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t
'(t) = At x(t)z(t) + / O(t, s)x(s) ds + g(t, z(t ~ 7)) + b(t), (1)

t

@' (t) = f(t,2(t)) + / C(t,8)z(s) ds + g(t,x(t — 7)) + b(t), 2

Heie R,r2>0 %ﬁﬁ, z € R™; A(t, :t), C(t7 5) A nxn E&Eﬂéﬁﬁ%ﬁ%y f(tv m)y g(t,z), b(t)
£ n fESHE ACHAKERFAORER - A HERTAS S BT N LA, @7 TRIER
BRI, TSR BET BFOER, #THURN SRS R

A CIRRTH, ISR RN MM AErEl, Wi

1 37

Y JTRERZ B R 5 TR R IR A AE PR I, — ELR AR B B B S )
B [1-4)), [5-13) M5BT T ABIRSE

a'(t) = f(¢,z(t)), (1.1)
Z'(t) = A(t, z(t))z(t) + b(¢, z(t — 1)), (1.2)
z'(t) = A(t)z(t) + /— C(t,s)z(s)ds + g(t, z(t)) + b(¢) (1.3)

K BIRAFTEYE I RE, Horp f(t, @), 9(t,2) € C(Rx R™, R™), A(t,x),C(t,s) LIRS
P, H f(t,z) = f(t+T,2), Alt,z) = A(t+T,z), b(t,z) = b(t+T,z), Ct+T,s+T) =
C(t,s), T >0, r € R. RMWEETH, MEKRBFEEXEWM (1), (2) WHEK A BRE
FEME R BB TSRS, AU B RS A 2 M R S R0 0 — A B R Rl A vk
KRG WAL (1), (2) FAEAYBOFTSIERE. RAVER T —HHNEE, FNET
(5, 6] My E LR,

A3 2000 4 10 H 11 AWE).
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BA(Y) BREXAE R BB n x n LERERY, BATBBEMRS

dx

5 = Az (1.4)
® X (1) & (14) FARERRTBE, BUNFERBE >0, K> 1, KRB P (R P2 =P
WIS P ARARRE) 43 T AL

{ |X(#)PX~1(s)|| < Kexp (—a(t - s)), t>s
| X)W - P)X(s)|| < Kexp (aft—s)), t<s,

WFREME RS (14) BAHEEE —ME, XK (K, o) 4 (14) BZMERE. AR
PERGIRYE ZMEERIR, EETSFE (14, 15].

2 FEHR
X IB TG T2
' (t) = A(t, z(t))=(t) + /_ ; C(t,s)z(s)ds + g(t,z(t — 7)) + b(¢), (2.1)
2(t) = £(t,2(t)) + /_ ; C(t, s)z(s) ds + g(t, 2(t — 7)) + b(2), (2.2)
o' (t) = A(t)z(t) + /_ ; C(t, s)z(s)ds + g(t, z(t — 7)) + b(2), (2.3)

He z € R, t € R, A(t,z) = (ai(t,)),,,.» Clt8) = (cij(t, @), #R nxn KEHE
Ff, A(t,z) £ Rx R® b#4E C(t,s) 7 Rx R bi#ES; f:RxR"— REZEFS,
g: Rx R™— R ¥4k b(t): R— R #4. IUETIIRE:

(A1) A(ta) A1 6() %F ¢ 82 T BRI, H i(t,2) < a@) < 0, Hof I(t,2) =
max {a(60) + 3 Jay(to)]}, o) RESNE LM T- FHRH

i —(Az) oo, s)l|ds ERBXERN t,sc RE Ct+T,5+T) =C(t, ).
(A3) g(t,z) Tt B T- AEAKHE g(t,0)=0, HHF lim ln”:}llgnng(t, :L')|| =0,

n—+0o0

(Ay) at)+6[°_||C(t8)||ds <0, Hb a(t) I (A1) B, 6> 1 HHL

(As) XHFAERE >0, FFEE L= L(e) > 0 X TAHEREK ¢t1 > —oc0, t —t; 2 L
;1) f_t:o e, s)|ds < e.

(Ae) f(t,z) € C'(Rx R*,R"). i (&)
JE (A1)

(A7) g(t,z) XTF t & T- FiK;, HAXFEEREER T- FHRH 6 £5
gt z) — 9(t,9)|| < b1 (®)llz — yll-

(As) FFEERB O > L, FANTHEAK te R F

= (bij(t,2)),,,, = B(t,2), W B(t,z) W

nxn

a(t)+ 5[/;0 llC(t,s)| ds + bl(t)] <0,
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HH a 1(t) 39 H (A1) F1 (A7) YLRE.
(A9) A() 9%:1: t 2 T- FFE, He®) < o) <0, aft) 20, Hft e(t) =

max {a“ + Z la” |}

1<j
zr;iE 2.1 ﬂu%iﬁ&%ﬁ: (A1-As), MG (2.1) BFEE—A T- AR

F 21 Y7=0, At,z) = A®t) B}, EF 2.1 B [6, FH 2.1

EIR 2.2 WMWK (A-Ae), WA (2.2) B T- FHIR.

EIE 2.3 WARMEFM (A2), (As), (A7)-(Ao), MITTHE (2.3) FEEEME— T- IR

23 Yr=0r, EP23EH 6 EH 2.2

i 2.4 FIHMERTE [13]) PRBIOX T AL R G IR &4
. BAPREARA: (A) F (Ao) PRI TN (AL) A (AG) B, EH 2.1, EH 2.3 {8RAR

< ya

(A]) A(t,x) %u b(t) KT ¢ AR T- ¥, H i(t,z) < a(t) <0, i i(t,2) =
max {a(t,e) + 30 Jag(t,)|}, al) RESKFEAEN T MRS

lsis J=1, j#i

(AL)  A(t) 9@3: t B T- B8, H et) < a@®) < 0, aft) # 0, H et) =
max {au t)+ Z Ia |}

2.5 Vﬁj@#—*fw*&a, W O(t,s) =C(t—s) B, T 2.1-2.3 FHLMLE (A2) H:
Follets))ds = [ |l - s9)lds = [0 [|C(s)]| ds < +oo; Tigt (As) ATLABS 2,
KM (Ag) B (As) HHEGRRSY [1||C(, )| ds RTLAECH [0 ||C(s)|| ds, sXBEPTA 2B 1)
AR SL.

3 JLA5IE
ZBAMRS
dz
= = A, (3.1)
5(1% = A(t)z + g(t), (3:2)

HHR A(t) = (ais(), ., B B EHI nxn EEREUHEE, o(t) & R I n BESm%
FEE A(t), 9(t) £F ¢ £ T- .

SI3E 3.10% == U X4 E& (3.1), WHETEANN T MRS A BNESTL o), H
MEAM te RAE au®)+ > |ag(®)] <alt) <0, i=1,2,-,n, MRS (3.1) BAR

=Ty
ST i o
SIZE 3.20% =4 3% o(t) AL T- FIMIREL, [y [l9(s)|| ds < m, U

m

/_ooexp (=alt=9) g} ds < sy
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SIER .30 %@ 31 KUERESIH 3.1, & X(0) & (3.1) MEABIE, WHE

||X(t‘)X‘1(s)|| < exp (/st a(r) dr), t>s.

I3 3.405 7832 ¥ C(t,s) £ nx n BEERSEREBE B2 £4 (A2 fl
(As), TR fi(t) B n RGN T- FIIRE, W g@t) = [* O, s)fi(s)ds HRELER
T- FEIEEL

E BT MR RYE
%—: = A(t)e + /—oo C(t,s)fi(s)ds + fa(s), (34)

Hete R, ¢ € R A(t),C(ts) $ n BrESE T- FHIRBUERE  £(0) R fo(0) 2B
n HEHELE T- FIRIER

3138 3.51% W34 4E () K4 (A2), (As) Al (o) R, WIHTE (3.4) FAE
We— i) T- SRR o () W

z(t) = /_too X)X (r) [/_:o C(r,s)fi(s)ds + f2(7')] dr, (3.5)

Hep X(t) £ (3.1) MEABITFE.
4 TEIRAER

% 21 WIEH % B = {u(t) | u: R — R™ LK T- FMEL }, W B K
llull = sup{|lu(t)|| : 0 < t < T} TR~ Banach Z[i. XMERK v € B, HEITH

z'(t) = A(t,u(t)) z + /_t C(t, s)u(s)ds + g(t, u(t — 7)) + b(¢). (4.1)

M EH A& BB 3.4 M [ [, O, s)u(s) ds+ g(t,u(t — 7)) + b(t)] RIS T- 4
HEH. & (AL) F1 6] 518 3.3 &1 2/(t) = At u(t)s BAREE 4, BT
MR (K, o) 5 u(t) XK. TRMH5IH 3.5 48 4.1) AHE—K T- FH#E

T (t) = /_too X ()X () [/:o C(r,s)u(s)ds + g(r,u(r — 7)) + b(r)] dr. (4.2)

AENEF F:B—BIF: Fu(t)=z.(t), Vue B. FiE F £ B REDH A5
. THE%HE Schauder A3l EH ([16, 105 ) FIEMX—. A, 12 Do = {u|
we B, |[ul| <n} Hef n Kk BRE

(1) %FHBEEERE N, /8 F: Dy — Dy. RiE¥: HAR, XHERKBRAK
1, FPEEAE Un € Dy, 518 ||Fun|| > n. FH b(t) BESLN T- FAHIRE, WA m > 0fF
BterE, [b@)|<m FROOCHEAERSIHE 31,33 K (4.2) X

LIPS / ; exp ( / a(s)ds) [l | ; lee, 9| ds+ [lg(r, ua(r =) || + m] dr

n
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S/—tooexp</rta(s)ds)(—?%@)dr

+%/_ KeXp(—a(t—7‘))H|g(r,un(r‘7—))||+m] dr

Km

1 K [t
:g-ka—f_ooexp(—a(t-—r)Hg(run(r—T Hdr—i—n—a.

BA [l Kexp(—a(t—r)dr = £ il (As) AT

lim K exp (—a(t—r)) ”g(r,un(r—r))“dr=0.

n—+o00 N

TR L 2347 5E

hade %

FEY n AR, 1Ee=l o1 x5/ 1wl > 1 ¥ JE. FHFEERSKIER
B N, 15 F: Dy - Dy.

(2) WFBA FDy B B g4 Hs b, A FDy C Dy, LA {Fu(t) | u € Dn}
R—HAERN. i

by = sup {”A(t7 m)” ](t7 :B) € [O’T] X RN}’

t
by :sup{/_ HC(t,s)Hds

by = sup {lo(t, )] |(t,2) € 0,71 x Rw},

te [O,T]},

Ho Ry ={z|lz € R", |lo|| < N}. HAXIEM ve Dy B

dFu(t) dz.(t)
dt  dt

= A(t, u(t))zu(t) + /_ C(t, s)u(s)ds + g(t, u(t — 7)) + b(2).

BT

dFu(
H ut “ < BN 4 byN + by + m.

# {Fu(t) | u € Dy} %%}EI@@B‘J HH Ascoli-Arezela 23418 FDy & B PI'EF

£
(3) UERH F 7£ Dy b3ESE XMEEM ui,u2 € Dy, B (4.1), (4.2) REB K&
9|3 3.1,34, 357

|| Fui(t) — Fua(t)||

<[ ([ o) 0~ (- 22)

+ “g(r, u(r— 7)) — g(rue(r — 7)) ||] dr

<zl g [ e (= ate-n) ot (e = 1) = (ruatr =) .




146 A S S 264

EE'_ZF g(t’ (E) %E Rx Ry _t_‘ﬁ[fgéi, ﬁ&ﬁ nul "u2” -0 N’ ”g(ta ul(t—T)) _g(t7u2(t—
7'))“ — 0, M Kffoo exp ( —aft— r)) ||g(r, u(r— 7)) — g(ryuz(r — 7)) ” dr -0, teR.
TRMLEHERITEEY (lui — w2l » OB, [|[Fuy — Fup|| -0, Bf F 7£ Dn L RESE
.

A LEMSHEA F : Dy —» Dy REESHTF. W Schauder 35 EH AN
B F Dy F2DHE AR M (41), (4.2) BEEANREI AL (2.1) B T- A
R, EF 2.1 JEEE.

R 22 Wit¥ WEE f(t,2) e C(Rx R, R") TR

t:5) = [£(t,2) = 1(6.0)] + 760 = [ [ fo(t,50)ds] =+ £,0) = B(e.2) + 1(60).

FRAEN T (22), 2 21 WAHLSHHE, SETHE 21 GETE (2.2) FFE—
A T- SR,

%% 23 WEH & B = {u(t) | u: R — B 8 T- MRS }, W B 1M
lull = sup {JJu()]| : 0 < ¢ < T} FR—A Banach 2%[8]. XHMEREHM u € B. BRHE

z'(t) = A(t)z + /_ C(t, s)u(s)ds + g(t, u(t — 7)) + b(¢). (4.3)
HE K44 K 51 B 3.4, 513 3.5 KE (4.3) AME— T- R
z.(t) = /— X)X 1(r) [/-" C(r,s)u(s)ds + g(r,u(r — 7)) + b(r)] dr. (4.4)

AENEF P: B BITF: Pu(t)=z4(t), Yue B. FiE P 7& B P RESK. FE
b, HEEK ui,uz € B, B (4.4) ZoEH KA AT

|| Pui(t) — Pua(t)]
< /_ lx@®x—1@)|| [ /_ _ lC(r, )| [[ur(s) — ua(s)|| ds
+ llgryva (r = 7)) = g(r,ua(r = 7)) |] ar

<|luy — u2l| /_:o exp (/rt a(s) ds) [/_; lc(r 9| ds+b1(r)] dr
<y — w2l /:o exp (/Tta(s)ds) ( - #) dr = %Hul — ug|l.

B || Pus(t) — Pua(®)]] < Hllws — wall, B 6 > 1, & & < 1. BIBAGH P 75 B RIS
1, MTTAME—RREhE, SRS ARRITR (2.9) HIME—H T- JA JI

5 filF
Bl 1 FETENRT M TR
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z'(t) = — (@?gﬂ + 2| cost| + x2) z +/_ exp (— (t — s)) |cost| z(s)ds

+ lc_(;s_t_l |z(t — 7)| + 2sint, (5.1)
Hert,zc R B

Aft,z) = —(‘—(Eséﬁ:—)—l + 2| cost| + wz), b(t) = 2sint,

(6,2t - 7)) = 20 RG]

BRI AT ¢ £ 2n- FIIESG C(ts) = exp (— (¢ —s)) |cost| TSN, H
C(t,5) = Clt+2m,s+2m); S o(t) = —2|cost], 6 = § > 1. BIR, A (A1)(4s) HLIL.
X i |C(t, )| ds = |cost| < +oo, FILIGM (A2) BSL. X

a(t) —I—E/t lC(t,s)lds = ——i—]cost] <0,

A (As) BT, XHEBER e > 0 (e < 1), BU L = L(e) > —lne > 0, M4 ¢, >
—co, t—t1 > LI}, H

/‘:,C(t,sﬂdsg/tl exp (— (t—s)) ds

—_0

=exp (— (¢t —t1)) /_1 exp (— (t1 — s))ds < exp(-L) <e.

BNZ&AF (As) tHARSr. #HERE 2.1 SE RS (5.1) ZOHFE— 2n- R
Bl 2 HEH

z'(t) = —2|sint| z(t) + /_ exp (— (t—s)) |sint|z(s)ds + Is%i‘ﬂlx(t —7)| +2cost. (5.2)

ST RIEZTTEM A ER 2.3 M550, TRENE (5.2) fAEME—K 2n- FHIR.
B, EARBBI 2r- R AR TE YRR T B CA I SCRRER AL 0% 7 ¥k SR 31 ).
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PERIODIC SOLUTIONS OF NONLINEAR
INTEGRODIFFERENTIAL EQUATIONS
WITH INFINITE DELAY

CHEN FENGDE
(Department of Mathematics, Fuzhou University, Fuzhou 350002 &

School of Mathematical Sciences, Peking University, Beijing 100871)

Abstract In this paper, nonlinear integrodifferential equations with infinite delay of the

form

and

z'(t) = A(t,=(t))=(t) + /_ . C(t, s)z(s)ds + g(t, z(t — 7)) + b(¢),

z'(t) = f(t,z(t)) + [-t C(t,s)x(s)ds + g(t,z(t — 7)) + b(t)

are considered, where the n X n matrix function A(t,z) and the n-vectors f(t,z),g(t,x)
are continuous in (t,z) € R x R*, C(t,s) € C(R x R). By combinning the theory of
exponential dichotomies of linear system and fixed point theorem, some sufficient condition
that guarantee the existence and uniqueness of periodic solution of the system (1) and (2)
are obtained. Some new results are obtained.

Key words Infinite delay, periodic solution, existence, uniqueness,

exponential dichotomies



