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u n 	s���	
��m��E
�jH��R� Hodge H�
V
������
�����k�� [1] ����
Z�T 
��m��E
�jH�������� Hodge H�

1 qm
M Ω r RN (N ≥ 2) G��������z�����J��n��F�

−div a(x, u,Du) = −div F (x). (1)

�� a(x, u, ξ) : Ω × R × RN → RN �Mi�����h� (Carathéodory h�), ��A
1 < p < N gC � ξ ∈ RN , �

(i) a(x, u, ξ) · ξ ≥ γ0|ξ|p,
(ii)

∣∣a(x, u, ξ)
∣∣ ≤ γ1|ξ|p−1 + k(x) + γ2|u|p−1,

�G γi (i = 0, 1, 2) r!��� F (x) ∈ (
Lp′

loc(Ω)
)N , k(x) ∈ Lp′

loc(Ω), p′ = p
p−1 .

Xp 1 � u ∈ W 1,p
loc (Ω) r (1) �I��GAC " Ω  �!#r� φ ∈ W 1,p(Ω),

� ∫
Ω

a(x, u,Du) · Dφ =
∫

Ω

F · Dφ. (2)

Xp 2 � u ∈ W 1,r
loc (Ω), Max {1, p − 1} ≤ r ≤ p r (1) �kI��GAC " Ω  

�!#r� φ ∈ W 1, r
r−p+1 (Ω), �

∫
Ω

a(x, u,Du) · Dφ =
∫

Ω

F · Dφ. (3)
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y 1 L#"'GD($ F ∈ (
L

r
p−1
loc (Ω)

)N
t��G"' 2 G� r = p, )*"' 1

+E�
,Fz%xf�G t ∈ R+, )x Bt =

{
x : |x − x0| < t

}
. A k > 0, x Ak =

{
x ∈ Ω :

|u(x)| > k
}
, Ak,t = Ak ∩ Bt. G m < N , )x m∗ = 1/(1/m − 1/N).

-.F� (1) �N&�#'��I��/B�F0($%& (' [2–5] s�(�u
)). N*�+RH(+1U Giachetti g Porzio[1] %&�F� (1) I��,)!)�-
a�c./2F� (1) �I�b�M�+RqI*+T ('z��,0 1) %&13z"
0 (' [1, "0 5.1]).

Xb A M u ∈ W 1,p
loc (Ω) r (1) �I��d� F (x) g k(x) I,Z. (

Lr1
loc(Ω)

)N g
Lr2

loc(Ω), �� r1, r2 �M
p′ < Min {r1, r2} <

N

p − 1
,

) u ∈ Ls
loc(Ω), s =

[
(p − 1)Min {r1, r2}

]∗.
-u2L#-al.&F� (1) �kI��w./2 Hodge I�s�ZwT�%&

1z��"0�
Xb M u ∈ W 1,r

loc (Ω), Max {1, p− 1} < r ≤ p r (1) �kI��d� F (x) g k(x) I
,Z. (

Lr1
loc(Ω)

)N
g Lr2

loc(Ω), �� r1, r2 �M
r

p − 1
< Min {r1, r2} <

N

p − 1
,

)/" r0, Max {1, p − 1} < r0 < p, 0 r0 < r < p P�� u ∈ Ls
loc(Ω), �G s =[

(p − 1)Min {r1, r2}
]∗.

y 2 3B�L#"0G0 r = p Ptr"0 A, 41r"0 A �l.�
y 3 "��(2I�45P�+3b5�W6d�U φ = ηu, η ∈ C∞

0 (Ω),nUK7
�4c u�657n86�W6d���Yj�f7U ∇φ-FL2 ∇uPr+)I�.
Ui��zMU u ∈ W 1,p

loc (Ω). -.-u���UkI� u ∈ W 1,r
loc (Ω), Max {1, p − 1} <

r ≤ p, -h� (ii) 8 a(x, u,Du) ∈ L
r

p−1
loc (Ω), G89i��5W6d��FD�%&�

∇φ *Z.�A9:9 L
r

r−p+1
loc (Ω), �U+RQF��;<�=o�>qIF�n:Iw

aG�+RH(�vgU"N:�zMh�Az%&!)��41�-u��F� (1)
�kI���/2 Hodge I�5;1V0�W6d��?J1;@G�;<�

""0�;@b�G�w.<(z��AR,0�d.I,;L [1, "0 2.1, 464
=] g [2, ,0 3.1, 161 =].

rb 1 M u ∈ W 1,r
loc (Ω), φ0 ∈ Lδ

loc(Ω), �G 1 < r < N , �� δ �M 1 < δ < N
r . E

aAC � k g R0 ≤ τ < t ≤ R1, z��qIZwT<O
∫

Ak,τ

|Du|r ≤ c0

[ ∫
Ak,t

φ0 + (t − τ)−α

∫
Ak,t

|u|p
]
. (4)

�� c0 rD>S. N, r, δ,R0, R1 g |Ω| ����α r+!�Q���) u ∈ Ls
loc(Ω),�

G s = (rδ)∗. C��AC R0 ≤ ρ < R ≤ R1, 0 R1 =I:P� u �Mz��Zw
(∫

Bρ

|u|(rδ)∗
)r/r∗

≤ C,
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�� C rD>S.N, r, δ, α,R0, R1, |Ω|, ‖φ0‖Lδ(BR), (R−ρ)−β, ‖u‖Lr∗ (BR), β = Max {α, r}
����

rb 2 M f(τ)r"'. 0 ≤ R0 ≤ t ≤ R1 L�GL��d��GA R0 ≤ τ < t ≤ R1

� f(τ) ≤ A(t − τ)−α + B + θf(t), �G A,B,α, θ rGL��� θ < 1, )/"��
C = C(α, θ), S%AC R, ρ, R0 ≤ ρ < R ≤ R1 P�� f(ρ) ≤ C

[
A(R − ρ)−α + B

]
.

2 WaUwc
rF?\'�* N, p, r, s,R0, R1, |Ω|, γi (i = 0, 1, 2) �@���xr C, "*j�N

h�B�]*j�0 r = p Ptr"0 A. z��� Max {1, p − 1} < r < p 45�M
Bt ⊂⊂ Ω,�� 0 ≤ R0 ≤ τ < t ≤ R1rC Q"����5 η ∈ C∞

0 (Bt)r+86d���
M 0 ≤ η ≤ 1," Bτ L η ≡ 1, |Dη| ≤ 2(t−τ)−1. M Tk(u) = Max

{−k,Min {k, u}}, k > 0.
,F@. ∣∣D(

η(u − Tk(u))
)∣∣r−p

D
(
η(u − Tk(u))

) ∈ L
r

r−p+1 (Ω) � Hodge I� (' [6]),

∣∣D(
η(u − Tk(u))

)∣∣r−p
D

(
η(u − Tk(u))

)
= Dφ + h (5)

��z��Zw
‖Dφ‖ r

r−p+1
≤ C

∥∥D
(
η(u − Tk(u))

)∥∥r−p+1

r
, (6)

‖h‖ r
r−p+1

≤ C(p − r)
∥∥D

(
η(u − Tk(u))

)∥∥r−p+1

r
. (7)

,F Hodge I��+ReSU (7) T�CTc�4K (p− r), �2Aw.�lX\H(
P2�M

E(η, u) =
∣∣ηD

(
u − Tk(u)

)∣∣r−p
ηD

(
u − Tk(u)

) − ∣∣D(
η(u − Tk(u))

)∣∣r−p
D

(
η(u − Tk(u))

)
,

)-+Ro-�@yT (' [7, 271 =� (4.1) T])

∣∣ |X|−εX − |Y |εY ∣∣ ≤ 2ε(1 + ε)
1 − ε

|X − Y |1−ε, 0 < ε < 1, X, Y ∈ RN (8)

%& ∣∣E(η, u)
∣∣ ≤ 2p−r(p − r + 1)

r − p + 1

∣∣(u − Tk(u)
)
Dη

∣∣r−p+1
. (9)

z�lXG�+Ru^U2 Hodge I�G� Dφ =0"' 2 G�W6d��w.
�

∫
Bt

a(x, u,Du) · ∣∣ηD
(
u − Tk(u)

)∣∣r−p
ηD

(
u − Tk(u)

)

=
∫

Bt

a(x, u,Du) · ∣∣D(
η(u − Tk(u))

)∣∣r−p
D

(
η(u − Tk(u))

)

+
∫

Bt

a(x, u,Du) · E(η, u)

=
∫

Bt

F · Dφ +
∫

Bt

a(x, u,Du) · h +
∫

Bt

a(x, u,Du) · E(η, u)

=I1 + I2 + I3. (10)
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z�I,ZwLTSJ�-.0 |u| ≤ k P� u = Tk(u), .UO\r
∫

Bt

a(x, u,Du) · ∣∣ηD
(
u − Tk(u)

)∣∣r−p
ηD

(
u − Tk(u)

)

=
∫

Ak,t

a(x, u,Du) · ∣∣ηD
(
u − Tk(u)

)∣∣r−p
ηD

(
u − Tk(u)

)

≥
∫

Ak,τ

a(x, u,Du) · |Du|r−pDu ≥ γ0

∫
Ak,τ

|Du|r, (11)

C-ZwT (6) %&

|I1| =
∣∣∣
∫

Bt

F · Dφ
∣∣∣ =

∣∣∣
∫

Ak,t

F · Dφ
∣∣∣ ≤

∫
Ak,t

|F | · |Dφ| ≤ ‖F‖ r
p−1

‖Dφ‖ r
r−p+1

≤C‖F‖ r
p−1

∥∥D
(
η(u − Tk(u))

)∥∥r−p+1

r

=C
( ∫

Ak,t

|F | r
p−1

) p−1
r

( ∫
Ak,t

∣∣D(
η(u − Tk(u))

)∣∣r) r−p+1
r

≤C
( ∫

Ak,t

|F | r
p−1

) p−1
r

( ∫
Ak,t

|Dη|r∣∣u − Tk(u)
∣∣r +

∫
Ak,t

|η|r|Du|r
) r−p+1

r

≤C
( ∫

Ak,t

|F | r
p−1

) p−1
r

[(∫
Ak,t

2r(t − τ)−r
∣∣u − Tk(u)

∣∣r) r−p+1
r

+
( ∫

Ak,t

|Du|r
) r−p+1

r

]
.

- Young *+T%&

|I1| ≤C

∫
Ak,t

|F | r
p−1 + C

∫
Ak,t

|u|
(t − τ)r

+ Cε

∫
Ak,t

|Du|r + C(ε)
∫

Ak,t

|F | r
p−1

=Cε

∫
Ak,t

|Du|r + C

∫
Ak,t

|F | r
p−1 + C

∫
Ak,t

|u|r
(t − τ)r

. (12)

- Hodge I��ZwT (7) %&

|I2| =
∣∣∣
∫

Bt

a(x, u,Du) · h
∣∣∣ =

∣∣∣
∫

Ak,t

a(x, u,Du) · h
∣∣∣

≤
( ∫

Ak,t

∣∣a(x, u,Du)
∣∣ r

p−1
) p−1

r
(∫

Ak,t

|h| r
r−p+1

) r−p+1
r

≤C(p − r)
( ∫

Ak,t

∣∣γ1|Du|p−1 + k(x) + γ2|u|p−1
∣∣ r

p−1
) p−1

r

·
(∫

Ak,t

∣∣D(
η(u − Tk(u))

)∣∣r) r−p+1
r

.

/2 Young *+T�
|I2| ≤C(p − r)

{
C

∫
Ak,t

[
γ1|Du|p−1 + k(x) + γ2|u|p−1

] r
p−1 + C

∫
Ak,t

∣∣D(
η(u − Tk(u))

)∣∣r}

≤C(p − r)
{

C

∫
Ak,t

γ
r

p−1
1 |Du|r +

∣∣k(x)
∣∣ r

p−1 + γ
r

p−1
2 |u|r
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+ C

∫
Ak,t

|Dη|r∣∣u − Tk(u)
∣∣r + C

∫
Ak,t

|Du|r
}

≤C(p − r)
∫

Ak,t

|Du|r + C

∫
Ak,t

∣∣k(x)
∣∣ r

p−1

+ C(R1 − R0)r

∫
Ak,t

|u|r
(R1 − R0)r

+ C

∫
Ak,t

|u − Tk(u)|r
(t − τ)r

≤C(p − r)
∫

Ak,t

|Du|r + C

∫
Ak,t

∣∣k(x)
∣∣ r

p−1 + C

∫
Ak,t

|u|r
(t − τ)r

. (13)

NmZw |I3|. - (9) T%

|I3| =
∣∣∣
∫

Bt

a(x, u,Du) · E(η, u)
∣∣∣ =

∣∣∣
∫

Ak,t

a(x, u,Du) · E(η, u)
∣∣∣

≤2p−r(p − r + 1)
r − p + 1

∫
Ak,t

[
γ1|Du|p−1 + k(x) + γ2|u|p−1

] ∣∣u − Tk(u)
∣∣r−p+1|Dη|r−p+1

≤C
( ∫

Ak,t

[
γ1|Du|p−1 + k(x) + γ2|u|p−1

] r
p−1

) p−1
r

(∫
Ak,t

∣∣u − Tk(u)
∣∣r|Dη|r

) r−p+1
r

.

- Young *+T%&

|I3| ≤Cε

∫
Ak,t

|Du|r + C

∫
Ak,t

∣∣k(x)
∣∣ r

p−1

+ C(R1 − R0)r

∫
Ak,t

|u|r
(R1 − R0)r

+ C(ε)
∫

Ak,t

|u|r
(t − τ)r

≤Cε

∫
Ak,t

|Du|r + C

∫
Ak,t

∣∣k(x)
∣∣ r

p−1 + C

∫
Ak,t

|u|r
(t − τ)r

. (14)

_y (10)–(14) %&
∫

Ak,τ

|Du|r ≤C
(
ε + (p − r)

) ∫
Ak,t

|Du|r + C

∫
Ak,t

∣∣F (x)
∣∣ r

p−1

+ C

∫
Ak,t

∣∣k(x)
∣∣ r

p−1 + C

∫
Ak,t

|u|r
(t − τ)r

. (15)

`5 Max {1, p − 1} < r0 < p �M C(p − r0) = 1, )0 r0 < r < p P�� 0 < C(p − r) =
θ1 < 1. R5 ε =I:��M 0 < ε < 1

C (1 − θ1), 1P� 0 < θ = C
(
ε + (p − r)

)
< 1, .U

] (15) T%&
∫

Ak,τ

|Du|r ≤ θ

∫
Ak,t

|Du|r + C

∫
Ak,t

(∣∣k(x)
∣∣ r

p−1 +
∣∣F (x)

∣∣ r
p−1

)
+ C

∫
Ak,t

|u|r
(t − τ)r

. (16)

M ρ * R C A"� R0 ≤ ρ < R ≤ R1. �[�]L#*+T%&AC t, τ , S%
ρ ≤ τ < t ≤ R <OP��

∫
Ak,τ

|Du|r ≤ θ

∫
Ak,t

|Du|r +
C

(t − τ)r

∫
Ak,R

|u|r + C

∫
Ak,R

(|k(x)| r
p−1 + |F (x)| r

p−1
)
.
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\2,0 2 %
∫

Ak,ρ

|Du|r ≤ C

(R − ρ)r

∫
Ak,R

|u|r + C

∫
Ak,R

(∣∣k(x)
∣∣ r

p−1 +
∣∣F (x)

∣∣ r
p−1

)
,

.U u �M*+T (3), �G φ0 =
∣∣F (x)

∣∣ r
p−1 +

∣∣k(x)
∣∣ r

p−1 , α = r. -,0 1 ?%"0A-
a�

xj -uXP�p<%].F_|}Y^(T_�CX�"1Eg�jPNgOQJ
y�}~�{�
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LOCAL REGULARITY RESULT OF VERY
WEAK SOLUTIONS FOR A CLASS OF
QUASILINEAR ELLIPTIC EQUATION

GAO Hongya
(College of Mathematics and Computer Science, Hebei University, Baoding 071002)

WANG Min

(College of Mechanization and Architecture, Hebei University, Baoding 071002)

ZHAO Hongliang

(Department of Mathematics and Physics, Hebei University of Science and Technology, Tangshan 063000)

Abstract This paper considers the very weak solutions of a class of quasilinear elliptic
equation. The local regularity result is obtained by using the method of Hodge decomposi-
tion.

Key words Quasilinear elliptic equation, very weak solution, local regularity,
Hodge decomposition


