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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Let G be a

graph with n vertices, and A(G) be the (0, 1)-adjacent matrix of G. Since A(G) is symmetric

and real, its eigenvalues are real. These eigenvalues of A(G) are independent of the ordering of the

vertices of G, and consequently, without loss of generality, we can write them in non-increasing

order as λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) and call them the eigenvalues of G. The characteristic

polynomial of G is just det(xI − A(G)), and denoted by P (G, x). The largest eigenvalue λ1(G)

is called the spectral radius of G, denoted by ρ(G). If G is connected, then A(G) is irreducible

and ρ(G) is simple and there exists a unique positive unit eigenvector corresponding to ρ(G) by

the Perron-Frobenius Theorem of non-negative matrices. The unique positive unit eigenvector

corresponding to ρ(G) is called the Perron vector of G.

The investigation on the spectral radii of graphs is an important topic in the theory of graph

spectral. For results on the spectral radii of graphs, one may refer to [1]–[10] and the reference

therein. Bicyclic graphs are connected graphs in which the number of edges equals the number of

vertices plus one. Yu and Tian[10] determined the graphs with the largest spectral radius among

all the bicyclic graphs on n vertices with matching number m.

In this paper, we study the spectral radii of bicyclic graphs, and give the first three largest

spectral radii in the class B(n) (n ≥ 9) together with the corresponding graphs.

2. Three types of bicyclic graphs

Definition 2.1 A graph G of order n is called a bicyclic graph if G is connected and the number

of edges of G is n + 1.
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It is easy to see from the definition that G is a bicyclic graph if and only if G can be obtained

from a tree T (with the same order) by adding two new edges to T .

Let G be a bicyclic graph. The base of G, denoted by Ĝ, is the (unique) minimal bicyclic

subgraph of G. It is easy to see that Ĝ is the unique bicyclic subgraph of G containing no

pendant vertices, while G can be obtained from Ĝ by attaching trees to some vertices of Ĝ.

It is well-known that there are the following three types of bicyclic graphs containing no

pendant vertices:

Let B(p, q) be the bicyclic graph obtained from two vertex-disjoint cycles Cp and Cq by

identifying vertices u of Cp and v of Cq (see Fig.1).

Let B(p, l, q) be the bicyclic graph obtained from two vertex-disjoint cycles Cp and Cq by

joining vertices u of Cp and v of Cq by a new path uu1u2 · · ·ul−1v with length l (l ≥ 1) (see

Fig.1).
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Figure 1 The graphs B(p, q) and B(p, l, q)

Let P (p, q, l) (1 ≤ l ≤ min{p, q}) be the bicyclic graph obtained from a cycle Cp+q−2l :

v1v2 · · · vp−lvp−l+1vp−l+2 · · · vp+q−2lv1 by joining vertices v1 and vp−l+1 by a new path v1u1u2 · · ·
ul−1vp−l+1 with length l (see Fig.2).
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Figure 2 The graph P (p, q, l)

Now we can define the following three classes of bicyclic graphs of order n:

B1(n) = {G ∈ B(n) | Ĝ = B(p, q) for some p ≥ 3 and q ≥ 3},
B2(n) = {G ∈ B(n) | Ĝ = B(p, l, q) for some p ≥ 3, q ≥ 3 and l ≥ 1},
B3(n) = {G ∈ B(n) | Ĝ = P (p, q, l) for some 1 ≤ l ≤ min{p, q}}.

It is easy to see that B(n) = B1(n) ∪̇ B2(n) ∪̇ B3(n).

For a graph G, let |G|, V (G), E(G) denote the order, the vertex set and the edge set of

G, respectively. For v ∈ V (G), let d(v) denote the degree of v and N(v) denote the set of all

neighbors of v in G.
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Now we quote some basic lemmas which will be used in the proofs of our main results.

Lemma 2.1[2] Let v be a vertex of degree 1 in the graph G and u be the vertex adjacent to v.

Then P (G, x) = xP (G − v, x) − P (G − u − v, x).

From Lemma 2.1, we have the following corollary:

Corollary 2.1 Let G be a connected graph with n vertices, and consist of a proper induced

subgraph H and n−|H | new pendant edges (not in H) attached to some vertex v ∈ V (H). Then

P (G, x) = xn−|H|P (H, x) − (n − |H |)xn−|H|−1P (H − v, x).

Lemma 2.23,6] Let u be a vertex of the connected graph G and for positive integers k, l (k ≥
l ≥ 1), and let Gk,l be the graph obtained from G by adding two pendant paths of length k and

l at u. Then ρ(Gk,l) > ρ(Gk+1,l−1).

Lemma 2.3[3,6] Let uv be an edge of graph G satisfying d(u) ≥ 2 and d(v) ≥ 2, and suppose

that two new paths of length k, m (k ≥ m ≥ 1) are attached to G by their end vertices at u and

v, respectively, to form Mk,m. Then we have ρ(Mk,m) > ρ(Mk+1,m−1).

Lemma 2.4[3] Let G be a connected graph, and G′ be a proper spanning subgraph of G. Then

P (G′, x) > P (G, x), for all x ≥ ρ(G).

Let ∆(G) denote the maximum degree of G. From Lemma 2.4, we have ρ(G) ≥ ρ(K1,∆(G)∪
(n − ∆(G) − 1)K1) = ∆(G) ≥

√
∆(G).

Theorem 2.1 Let G be a connected graph and u, v1, v2, . . . , vr (r ≥ 1) be vertices of G. Suppose

V1, V2, . . . , Vr are pairwise disjoint vertex subsets of G, which are not all empty, and

Vi = {vi1, vi2, . . . , viki
} ⊆ N(vi)\(N(u) ∪ {u}) (i = 1, 2, . . . , r).

Let Gu(v1, . . . , vr) be the graph with V (Gu(v1, . . . , vr)) = V (G) and

E(Gu(v1, . . . , vr)) = (E(G)\
r⋃

i=1

{vivi1, . . . , viviki
})

⋃
(

r⋃

i=1

{uvi1, . . . , uviki
}).

Let X be the Perron vector of G. Suppose we have Xu ≥ max{Xv1
, . . . , Xvr

}, where Xu denotes

the coordinates of X corresponding to the vertex u, then ρ(Gu(v1, . . . , vr)) > ρ(G).

Proof Let G′ = Gu(v1, · · · , vr). From the well-known results of real symmetric matrices in

linear algebra, we have XT A(G)X = ρ(G) and ρ(G′) ≥ XT A(G′)X . So we have

ρ(G′) − ρ(G) ≥ XT A(G′)X − XT A(G)X = XT [A(G′) − A(G)]X

=

r∑

i=1

(

ki∑

j=1

(Xu − Xvi
)Xvij

) ≥ 0. (2.1)

Next we want to show the strict inequality holds in (2.1). Suppose not, then all the equalities

hold in (2.1). In particular, we have ρ(G′) = ρ(G) = XT A(G′)X , which implies that X is also
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an eigenvector of A(G′) corresponding to ρ(G′), namely we also have A(G′)X = ρ(G′)X . Thus

(A(G′) − A(G))X = (ρ(G′) − ρ(G))X = 0. (2.2)

Moreover, let αu be the row vector of A(G′) − A(G) corresponding to the vertex u. Since

k1, . . . , kr are not all 0, it is easy to see that αu ≥ 0, αu 6= 0. Then αuX > 0, which contradicts

(2.2). 2

From Theorem 2.1, we have the following corollary:

Corollary 2.2 Let G be a connected graph, v1, . . . , vk ∈ V (G) (k ≥ 2) are vertices in G adjacent

to some pendant vertices. Suppose G has s pendant edges incident to v1, . . . , vk, Gi (i = 1, . . . , k)

be the graph obtained from G by deleting all these s pendant edges and attaching them to vi.

Then max{ρ(G1), . . . , ρ(Gk)} > ρ(G).

Lemma 2.5 Let G be a connected graph which consists of a proper induced subgraph H and

a tree T of order k + 1 (k ≥ 2) such that T and H has a unique common vertex v and T is not

a star with center v. Let G′ = H + vw1 + · · · + vwk, where w1, w2, . . . , wk ∈ V (T ) are distinct

pendant vertices of G′. Then ρ(G′) > ρ(G).

Proof We use induction on the number q of non-pendant vertices different from v in T .

Since T is not a star with center v, we have q ≥ 1.

Let x be a non-pendant vertex in T different from v which is furthest from v among all

non-pendant vertices in T . Let P be the unique path in T from v to x, and let y be the vertex

in P which is adjacent to x. Let N(x) = {y, x1, . . . , xd−1}, where d = d(x), then all the vertices

x1, . . . , xd−1 are pendant vertices.

Now we use Theorem 2.1 by taking u = y, r = 1, v1 = x and V1 = {x1, . . . , xd−1}, then the

graph Gu(v1) in Theorem 2.1 is

Gu(v1) = G − {xx1, . . . , xxd−1} + {yx1, . . . , yxd−1}.

On the other hand, if we take u = x, r = 1, v1 = y and V1 = N(y)\{x}, then it is not difficult

to see that the graph Gv1
(u) obtained in Theorem 2.1 is isomorphic to Gu(v1). Let X be the

Perron vector of G. Since we either have Xy ≥ Xx or Xx ≥ Xy, so by Theorem 2.1, we have

ρ(Gu(v1)) > ρ(G).

Also it is obvious that the number of non-pendant vertices in the corresponding tree T ′ in

Gu(v1) different from v is q− 1. So by induction on Gu(v1) we have ρ(G′) ≥ ρ(Gu(v1)) (equality

holds when G′ = Gu(v1)). Combining the above two inequalities we obtain ρ(G′) > ρ(G). 2

Definition 2.2 Let G be a bicyclic graph, v ∈ V (Ĝ), if v is adjacent to some vertices not in

V (Ĝ), then we call v a divarication-vertex of G.

For convenience, in this paper, we denote

Bij = {G | G ∈ Bi(n) and has exactly j divarication-vertices, 1 ≤ i ≤ 3, j ≥ 0}.

We use λ(P (x)) to denote the largest real root of the equation P (x) = 0.
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3. The basic strategy

Let G1, G2, G3 be the graphs on n ≥ 9 vertices as Fig.3.1.

G2G1
G3

Figure 3.1 The graphs G1 − G3

For n ≥ 9, our basic strategy of determining the first three largest spectral radii of B(n)

together with the corresponding graphs is to prove the following results (R1)–(R5) later:

(R1). ρ(G2) < ρ(G1).

(R2). ρ(G3) < ρ(G2).

(R3). For any G ∈ B1(n) \ {G2}, we have ρ(G) < ρ(G3).

(R4). For any G ∈ B2(n), we have ρ(G) < ρ(G3).

(R5). For any G ∈ B3(n) \ {G1, G3}, we have ρ(G) < ρ(G3).

We will prove the result (R2) in this section, prove the result (R3) in §4, prove the result

(R4) in §5, prove the result (R5) in §6, prove the result (R1) and our main results in §7.

Now we prove (R2): ρ(G3) < ρ(G2).

Proof Taking H = B(3, 3) in Corollary 2.1, we have

P (G2, x) = xn−6[x6 − (n + 1)x4 − 4x3 + (2n − 5)x2 + 4x + 5 − n]
∆
=xn−6f2(x).

Next we take H to be the graph obtained from P (2, 2, 1) with one pendant edge attached to

some common vertex of three cycles, then by Corollary 2.1, we have

P (G3, x) = xn−4[x4 − (n + 1)x2 − 4x + 3n − 13]
∆
=xn−6f3(x) (3.1)

Let

g(x) = f3(x) − f2(x) = (n − 8)x2 − 4x + n − 5.

For n ≥ 9, we have g(x) > 0, when x = ρ(G3) ≥
√

n − 2, i.e., P (G2, x) < 0, which implies

ρ(G2) > ρ(G3). 2

4. The proof of (R3)

Lemma 4.1 Let G ∈ B1(n) and Ĝ = B(p, q). If p + q ≥ 7, then ρ(G) < ρ(B1) or ρ(G) < ρ(B2)

(B1 and B2 are the graphs shown in Fig.4.1).

Proof By Lemma 2.5, Corollary 2.2 and Theorem 2.1, we have ρ(G) < ρ(Bs,t) for some s, t

with s, t ≥ 1, (Bs,t) is the graph shown in Fig.4.1). Let x be the perron vector of Bs,t.

If Xu ≥ Xv. By Theorem 2.1, we have ρ(Bs,t) < ρ(B2).
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If Xu < Xv. By Theorem 2.1, ρ(Bs,t) < ρ(B1). 2

B1 B2

Figure 4.1 The graphs B1, B2 and Bs,t

Bs,t

v

u
v1 vs

u1 ut

Lemma 4.2 ρ(B1) < ρ(G3).

Proof By Corollary 2.1, we have

P (B1, x) = xn−6[x6 − (n + 1)x4 − 4x3 + 3(n − 3)x2 + 6x + 11 − 2n]
∆
= xn−6f4(x).

Combining the above equation and (3.1), we have

f4(x) − f3(x) = 4x2 + 6x + 11 − 2n
∆
= p(x).

It is easy to see that, p(x) > 0, when x = ρ(B1) ≥
√

n − 2, p(x) > 0, which implies ρ(B1) <

ρ(G3). 2

The Proof of (R3) By Lemma 4.1, it suffices to consider Ĝ = B(3, 3). By Theorem 2.1 and

Lemma 2.5, we only need to consider G ∈ (B11(n)\{G1})∪B12(n). We distinguish the following

two cases.

Case 1. G ∈ B11(n)\{G2}.

Subcase 1.1 The common vertex of the two C3 in Ĝ is the divarication-vertex.

Suppose the unique divarication-vertex is v, and q(G) is the number of non-pendant vertices

different from v in the tree attached to Ĝ. Since G 6= G2, q(G) > 0. From the proof of Lemma

2.5, we know that if q(G) ≥ 2, then there exists a graph G′ ∈ B1(n) such that Ĝ′ = Ĝ, q(G′) = 1

and ρ(G
′

) > ρ(G). So it suffices to consider the graph G with q(G) = 1. Using u to denote the

unique non-pendant vertex different from v in the tree attached to Ĝ.

B′
3B3

Figure 4.2 The graphs B3 and B′
3

(1) Xv ≥ Xu. By Theorem 2.1, ρ(G) ≤ ρ(B3) (B3 is the graph shown in Fig.4.2). By

Lemma 2.3, we obtain ρ(B3) < ρ(B1) < ρ(G3), which implies ρ(G) < ρ(G3).
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(2) Xu > Xv. By Theorem 2.1, ρ(G) ≤ ρ(B′
3) (B′

3 is the graph shown in Fig.4.2). Now we

show that ρ(B′
3) < ρ(B3). In Corollary 2.1, let H be the graph obtained from B(3, 3) by a path

of order 3 attached to v. Then we have

P (B′
3, x) − P (B3, x) = (n − 7)xn−8[(P (P2, x))3 − xP (B(3, 3), x)]

= (n − 7)xn−8(x − 1)(x + 1)2(3x + 1) > 0,

where P2 is the path of order 2. Then we have ρ(B′
3) < ρ(B3), thus, ρ(G) < ρ(G3).

Subcase 1.2 The common vertex of the two C3 in Ĝ is not the divarication-vertex.

By using Lemma 2.5 and Corollary 2.2, we have ρ(G) ≤ ρ(B2). Now we show ρ(B2) < ρ(G3).

By Corollary 2.1, we have

P (B2, x) = xn−6[x6 − (n + 1)x4 − 4x3 + (4n − 15)x2 + (2n − 6)x + 5 − n].

Combining the above equation and (3.1), we have

P (B2, x) − P (G3, x) = xn−6[(n − 2)x2 + (2n − 6)x + 5 − n] > 0,

for all x > 1, which implies ρ(B2) < ρ(G3).

Case 2. G ∈ B12(n).

Subcase 2.1 The common vertex of the two C3 in Ĝ is not a divarication -vertex. By Lemma

2.5 and Corollary 2.2, we have ρ(G) < ρ(B2) < ρ(G3).

Subcase 2.2 The common vertex of the two C3 is a divarication -vertex. By Lemma 2.5, we

have ρ(G) ≤ ρ(Bs,t) < ρ(G3). 2

5. The proof of (R4)

B4

Figure 5.1 The graphs B4 and B5

B5

Lemma 5.1 Let G ∈ B2(n) and Ĝ = B(p, l, q). If p + q + l ≥ 8, then ρ(G) < ρ(B4) or

ρ(G) < ρ(B5) (B4, B5 are the graphs shown in Fig.5.1).

Proof By Lemma 2.5, Corollary 2.2 and Theorem 2.1, the result follows. 2

The Proof of (R4) By Lemma 2.5, Corollary 2.2 and Lemma 5.1 for all graphs in B2(n), their

spectral radii are no more than max{ρ(B4), ρ(B5)}. Now we show that ρ(B5) < ρ(B4) < ρ(G3).

By Corollary 2.1, we have

P (B4, x) = xn−7[x7 − (n + 1)x5 − 4x4 + (4n− 13)x3 + 2nx2 + 3(7− n)x + 12− 2n]
∆
= xn−7f5(x),
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P (B5, x) = xn−7[x7 − (n + 1)x5 − 4x4 + (5n − 19)x3 + 2nx2 + (27 − 4n)x + 12 − 2n].

Then

P (B5, x) − P (B4, x) = (n − 6)xn−6(x2 − 1) > 0 ( for x > 1).

Thus ρ(B4) > ρ(B5). Let h(x) = f5(x) − xf3(x) = nx3 + 2nx2 + 3(7 − n)x + 12 − 2n. When

x = ρ(B4) ≥
√

n − 3, h(x) > 0, which implies ρ(B4) < ρ(G3). 2

6. The proof of (R5)

B6 B7

Figure 6.1 The graphs B6 and B7

Similar to the proof of Lemmas 4.1 and 4.2, we have

Lemma 6.1 Let G ∈ B3(n) and Ĝ = P (p, q, l). If p+q+l ≥ 6, then ρ(G) < ρ(B6), ρ(G) < ρ(B7)

or ρ(G) < ρ(G3) (B6, B7 are the graphs shown in Fig.6.1).

Lemma 6.2 ρ(B6) < ρ(G3).

Proof By Corollary 2.1, we have

P (B6, x) = xn−6[x6 − (n + 1)x4 − 4x3 + (3n − 12)x2 + 2x + 5 − n]
∆
= xn−6f6(x).

Combining the above equation and (3.1), we have

P (B6, x) − P (G3, x) = xn−5[x2 + 2x + 5 − n]
∆
= xn−5q(x).

When x = ρ(B6) ≥
√

n − 2, q(x) > 0, which implies ρ(B6) < ρ(G3). 2

The Proof of (R5) By Lemma 6.1, it suffices to consider Ĝ = P (2, 2, 1). By Theorem 2.1, we

only need to consider G ∈ (B31 \ {G1}) ∪ (B32 \ {G3}). We distinguish the following two cases.

Case 1. G ∈ B31(n) \ {G1}.

Subcase 1.1 The divarication-vertex is not a common vertex of three cycles.

By Lemma 2.5, ρ(G) ≤ ρ(B7). Now we show that ρ(B7) < ρ(G3). By Corollary 2.1, we

have

P (B7, x) = xn−5[x5 − (n + 1)x3 − 4x2 + (3n − 12)x + 2n − 8].

Combining the above equation and (3.1), we have

P (B7, x) − P (G3, x) = xn−5(x + 2n − 8) > 0, for all x > 0.

Thus ρ(B7) < ρ(G3).
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Subcase 1.2 The divarication-vertex is a common vertex of three cycles.

B′
8B8

Figure 6.2 The graphs B8 and B′
8

Similar to the proof of Subcase 1.2 of (R3), we have ρ(G) ≤ ρ(B8) or ρ(G) ≤ ρ(B′
8) (B8

and B′
8 are the graphs shown in Fig.6.2).

First we show that ρ(B′
8) < ρ(B8). In Corollary 2.1, let H be the graph obtained from

P (2, 2, 1) by attached a path of order 3 to some common vertex of three cycles, we have

P (B′
8, x) − P (B8, x) = (n − 6)xn−7[P (P2, x)P (P3, x) − xP (P (2, 2, 1), x)]

= (n − 6)xn−6(x + 1)2 > 0,

which implies ρ(B′
8) < ρ(B8).

Next by Lemma 2.3, ρ(B8) < ρ(G3). Then ρ(G) < ρ(G3).

Case 2. G ∈ B32(n) \ {G3}.

Subcase 2.1 Neither the two common vertices of three cycles is a divarication-vertex. By

Lemma 2.5 and Corollary 2.2, we have ρ(G) < ρ(B7) < ρ(G3).

Subcase 2.2 One of the common vertices of three cycles is a divarication-vertex. We use v to

denote the divarication-vertex which is a common vertex of three cycles, and suppose the other

divarication-vertex is u.

If Xu ≥ Xv. By Theorem 2.1, we have ρ(G) < ρ(B7) < ρ(G3).

If Xu < Xv. By Theorem 2.1, we have ρ(G) ≤ ρ(B6) < ρ(G3).

Subcase 2.3 The two common vertices of three cycles both are divarication-vertices. By Lemma

2.5 and Theorem 2.1, we have ρ(G) < ρ(G3).

7. The proof of (R1) and the main results

Now we show (R1): ρ(G2) < ρ(G1).

Proof By Corollary 2.1, we have

P (G1, x) = xn−4[x4 − (n + 1)x2 − 4x + 2n − 8]
∆
=xn−4f1(x),

P (G2, x) = xn−6(x − 1)(x + 1)2(x3 − x2 − nx + x + n − 5)
∆
=xn−6(x2 − 1)F (x).

Let f(x) = f ′
2(x)−f1(x) = x2 +3−n. Then when x = ρ(G2) ≥

√
n − 1, f(x) > 0, which implies

ρ(G1) > ρ(G2). 2
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Combining above results (R1)–(R5), we get the following main results.

Theorem 7.1 If G is a bicyclic graph of order n ≥ 9, then ρ(G) ≤ rn, where rn is the largest

root of the equation x4 − (n + 1)x2 − 4x + 2n − 8 = 0, with equality if and only if G = G1.

Theorem 7.2 If G is a bicyclic graph of order n ≥ 9 and G 6= G1, then ρ(G) ≤ sn, where sn

is the largest root of the equation x3 − x2 − (n − 1)x + n − 5 = 0, with equality if and only if

G = G2.

Theorem 7.3 If G is a bicyclic graph of order n ≥ 9 and G 6= G1, G2, then ρ(G) ≤ tn, where

tn is the largest root of the equation x4 − (n + 1)x2 − 4x+ 3n− 13 = 0, with equality if and only

if G = G3.
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