�²�³�´
r : E → C, ¦�§ rx = x, ∀x ∈ C.

³�´
r ���ªµ E ¶ C ��·��«�¬�¸���

1.3 � C � Banach ��� E ��������¨ª©������ T : C → C � � ³�´ � {an}, {bn}£¹¤¹º 0 < a ≤ an ≤ b < 1, 0 < a ≤ bn ≤ b < 1; r : E → C � � �¹�¹�¹�¹·¹¹«¹¬¹�
mn = n, kn = n + k » mn = n + k, kn = n (k ��¼�½���¾�¿ ¢ ); {un}, {vn} � E ��£�¤�À�Á
(H):

∑

∞

n=0 ‖un‖ < ∞,
∑

∞

n=0 ‖vn‖ < ∞ ��Â�Ã�Ä�Å�Æ   �Ç�
1). µ�È�É�Ê�Ë���Æ   {xn} ⊂ C:















x0 ∈ C,

xn+1 = rpn,

pn = (1 − an)xn + anT mnryn + un,

yn = (1 − bn)xn + bnT knxn + vn,

(I)

����Ì ¡ ��Í�Î�Ï�� Ishikawa Ð�Ñ�Æ   ¸
2). µ�È�É�Ê�Ë���Æ   {xn} ⊂ C:







x0 ∈ C,

xn+1 = rpn,

pn = (1 − an)xn + anT knxn + un,

(II)
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3). ë�ì��Ç®�° un = vn = 0, ∀n ≥ 0, �ªµ (I), (II) í�Ê�Ë���Æ   {xn} ⊂ C î�ì�����Ì ¡
� Ishikawa Ð�Ñ�Æ  �ï Ì ¡ � Mann Ð�Ñ�Æ   ¸

�¹�¹�¹�¹� ³¹´¹ð 1972 ñòµ Goebel
ï

Kirk[1] ó¹ô �Çõ¹¥¹ö¹÷¹øòùûú¹�Ç� C � �¹ü ©
Banach ��� E ��Ä�Å�¨ª©������ý��þ�Ã���������� ³�´�ÿ Ä�������¸�� ð Ð�Ñ��������������³�´ ������������	 Tan 
 Xu[2] øªù�ú�� � £�¤ Opial’s À�Á�»�Í�Ä Frechet ���� ¢ � ��ü
© Banach ���ª��Ì���ú�� Ishikawa Ð�Ñ���Æ

xn+1 = anT n(bnT nxn + (1 − bn)xn) + (1 − an)xn, n ≥ 1

���¹«��¹�¹¸�� ��� ����� Tan 
 Xu[2] ��� Takahashi 
 Kim[3] �����¹��� [4] � Tan 

Xu[2] �� ¶�ú�����¨ª©�������!�"�¸�#�$�� ��� Ì���ú¹Ð�Ñ���Æ¹�Çøªù�úòµ (I) í�Ê�Ë���Ð�Ñ
��Æ���«���¶ T ��������¸%#�$���&�°�' Tan 
 Xu[2] ��Ê�( 3.2 �� ¶�ú�����¨ª©�������!
"��Çõ�¥�)�' Tan 
 Xu[2]

ï � [4] �� ¶�ú�Ì���ú�Í�Î�Ï�� Ishikawa Ð�Ñ���Æ���*�+�¸,.-
1.1

[5] � � ¾�Æ   {an}, {bn}, {vn} £ ¤ º an+1 ≤ (1+bn)an+vn, ∀n ∈ N ,
∑

∞

n=1 bn <

∞,
∑

∞

n=1 vn < ∞, � limn→∞ an � � ¸,�-
1.2

[6] � E � ��ü ©�� Banach ����� {an} � (0, 1) �0/�1 0 
 1 ��Ä�Å�2 ¢� 
¥ {xn}, {yn} � E ����Æ   �Ç¦�§�3�4�Ã a ≥ 0, lim supn→∞

‖xn‖ ≤ a, lim supn→∞
‖yn‖ ≤ a,

limn→∞ ‖anxn + (1 − an)yn‖ = a, � limn→∞ ‖xn − yn‖ = 0.,�-
1.3 � E � � 2 Banach ����� C � E ��������¨ª©������ r : E → C � � �����

��·��«�¬�� T : C → C ����������� ³�´ ¸�� {xn} �ªµ (I) Ê�Ë���Ì ¡ ��Í�Î�Ï�� Ishikawa

Ð�Ñ�Æ   �Ç�
‖xn − Txn‖ ≤‖xn − T mnxn‖ + L1(1 + Lmn−1)‖xn−1 − T mn−1ryn−1‖+

L1‖xn−1 − T mn−1xn−1‖ + L1(1 + Lmn−1)‖un−1‖.

5�6 µ ð T ���������������Ç��Ä
‖xn − Txn‖ ≤ ‖xn − T mnxn‖ + ‖T mnxn − Txn‖

≤ ‖xn − T mnxn‖ + L1‖T
mn−1xn − xn‖, (1)

���
‖xn − T mn−1xn‖ ≤ ‖xn − xn−1‖ + ‖xn−1 − T mn−1xn‖. (2)

µ (I), ��§
‖xn − xn−1‖ = ‖rpn−1 − rxn−1‖ ≤ ‖pn−1 − xn−1‖

= ‖(1 − an−1)xn−1 + an−1T
mn−1ryn−1 + un−1 − xn−1‖

≤ ‖xn−1 − T mn−1ryn−1‖ + ‖un−1‖ (3)

ï
‖xn−1 − T mn−1xn‖ ≤ ‖xn−1 − T mn−1xn−1‖ + Lmn−1‖xn−1 − xn‖. (4)
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� (2)–(4) É�Ñ ô (1) ������§
‖xn − Txn‖ ≤‖xn − T mnxn‖ + L1(1 + Lmn−1)‖xn−1 − T mn−1ryn−1‖+

L1‖xn−1 − T mn−1xn−1‖ + L1(1 + Lmn−1)‖un−1‖.

B�C ó ( 1.3 ø�D�¸,�-
1.4

[7] � C � ��ü © Banach ����������Ä�Å�¨ª©������ T : C → C �����������³�´ ��� {xn} � C ����¼�½�Æ   ����� {xn} ��«���¶ x, ‖xn − Txn‖ → 0(n → ∞) E�F�G�H
Tx = x.,�-

1.5
[7] � E ��Í�Ä Frechet ���� ¢ � ��ü © Banach ����I�¥ ∑

∞

n=1(Ln − 1) «
���Ç��3 ∀f1, f2 ∈ F , limn→∞〈xn, J(f1 − f2)〉 � ��J ë�ì����

〈p − q, J(f1 − f2)〉 = 0, ∀p, q ∈ $w(xn),

K � $w(xn) L�M {xn} ��� $− N�O�������P
$w(xn) = {y ∈ E : y = $ − lim

k→∞

xnk
3�4 nk ↑ ∞}.

2 QSRSTSU
��-

2.1 � E � ��ü ©�� Banach ����� C � E ��������¨ª©������ T : C → C ���
������� ³�´ �k¦�§ limn→∞ Ln = 1, Ln ≥ 1 ¥ ∑

∞

n=1(Ln − 1) «���¸ r : E → C � � �������
·��«�¬���V�� ∀x1 ∈ C, ¥�Æ   {xn} µ�Ì���ú�� Ishikawa Ð�Ñ�Æ   (I) í�Ê�Ë��Ç� F (T ) �
���Ç� {xn} Ä�Å�¥ limn→∞ ‖xn − Txn‖ = 0.5�6 � Tw = w, � T nw = w. µ (I), Ä
‖xn+1 − w‖ =‖rpn − w‖ ≤ ‖pn − w‖

≤an‖T
mnryn − w‖ + (1 − an)‖xn − w‖ + ‖un‖

≤anLmn
‖yn − w‖ + (1 − an)‖xn − w‖ + ‖un‖

≤anLmn
[(1 − bn)‖xn − w‖ + bnLkn

‖xn − w‖ + vn‖] + (1 − an)‖xn − w‖ + ‖un‖

=[1 − an + anLmn
(1 − bn + bnLkn

)]‖xn − w‖ + anLmn
‖vn‖ + ‖un‖,

W µ ∑

∞

n=1(Ln − 1) «�� ����ó ( 1.1, ��X limn→∞ ‖xn − w‖ � � �%Y c = limn→∞ ‖xn −w‖.Z �
‖T mnryn − w + un‖ ≤Lmn

‖yn − w‖ + ‖un‖

≤Lmn
(1 − bn + bnLkn

)‖xn − w‖ + Lmn
‖vn‖ + ‖un‖,

C�[ �ÇÄ
lim sup

n→∞

‖T mnryn − w + un‖ ≤ lim sup
n→∞

(Lmn
‖yn − w‖ + ‖un‖)

= lim sup
n→∞

‖yn − w‖ ≤ c, (5)
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lim sup
n→∞

‖xn − w + un‖ ≤ lim sup
n→∞

(‖xn − w‖ + ‖un‖) = c. (6)

õ
lim

n→∞

‖an(T mnryn − w + un) + (1 − an)(xn − w + un)‖ = lim
n→∞

‖xn+1 − w‖ = c.

\ µ (5), (6) ��ó ( 1.2 ��§
lim

n→∞

‖T mnryn − xn‖ = 0. (7)

µ (I), Ä
‖yn − w‖ = ‖(1 − bn)xn + bnT knxn + vn − w‖

≤ (1 − bn)‖xn − w + vn‖ + bn‖T
knxn − w + vn‖

≤ (1 − bn)‖xn − w‖ + bnLkn
‖xn − w‖ + ‖vn‖. (8)

µ (8) É���§
lim sup

n→∞

‖yn − w‖ ≤ lim sup
n→∞

[(1 − bn + bnLkn
)‖xn − w‖ + ‖vn‖] = c. (9)

W µ (I), Ä
‖xn+1 − w‖ = ‖rpn − w‖ ≤ ‖pn − w‖ = ‖(1 − an)xn + anT mnryn + un − w‖

≤ an‖T
mnryn − w‖ + (1 − an)‖xn − w‖ + ‖un‖

≤ anLmn
‖yn − w‖ + (1 − an)‖xn − w‖ + ‖un‖. (10)

µ (10) É�Ä
‖xn+1 − w‖ − ‖xn − w‖

b
≤

‖xn+1 − w‖ − ‖xn − w‖

an

≤ Lmn
‖yn − w‖ − ‖xn − w‖ +

‖un‖

a
.

\
c ≤ lim inf

n→∞

‖yn − w‖.

W µ (5) É�����§
lim

n→∞

‖yn − w‖ = c.

P
lim

n→∞

‖(1 − bn)(xn − w + vn) + bn(T knxn + vn − w)‖ = c. (11)

V Z �
‖T knxn − w + vn‖ ≤ ‖T knxn − w‖ + ‖vn‖ ≤ Lkn

‖xn − w‖ + ‖vn‖,
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�
lim sup

n→∞

‖T knxn − w + vn‖ ≤ c. (12)

µ (6), (11), (12) ��ó ( 1.2 Ä
lim

n→∞

‖xn − T knxn‖ = 0. (13)

µ ð
‖xn − T mnxn‖ ≤ ‖xn − T mnryn‖ + ‖T mnryn − T mnxn‖

≤ ‖xn − T mnryn‖ + Lmn
‖yn − xn‖

≤ ‖xn − T mnryn‖ + Lmn
bn‖xn − T knxn‖ + Lmn

‖vn‖,

W µ (7), (13) ��X
lim

n→∞

‖xn − T mnxn‖ = 0. (14)

µ (7), (14) ����ó ( 1.3 ��§
lim

n→∞

‖xn − Txn‖ = 0.

Ê�( 2.1
B�C ø�D�¸��-
2.2 � E � ��ü © Banach ����¥�£�¤ Opial’s À�Á�»�Í�Ä Frechet ���� ¢ � C

� E �û�¹�¹�¹¨ò©û�¹�¹� T : C → C �¹�¹�¹�¹�¹� ³¹´ �Ç¦¹§ limn→∞ Ln = 1, Ln ≥ 1 ¥
∑

∞

n=1(Ln−1) «���¸ r : E → C � � ��������·��«�¬���V�� ∀x1 ∈ C, �ªµ�Ì���ú�� Ishikawa

Ð�Ñ�Æ   (I) í�Ê�Ë���Æ   {xn} ��«���¶ T ��������¸5�6 � z � T �������¹¸�Y δ = (sup{‖xn − z‖ : n ≥ 1}) · (sup{Lj : j ≥ 1}), �
D = C

⋂

Bδ[z] � C ������Ä�Å�¨ª©�����¸ µ�Ê�( 2.1 ��ó ( 1.4 ��X $w(xn) ⊂ F (T ), í � �
ú�øªù�Ê�(���]�^�øªù $w(xn) ��_�����P���¸

� p, q ∈ $w(xn), ¥ {xni
}, {xmj

} ��Æ   {xn} ���   �Ç¦�§ $ − limi→∞ xni
= p, $ −

limj→∞ xmj
= q. ®�° p 6= q, `�a���b�÷�c�� E £�¤ Opial’s À�Á��Ç��Ä

lim
n→∞

‖xn − p‖ = lim
i→∞

‖xni
− p‖ < lim

i→∞

‖xni
− q‖

= lim
j→∞

‖xmj
− q‖ < lim

j→∞

‖xmj
− p‖

= lim
n→∞

‖xn − p‖.

C�d�e Lªù��@f E £�¤ Opial’s À�Á [ �kÆ   {xn} ����«�����¸kÈ�g��@c�� E Í�Ä Frechet �
�� ¢ ¸�h�i ó ( 1.5 §

〈p − q, J(f1 − f2)〉 = 0, ∀p, q ∈ $w(xn), f1, f2 ∈ F (T ).

� ��� � µ p, q ∈ F (T ) ��X
‖p − q‖2 = 〈p − q, J(p − q)〉 = 0.

í � p = q.
\ Ê�(���&�j�k�l�¸
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2.3 � E � ��ü © Banach ����¥�£�¤ Opial’s À�Á�»�Í�Ä Frechet ���� ¢ � C

� E �û�¹�¹�¹¨ò©û�¹�¹� T : C → C �¹�¹�¹�¹�¹� ³¹´ �Ç¦¹§ limn→∞ Ln = 1, Ln ≥ 1 ¥
∑

∞

n=1(Ln − 1) «���¸ r : E → C � � ��������·��«�¬���V�� ∀x1 ∈ C, �ªµ�Ì���ú�� Mann

Ð�Ñ�Æ   (II) í�Ê�Ë���Æ   {xn} ��«���¶ T ��������¸
nSoSpSqSr
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A Note on Approximating Fixed Points of Asymptotically

Nonexpansive Mapping

YAO Yong-hong, CHEN Ru-dong
(Dept. of Math., Tianjin Polytechnic University, Tianjin 300160, China )

Abstract: Let E be a uniformly convex Banach space, C be a nonempty closed convex subset of
E, and T : C → C be an asymptotically nonexpansive mapping with fixed points. It is shown that
under some suitable conditions, the sequence {xn} defined by the modified Ishikawa iteration process:
xn+1 = rpn, pn = (1 − an)xn + anT mnryn + un, yn = (1 − bn)xn + bnT knxn + vn, (n ≥ 1) converges
weakly to a fixed point of T .

Key words: asymptotically nonexpansive mapping; modified Ishikawa iteration process; fixed point;
uniformly convex Banach space.


