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1 w xy{z{|{}{~{�{�
X , � V (X), E(X) � Aut(X) �{�{�{�{�{�{�{�{�{�{�H�{�{�{�{����{�{�{�H�

G �{�{� |{} � � S � G �{��� �{�{� 1 �{�{�{�H {¡{¢{£{¤{¥ � G ¦ z �� S � Cayley
|�§¨�

X = Cay(G, S): V (X) = G, E(X) = {(g, sg)|g ∈ G, s ∈ S}. ©{�{ª{�«
S−1 = S, ¬ X = Cay(G, S) �{ § � �H®{¯  {¡{°{�{±{ § � {u, v} ² � z{³ ± |�§ �

(u, v) � (v, u). Cayley
|´§µ�

X = Cay(G, S) ¶µ·¹¸�º�» ,
«

G ��¼�½�¬���� R(G) � X���´� ����� Aut(X) ��½�¾�� � ( ¿ [1]).
�

G ����� |�} � �HÀ S � T Á G ����Â���{�{�
1 � ³ �{Ã{Ä{�{� � ¢{Å | �{��� �{� α ∈ Aut(G), Æ{Ç Sα = T , È{É{Ê S � T Á²�Ë����HÌ�Í S ∼= T . Î�Ï�Ð´Ñµ¢�Å S � T ��²�Ë����HÈ�É Cay(G, S) ��½�¾���Ò�Ó�Ô�Ò

Cay(G, T ) �3½3¾3� ( ¿3£3Õ3Ö3× 2.6).Ê � X � y Ê � � « X ÙØÙÚÙ�Ù�HÛÙÓ Aut(X) Ü X �ÙÝÞ�ÙßÙÍÙ�ÙàÙá �H� X �~{�  §¨� � s �{�{�{½{â{ã � Ê X ä¨� s + 1 �{�{�{å{æ v0v1 · · · vs Á{�{� s- Ý{�H¢{Å
(vi, vi+1) ∈ E(X), 0 ≤ i ≤ s − 1, Û{Ó y s ≥ 2

|
vi 6= vi+2, 0 ≤ i ≤ s − 2. Ê X � s- Ý�à{á� �ç¢3Å Aut(X) Ü X �3è | s- Ý3ß3�3à3á3� � Ê X � s- à3á � �ç¢3Å X � s- Ý3à3á3é�3� (s + 1)- Ý3à3á3� � ©3�3ª3� 0- à3á � Á3�3à3á � � 1- à3á � Á y Ê � �£ëêë ë¡ëìë¤ë¥ ³ � � �ëíëîëïEðE�ëñEòëóEð �ô� X � X ′ �ëõëö ³ � |÷§ùø  §ù� �ô¾¤ X � X ′ �EíEîEïEð X ×X ′ ÁEú | �E�E�E� V (X)×V (X ′) � � �üûEý (x, x′) � (y, y′) þÿ ÒEÓEÔEÒ x = y Ó (x′, y′) ∈ E(X ′),

ø��
x′ = y′ Ó (x, y) ∈ E(X).(

y õEöE� u, v ∈ V (X), u� v þ ÿ ��� (u, v) ∈ E(X).) ¢{Å ³ � ���{| þ � �{Ã����{í{î{ï{ð��{�{�H {¡{Ê�� ³ �
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� �989:�� � ¾�¤ X � X ′ ��ñ�ò�ó�ð X [X ′] Á�ú | ������� V (X) × V (X ′) � � �Hû�ý
(x, x′) � (y, y′) þ ÿ Ò3Ó3Ô3Ò (x, y) ∈ E(X),

ø;�
x = y Ó (x′, y′) ∈ E(X ′).½3¾ Cayley

| §0� �;<;=3� y3z Cayley
| §0� � y Ê;>;?3�;@;A3� |;B;C � � � ® ����9D�Ç9@9A �9E�×��1F��HGJI9K9L��9E{×�� y�z�M � ø�M9N ��¤�� |�} � �1O{¤���� ø��¡�� Cayley

|´§µ�9P ¯ ��½�¾�� � ¦ z ���9E�×�� Cayley  §µ� �9Q�ÅHR9GJI9S9T��U ¢3�ùÜ3Õ [2,3] ä 2p � pq V � ß3�3Ã3½3¾3� Cayley  §0� RXW3�;Y3¤;Z3��;[ p, q �;:ã �1\ G¨¢{� y{z{|{}�]�^ � ß{��_�`{ã Cayley
� � Baik ²{Ü{Õ [4] ä¨¤�Z�a{è | `{ã{�b�c

4 �{Ã{½{¾{� Cayley  §¨� �1d�e �1f�g{�{² \ ·�a 5 `{��h�i (¿ [5]). Û{Ó���j�QÅ{Ü{��j{� N E{×�ä¨Ç�k�a�l{�{�1m{¿ [6,7]. é{�{¦ z�]9^ � ß Cayley
|�§¨� �{½{¾�>�E×onXp;q3;r;@;A3�sL3Õ3�on0�3� y3| §0� �;h;i3·;j;t;u3�;v;w � £3ê3�3¤;x 1.1 �3 3¡�;y;z;Q3Å3�1{3Ð ÑX|3Ü;} 3 ~ äX�;Z ����

1.1
�

X = Cay(G, S) � |{}�]�^ � G ��`{ã�_ z{ø ² z 3 ����� Cayley
|�§� �H¬;�3£3æ;h;�;�3� X �3�3½3¾3� �

(1) G = Z2n = 〈a〉(n > 2), S ∼= {a, an+1}, X ∼= Cn[2K1]( Cn �;�3Á n � | §X� );
(2) G = Zn × Z2 = 〈a〉 × 〈u〉(n > 2), S ∼= {a, au}, X ∼= Cn[2K1];
(3) G = Z4 = 〈a〉, S = G \ {1}, X ∼= K4;
(4) G = Z6 = 〈a〉, S ∼= {a, a3, a5}, X ∼= K3,3;

(5) G = Z4 × Z2 = 〈a〉 × 〈b〉, S ∼= {a, a−1, b}, X ∼= Q3(Q3 Á 3 �3Ú;�;� );

(6) G = Z2n × Zm = 〈a〉 × 〈c〉(n > 2, m > 1), S ∼= {a, an+1, c}, X ∼= Cn[2K1] × Cm;
(7) G = Zn×Z2×Zm = 〈a〉×〈u〉×〈c〉(n > 2, m > 1), S ∼= {a, au, c}, X ∼= Cn[2K1]×Cm;
(8) G = Z2n = 〈a〉(n > 2), S ∼= {a, an+1, an};
(9) G = Zn × Z2 = 〈a〉 × 〈u〉(n > 2), S ∼= {a, au, u};
(10) G = Z2k × Z2 = 〈a〉 × 〈u〉(k > 2), S ∼= {a, au, ak};
(11) G = Z2k × Z2 = 〈a〉 × 〈u〉(k > 2), S ∼= {a, au, aku};
(12) G = Z4n = 〈a〉(n = 4k + 1, k > 0), S ∼= {a, a2n+1, an+1};
(13) G = Z4n = 〈a〉(n = 4k + 1, k > 0), S ∼= {a, a2n+1, a3n+1};
(14) G = Z4n × Z2 = 〈x〉 × 〈y〉(n = 2k + 1, k > 0), S ∼= {x, x2n+1, xn+1y};
(15) G = Zn × Z4 = 〈a〉 × 〈v〉(n = 4k, k > 0), S ∼= {a, av2, av};
(16) G = Zk × Zt = 〈x〉 × 〈y〉, S ∼= {xk/nhy, xk/nhyu, xk/mhy−1}, u = (xk/nhy)nh/2;
(17) G = Zk × Zt × Z2 = 〈x〉 × 〈y〉 × 〈u〉, S ∼= {xk/nhy, xk/nhyu, xk/mhy−1}.ß�ê (16), (17) ä k = mnh

(m,n) , t = (m, n). (16) ó´ä m, n, h û�ý9� m Á�õ�ö�½�â�ã9�
h > 1, 2

∣

∣′ h; 2
∣

∣ n,
«

n
2 Á;�3ã ¯ �H¬ n > 2,

«
n
2 Á;�3ã ¯ �H¬ n > 4. (17) ó ä m, n, h û3ý

m Á3õ3ö3½3â3ã3� h > 1, n > 2.� ¤;x 1.1  3¡3Ú3Ç3£3ê3�;�;w ��;�
1.2 �3ã;V |3};];^ � ß3�;`3ã;_ z3ø ² z 3 � Cayley

| §0ø  §0�;� ½3¾ �« °9�9w 1.2 äµ� |�}9]9^ �9� Á��9��� |�} � Q9w����9����Ú���� ®  �¡��9Z�£{ê�; ;¡ �¢;£
1.3 è | �3ã;V |3} � ß3�;`3ã;_ z3ø ² z 3 � Cayley

| §0ø  §0�;� ½3¾ �£3ê3�3¤;x 1.4 �3¤;x 1.1 �3�3�;l3�3�ç�;�;Z;a p, p2(p �3�3�;�;:3ã ) V;`3ã;_ z3ø² z 3 � | §0y Ê � �;¤3�3� N �1{3Ð ÑX|3Ü�} 4 ~ äX�;Z ��;�
1.4

�
X � p, p2(p �3�3�;�;:3ã ) V;`3ã;_ z3ø ² z 3 � | §0y Ê � �ù¬ X Á£3æ �;¥ �

(1) X1 = Cay(Zp, {a, am}), m3 ≡ 1(mod p), Aut(X1) = Zp : Z2;
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(2) X2 = Cay(Zp2 , {b, bm}), m2 ≡ 1(mod p2), Aut(X2) = Zp2 : Z2;
(3) X3 = Cay(Zp × Zp, {c, d}), Aut(X3) = (Zp × Zp) : Z2;

(4) X4 = Cay(Zp, {a, am, am2

}), m3 ≡ 1(mod p), Aut(X4) = Zp : Z3;

(5) X5 = Cay(Zp2 , {b, bm, bm2

}), m3 ≡ 1(mod p2), Aut(X5) = Zp2 : Z3;
(6) X6 = Cay(Zp ×Zp, {c, d, c−1d−1}), n2 + m ≡ 0(mod p), mn ≡ 1(mod p), p

∣

∣′ (m−n),
Aut(X6) = (Zp × Zp) : S3;

(7) X7 = Cay(Zp × Zp, {c, d, cmdn}), Aut(X7) = (Zp × Zp) : Z3;

{ ä0� X6 � 2- à3á3�3�{;¬3�;�3� 1- à3á3� � ( ß3ê Zp = 〈a〉, Zp2 = 〈b〉, Zp × Zp =

〈c〉 × 〈d〉. À N : H �3� � N  � H �;®;¯3ð � )
2 °²±²³²´

Ü9L9~��H �¡9�9Z��9j9t�²9Q�Å �1µ�� X = Cay(G, S) � G ¦ z {���� S � Cayley| § � � Ì A = Aut(X), A1 Á G � �Ù�Ù� 1 Ü A ä �Ù�·¶Ù¤Ù� � � Aut(G, S) = {α ∈

Aut(G)|Sα = S}. £3ê;¸3ì;¹;º3�3£ Cayley
| §0� �3�;j;>;? �»;¼

2.1[4]
�

X = Cay(G, S) � G ¦ z S � Cayley
| §0� �H¬3 3¡ | £3ê3�;Q;w

(i) Aut(X) � | G �3¼3½3¬3�3�3�1� ® X �3�3à3á3�;�
(ii) X �;�3Ò3Ó3Ô3Ò G = 〈S〉;

(iii) X �3 § �3Ò3Ó3Ô3Ò S−1 = S.� ß{ê{�{Ö{×{�H {¡�½�¾ Cayley
� �{�{�{à{á{�{�Hé�¿ ¥ ¬{�{�{¤��{Ú � Marušič ÜÕ [8] ä0Ð Ñ y3z ©3¤3�;V pn(n ≤ 3), �3�;Q;w;À3�;�3Ú3�3�1�;Á3�3£3ê3�3¤�x ��;�

2.2[8]
�

p �;:3ã3�H¬ pn(n ≤ 3) V3�3à3á �;� Á pn V � ß3� Cayley
� �

£3ê3�;Â3�3Ö3×;�3�3¦ z Cayley
� �3½3¾;>3� �»;¼

2.3[1]

(i) NA(R(G)) = R(G)Aut(G, S);

(ii) A = R(G)Aut(G, S) ²3Ë z R(G) � A.»;¼
2.4[1] Cayley

| §0�
X ½3¾3Ò3Ó3Ô3Ò A1 = Aut(G, S).¦ z�]�^ � ß{� Cayley

� �{½{¾�>{� Baik ²{Ü{Õ [4] äÃ��Z�a{�{��Ä{�{±�Å{�1Æ{£{ê�3¤;x ��;�
2.5[4]

�
G �3�3� |3};];^ � � S �;{;Ç;�3�3�3� 1 /∈ S, ¢3Å S û3ý

∀s, t, u, v ∈ S, uv = st 6= 1 ⇒ {u, v} = {s, t}. (1′)

¬ X = Cay(G, S) �3½3¾3� �d £3ì3 3¡;È;�;Z ³ � ~3� �3Ö3× �»�¼
2.6[4]

�
G �{�{� |{} � � S � G �{�{��Ç��{�{�{� 1 /∈ S, α � G �{�{��� �� �H¬ Cay(G, S) ½3¾3Ò3Ó3Ô3Ò Cay(G, Sα) ½3¾ ����

2.7[4]
�

G = G1 × G2, S � G ��Ç��{�{�{� 1 /∈ S, S1, S2 �{�{Á G1, G2 ��Ç���3�3� S = S1 ∪ S2, S1 ∩ S2 = ∅ ¬
(i) Cay(G, S) ∼= Cay(G1, S1) × Cay(G2, S2);

(ii)
«

Cay(G, S) �3½3¾3�3�H¬ Cay(G1, S1) �3½3¾3�;�
(iii)
«

Cay(G1, S1), Cay(G2, S2)
� ½3¾3Ó;8;:3�H¬ Cay(G, S) �3½3¾3� �
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3 É²Ê 1.1 Ë²Ì²Í
Ü;L;~ ä0�  3¡ µ3� G Á3�3� |3};];^ � � X = Cay(G, S) � G ¦ z {3�3� S �;�;�

Cayley
|�§¨� �1`{ã{� b�c 3. ¤�x 1.1 �{Ð�Ñ¨�H {¡{��Î�Ï�m�Ð{��h�i � ��Ñ{æ�Ò�x{ì�¤

� � � c £3ê3�;Ò;x 3.1,  3¡;¸;Ó;O;a |S| = 2 �;h;� �Ô;�
3.1

�
S = {a, b}, ¬;�;a3¤;x 1.1 ä (1), (2) �3� X

� ½3¾ �Õ ¢3Å S = S−1, Ö;× X �3½3¾3� � y3z S 6= S−1,
«

a2 6= b2,
� ¤;x 2.5 ½ X ½3¾ �«

a2 = b2, ¬ G = 〈a, u〉, u = ab−1 � y � � « u ∈ 〈a〉, ¬ G = 〈a〉 = Z2n, S = {a, an+1}.
«

u /∈ 〈a〉, ¬ G = Zn × Z2 = 〈a〉 × 〈u〉, S = {a, au}. � ³ Ï�h�i�� | n > 2, X = Cn[2K1], Ø
X �3Ã3½3¾3� � �3�3�3Á3¤;x 1.1 ä0� (1) � (2). Ð;Ù �£Ùê·Ú·Û |S| = 3 �·h·i �  Ù¡·Ü µ ¤ S = {a, b, c}, ÝÙ�Ù£Ùæ·Þ·Ï·h·i (I) a2, b2, c2

Þ � :98��Ùþ�²9� (II) a2 = b2 = c2; (III) a2, b2, c2 Þ � :´äJß |�³ ��þ�²��H �¡��·à �
a2 = b2 6= c2. £3ê3�;Ò;x 3.2 � 3.3 ¸;á;x;h;� (I) � (II).Ô;�

3.2
�

S = {a, b, c}, a2, b2, c2 Þ � 83�3þ � �H¬ X ½3¾ �� ¤;x 2.5 Ï3Ç;Q;w3�1â;~;ã �Ô;�
3.3

�
S = {a, b, c}, a2 = b2 = c2, ¬ X ½3¾ �Õåä ¸ Ð Ñ A1 æèç ª Í � z S ß � Á ® �é¸ ì Ð Ñê�èë � �èì ç �éÆ y õ ö � α ∈ Aut(X)í

V (X) ��õ�ö���� x, ß9z α ¶�¤ x Ó��9î9¶�¤ xS, ¬ α Á��9î9¶�¤ xS2. õ9ï V (X)ä �Ù�Ù� x,
µÙ�

α ∈ Ax, Ó α �·î·¶Ù¤ xS, ¬ y xS äñðÙ�Ù� v, α �·î·¶Ù¤ vS.
z �

(xaS ∩ xbS ∩ xcS)α = xaS ∩ xbS ∩ xcS, Æ (xa2)α = xa2.
\ �

(xaS ∩ xbS)α = xaS ∩ xbS,|
{xa2, xab}α = {xa2, xab}. �{Á (xa2)α = xa2, è�ò (xab)α = xab.

� x � (xaS ∩ xcS)α =

xaS ∩ xcS, ò í (xa2)α = xa2,  {¡�m{Ç (xac)α = xac. ó{À�F | (xbc)α = xbc. ��Á{Ð�ÑÃa {¡{ß{ê{è�ô{��õ � ��ë � x �{õ{ö�> í X ������>{�1m�ò�ö�÷{ª{Ð�Ñ y õ{ö{� α ∈ A1,Ó α �;î;¶3¤ S, ¬ α ¶3¤ V (X) ä0�;ð3�3� � ó3À;ô Ñ α = 1, Æ A1 æ;ç ª3Í3� z S ß �£�ê� �¡�Ð´Ñ X ��½�¾���� � Ö�× 2.4, ß9ø�Ð´Ñ A1 ≤ Aut(G).
�µz

A1 æ9ç ª�Í�� z Sß{�1� ® A1

�{� z
S3 �{�{�{� �{� ��ë y õ{ö{� σ ∈ A1,  {¡�m{��ò{£�Þ�Ï�h�i{ì{Ð�Ñ

σ ∈ Aut(G).

(i) o(σ) = 1, ¬ σ ∈ Aut(G).

(ii) o(σ) = 2, �;à � aσ = b, bσ = a, cσ = c. Á3Ð Ñ σ ∈ Aut(G), F;Á3�;z3Ð Ñ
(s1s2...sn)σ = sσ

1sσ
2 ...sσ

n, ∀s1, s2, ...sn ∈ S. (2′)y3z õ3ö;�3¤3� x ∈ G, Á3Ð Ñ (2′) Ô;ø3Ð Ñ
(xs)σ = xσsσ, ∀s ∈ S ⇒ (xuv)σ = xσuσvσ , ∀u, v ∈ S. (3′)

ì ç ß3�1ß;z (3′) 3Ð Ñ0� (2′) m;� c y n �;ö;÷;ù3Ç;k3Ð Ñ �µ � y õ ö � s ∈ S, (xs)σ = xσsσ.
�

(xaS ∩ xbS ∩ xcS)σ = (xaS)σ ∩ (xbS)σ ∩

(xcS)σ = xσaσS ∩ xσbσS ∩ xσcσS = xσbS ∩ xσaS ∩ xσcS,
|

(xa2)σ = xσb2 = xσ(aσ)2.� x9F | (xb2)σ = xσ(bσ)2, (xc2)σ = xσ(cσ)2 ( ú�ö | (gS)σ = gσS, ∀g ∈ G.). À � (xaS ∩

xbS)σ = (xaS)σ ∩ (xbS)σ = xσaσS ∩ xσbσS = xσbS ∩ xσaS, Æ {xa2, xab}σ = {xσa2, xσab} =

{xσb2, xσaσbσ} = {xσ(aσ)2, xσaσbσ}, Ó (xa2)σ = xσ(aσ)2,  {¡�m{Ç (xab)σ = xσaσbσ.
� x�

(xaS ∩ xcS)σ = (xaS)σ ∩ (xcS)σ = xσaσS ∩ xσcσS = xσbS ∩ xσcS, ò í (xa2)σ = xσ(aσ)2,|
(xac)σ = xσaσcσ. ó3À;F | (xbc)σ = xσbσcσ.
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(iii) o(σ) = 3, ·à·û aσ = b, bσ = c, cσ = a,
�

(ii) �·v·wÙ Ù¡·FÙÔ·øÙÐ Ñ (3′).µ�� y õ�ö�� s ∈ S, (xs)σ = xσsσ .
�

(xaS ∩ xbS ∩ xcS)σ = (xaS)σ ∩ (xbS)σ ∩ (xcS)σ =

xσaσS ∩ xσbσS ∩ xσcσS = xσbS ∩ xσcS ∩ xσaS,
|

(xa2)σ = xσb2 = xσ(aσ)2.
� xüF |

(xb2)σ = xσ(bσ)2, (xc2)σ = xσ(cσ)2. À � (xaS∩xbS)σ = (xaS)σ ∩ (xbS)σ = xσaσS∩xσbσS =

xσbS∩xσcS, Æ {xa2, xab}σ = {xσa2, xσbc} = {xσ(aσ)2, xσaσbσ}, Ó (xa2)σ = xσ(aσ)2,  E¡�mÇ (xab)σ = xσaσbσ.
� x � (xaS∩xcS)σ = (xaS)σ∩(xcS)σ = xσaσS∩xσcσS = xσbS∩xσaS,

ò í (xa2)σ = xσ(aσ)2,
|

(xac)σ = xσaσcσ. ó3À;F | (xbc)σ = xσbσcσ.

Ø A1 ≤ Aut(G), �3À X �3½3¾3� � Ð;Ù �£3ê3 3¡;Ú;Û;h;� (III), Æ S = {a, b, c}, a2 = b2 6= c2. ý ~3� �;h;i3�3û3ý S = S−1, ÆÔ;�
3.4

«
S = S−1, ¬;�;a3¤;x 1.1 ä0� (3)–(5) � X

� ½3¾ �Õ � ¯ X �3 §0� �H¿3Õ [2].

ò3£;Ü � S 6= S−1.  3¡;Ý3� 〈a, b〉 ∩ 〈c〉 = 1 � 6= 1
³ Ï;h;i � ¢3Å;p �;þ Ç3�H 3¡ |Ô;�

3.5 ¢3Å 〈a, b〉 ∩ 〈c〉 = 1, ¬ X Ã3½3¾ �H®3¯ X Á3¤;x 1.1 ä0� (6) � (7).Õ �{Á 〈a, b〉 ∩ 〈c〉 = 1, À G = 〈S〉 = 〈a, b, c〉, è�ò G = 〈a, b〉 × 〈c〉.
� ¤�x 2.7(i), Ï�½

X = Cay(〈a, b〉, {a, b}) × Cay(〈c〉, {c}) = X1 × X2. �3Á a2 = b2,
� Ò;x 3.1 �3Ð Ñ0�1m;½ X1ÃE½E¾ � È � ¤�x 2.7(ii), m�½ X ÃE½E¾ � ®E¯ � G = 〈a, u〉×〈c〉, u = ab−1 � y � � « u ∈ 〈a〉,¬ G = 〈a〉 × 〈c〉 = Z2n × Zm (n > 2), S = {a, an+1, c}.

«
u /∈ 〈a〉, ¬ G = 〈a〉 × 〈u〉 × 〈c〉 =

Zn × Z2 × Zm(n > 2), S = {a, au, c}. � ³ Ï�h�i�� | X = Cn[2K1] × Cm, m > 1. �{�{�{Á¤;x 1.1 ä0� (6) � (7). Ð;Ù �¢3Å;ÿ �;þ Ç3�H 3¡ \ Ý3� o(c) = 2 � > 2
³ Ï;h;i3�H 3¡;¸3ì��;}3�;Ï;h;� �Ô��

3.6 ¢{Å 〈a, b〉 ∩ 〈c〉 6= 1, Ó o(c) = 2, ¬���a{¤�x 3. 1 ä¨� (8)–(11) �{� X �{½¾ � Õ �{Á 〈a, b〉 ∩ 〈c〉 6= 1, è�ò c ∈ 〈a, b〉, Ö�× 〈a, b〉 = 〈a, u〉, u = ab−1, u � y � �  {¡{�
u ∈ 〈a〉 � u /∈ 〈a〉

³ Ï;h;i3ì3Ð ÑXL3Ö3× �yëz p �  ë¡ | G = 〈a〉 = Z2n, S = {a, an+1, an}.
� µë� � ¤ | n > 2. û σ = (a, an+1),

�9[ (a, an+1) ������� y9^ � ò a, an+1 Á�������� | (1, a), (an+1, a), (an, a), (1, an+1),

(an, an+1), (a, an+1), (a, a2), (a, an+2), (an+1, a2), (an+1, an+2). Î{Ï��{Ð σ �{°���j{� �
�;�;j3�3�ùÀ3���;{3�3�3�3�ùè;ò σ ∈ A1. é « σ ∈ Aut(G), ¬ (a3)σ = an+3. é (a3)σ = a3,

�;ë an+3 = a3, an = 1, � o(a) = 2n ��� � �;ô Ñ σ /∈ Aut(G), ó3À;ô Ñ X Ã3½3¾ � z �3Ç
k3¤;x 1.1 ä0� (8).y{z ÿ �  {¡ | G = 〈a〉 × 〈u〉,

®{¯  {¡{�{��Ú�Û c = u � c 6= u
³ Ï�h�i � ä ¸{ {¡

� c = u ��Ï�h�� �ô®E¯ S = {a, au, u},
� µE� �ô¤ | o(a) ≥ 3. û	� ^ σ = (a, au)(a2, a2u), ò

a, au, a2, a2u Á � � � � | (1, a), (1, au), (u, a), (u, au), (a, au), (au, a), (a, a2), (a, a2u), (au, a2u),

(au, a2), (a2, a2u), (a2, a3), (a2, a3u), (a2u, a2), (a2u, a3), (a2u, a3u). Î{Ï��{Ð σ �{°���j{� �
����j{�{�HÀ{����{{�{�{�{�Hè�ò σ ∈ A1. é « σ ∈ Aut(G), ¬ (a2)σ = a2. é (a2)σ = a2u,

ó3À u = 1, ��� � �;ô Ñ σ /∈ Aut(G), ó3À;ô Ñ X Ã3½3¾ � z �3Ç;k3¤;x 1.1 ä0� (9).d £3ì3 3¡3ì�� c 6= u �;Ï;h;� � ® h;�3¢3Å þ Ç3Ô3Ò o(a) = 2k(k Á3â3ã )
¯ � c = akø

aku.
®�¯ Ö9× k > 1.  �¡9¸�ì
� c = ak,

®�¯ «
k = 2, õ9ï σ ∈ A1 ∩ A(S)( ��� S Ü

A ä¨�{��î�¶{¤{� � ), ¬{Î{Ï��{Ð σ ¶{¤ V (X) ä¨��ð{�{�{�1ô�Ñ σ = 1, Æ A1 æ�ç ª{Í�{Ü S ß � è�ò A1

�{� z
S3 �{�{�{� �{� é y õ{ö{� σ ∈ A1,

«
(a2)σ = v, v = a

ø
au,
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¬ (a2, 1)σ = (v, 1), é (v, 1) /∈ E(X), �
� � è9ò9ß9Ð | (a2)σ = a2. è9ò A1 ä ��| 3 V� �1ó{À X ½{¾ � « k > 2, û�� ^ σ = (a, au)(ak+1, ak+1u), ò a, au, ak+1, ak+1u Á{�{�{�� | (u, a), (u, au), (ak+1u, ak+2), (1, au), (ak+1, a), (ak+1u, au), (a, ak+1), (au, ak+1u), (a, a2u),

(au, a2u), (au, a2), (a, a2), (ak, ak+1), (ak , ak+1u), (aku, ak+1), (aku, ak+1u), (ak+1, ak+2), (1, a),

(ak+1, ak+2u), (ak+1u, ak+2u). Î�Ï
��Ð σ ��°9�9j�� � �9�9j����HÀ����·{��Ù���Ù�Hè9ò
σ ∈ A1. é « σ ∈ Aut(G), ¬ (a3)σ = a3u. é (a3)σ = a3, óëÀ u = 1, ��� � � ô÷Ñ σ /∈ Aut(G),

ó3À;ô Ñ X Ã3½3¾ �H® Æ3Á3¤;x 1.1 ä0� (10). 3¡;È3ì�� c = aku,
®3¯ «

k = 2, õ;ï σ ∈ A1 ∩A(S), ¬3Î3Ï��3Ð σ ¶3¤ V (X) ä0�;ð�{�{�1ô�Ñ σ = 1, Æ A1 æ�ç ª{Í{�{Ü S ß � è�ò A1

�{� z
S3 �{�{�{� �{� é y õ{ö{�

σ ∈ A1,
«

(a2u)σ = v, v = a
ø

au, ¬ (a2u, 1)σ = (v, 1), é (v, 1) /∈ E(X), ��� � è�ò�ß�Ð |
(a2)σ = a2. è ò A1 ä �ë| 3 V � � óëÀ X ½ë¾ � « k > 2, û�� ^ σ = (a, au)(ak+1, ak+1u), ò
a, au, ak+1, ak+1u Á�������� | (u, a), (u, au), (1, a), (1, au), (ak+1, au), (ak+1u, a), (a, ak+1u),

(au, ak+1), (au, a2u), (a, a2u), (au, a2), (ak, ak+1), (ak, ak+1u), (aku, ak+1), (aku, ak+1u),

(ak+1, ak+2), (ak+1u, ak+2), (ak+1, ak+2u), (a, a2), (ak+1u, ak+2u). Î Ï� Ð σ � °ü�üj �� ����jE�E�üÀE����{E�E�E�E�üè�ò σ ∈ A1. é « σ ∈ Aut(G), ¬ (a3)σ = a3u. é (a3)σ = a3,

óEÀ u = 1, �	� � ��ôÞÑ σ /∈ Aut(G), óEÀ�ôÞÑ X ÃE½E¾ �_® ÆEÁE¤�x 1.1 äH� (11). Ð�Ù �d £{ì{ {¡{ì�� o(c) > 2 ��Ï�h��{� y ��Ï�h��{ {¡ \ � c2 = ab � c2 6= ab
³ Ï{� ��;h;i3�H�3£3ê;Þ3�;Ò;x3ì;¤;�3Ð Ñ � ä ¸3�1� c Ò;x 3.7  3¡;Ó;O;a c2 = ab �;Ï;h;i �Ô��

3.7 ¢{Å 〈a, b〉 ∩ 〈c〉 6= 1, Ó o(c) > 2,
\�µ ¤ c2 = ab, ¬��{¤�x 1.1 ä¨� (12)–(15)

� X
� ½3¾ �Õ �{Á c2 = ab, è�ò c4 = a2b2 = a4. û u = ab−1, v = a−1c, ¬ o(u) = 2, o(v) = 4, v2 =

u, G = 〈a, v〉. ���;Ò;x 3.3 �;�;ù3 3¡3Î3Ï3Ð Ñ0� A1

�3� z
S3 �3�3�3� �3�  3¡3�;ò3£;Þ

Ï;h;i3ì3Ð ÑXL3Ö3× �
(i) 〈a〉 ∩ 〈v〉 = 〈v〉®�¯ û o(a) = 4n, ¬ G = Z4n = 〈a〉, Ó 〈v〉 = 〈an〉, ó�À v = an

ø
a3n.

«
v = an, ¬

b = av2 = a2n+1, c = av = an+1.
®{¯ �1Ö�× n = 1

¯ � S−1 = S, è�ò{ {¡ µ{� n > 1. Á��� ���3�ù 3¡3¢3£�� � ®3¯ � Cayley
�

X : ° X �3�3���;�;ð3æ |�� �3�3�3� n æ3�{äJ} i æ������9ó�ß9k�£�����Á ai−1, an+i−1, a2n+i−1, a3n+i−1. {����9�9ù�Á y õ�ö��9} iæ{��} i + 1 æ (1 ≤ i ≤ n − 1), ai−1 � ai, an+i, a2n+i þ ÿ � an+i−1 � an+i, a2n+i, a3n+i þÿ � a2n+i−1 � ai, a2n+i, a3n+i þ ÿ � a3n+i−1 � ai, an+i, a3n+i þ ÿ � À;ý;ÿ3�3æ��;}3�3æ�;�;ù3Á;� an−1 � an, a2n, a3n þ ÿ � a2n−1 � 1, a2n, a3n þ ÿ � a3n−1 � 1, a3n, an þ ÿ �
a4n−1 � 1, an, a2n þ ÿ � m3¿3£ � �

rai−1
r ai

ran−1
b 1

ran+i−1
r an+i

ra2n−1
b an

ra2n+i−1
r a2n+i

ra3n−1
b a2n

ra3n+i−1
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ra4n−1
b a3n

r1

r
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y õ�ö�� σ ∈ A1,

«
o(σ) = 3, �9à9û aσ = a2n+1, (a2n+1)σ = an+1, (an+1)σ = a. £�ê

¸{ì{Ð�Ñ¨�{����ë{��ì ç �1Æ X ��ð{�{æ�äÃ�{Ô | �{�{�{Ü σ �{Í{� ¥ £{���{�HÓ�} i æ��} i + 4 æ{� σ �{���{�{Ü � ���{ß (1 ≤ i ≤ n − 4). Î{Ï��{Ð�}�Þ{æ�ä¨�{���{Á S2.
�z

a, an+1, a2n+1 � a2n+2 �{þ ÿ �Hè�ò (a2n+2)σ = a2n+2, À��{�{Ü � �{æ{��{�¬{�{����z
� � \ a3n+1 ���3æ;� a2n+2 �3�3���;�3þ ÿ � ó3À (a3n+1)σ = a3n+1. �;�3ª y3z õ3ö3�3�
u ∈ V (X),

«
uσ = u, Ó σ � ^ uS = {ua, ua2n+1, uan+1} ä¨� � :{�HÎ{Ï��{Ð��{��ÿ{��}� æ´äµ���
��Á uS2.

�µz
ua, uan+1, ua2n+1 � ua2n+2 ��þ ÿ �Hè9ò (ua2n+2)σ = ua2n+2,À� � Ü � � æ �ü{ü¬ � �ü�üz� �1\ ua3n+1 �� æü� ua2n+2 � � ��ü� þ ÿ �1ó À

(ua3n+1)σ = ua3n+1. �;ë3 3¡��3Ð ÑXa X �3õ3�3æ äX�3Ô | �3� σ �3���3�3�1�3�3�����
pE�EæÞä σ �E���E�E�3þ ÿ � ó � 1 ä1m�ò	�	��k X ä1ð	��ÞEæ σ �E���E�EÜ � �	�Eß � è
ò « n 6= 4k +1(k > 0)

¯ � ¬;ý;ÿ3�3æ ä0Ü σ �3Í3�3£3���3�3�3� �3Ü;}3��� � è;ò 1σ 6= 1,

��� σ ∈ A1 ��� � ���;ô Ñ A1 ä �3| 3 V � � À A1

�3� z
S3 �3�3�3� � �(è;ò |A1| ≤ 2,

Æ X ½�¾ � « n = 4k + 1(k > 0)
¯ �H¬ 1σ = 1, è9ò σ ∈ A1. é « σ � G �´� ��� �H¬

(a2n+1)σ = a. é (a2n+1)σ = an+1, Æ an = 1, ó3À�� o(a) = 4n ��� � è;ò σ /∈ Aut(G), ó3À
ô Ñ X Ã3½3¾3� ® Æ3Á3¤;x 1.1 ä0� (12).À3¢3Å v = a3n, ¬ b = av2 = a2n+1, c = av = a3n+1.

y3z �;Ï;h;�3� �3�3ß3ê � ë3�;�
ù;m3Ç;�ùÒ n 6= 4k + 1(k > 0)

¯ � X �3½3¾3�;�ùÒ n = 4k + 1(k > 0)
¯ � X �3Ã3½3¾3�3�

�;Á3�3¤;x 1.1 ä0� (13).

(ii) 〈a〉 ∩ 〈v〉 = 〈v2〉®�¯ «
G Á�Ã
�
� � �1û o(a) = 4n, ¬ G ∼= Z4n × Z2.

�
G = 〈x〉 × 〈y〉 = Z4n × Z2,

{ ä x = a. �ÙÁ G = 〈a, v〉 Ó o(v) = 4, è·ò v = xny
ø

x3ny.
«

v = xny, ¬ b = av2

= x2n+1, c = av = xn+1y, Ì S1 = {x, x2n+1, xn+1y}. ÀE¢EÅ v = x3ny, ÈEÉ b = av2 = x2n+1,

c = av = x3n+1y, Ì S2 = {x, x2n+1, x3n+1y}.
®Ù¯ �H Ù¡·û α : x 7→ x, y 7→ x2ny, ¬ α

m9ò
 
!�Á G �����´� ��� �HÛ�Ó Sα
1 = S2. �9Æ9ô´Ñ S1 � S2 ��²�Ë�� � � ® �H �¡�Ô

Ú9Û � �9¥ � � �
"��9�9>��1�9[� �¡9Ú9Û�p��9Ï�h9� �H®�¯ �1Ö9× n = 1
¯ � S−1 = S,è·òÙ Ù¡ µÙ� n > 1. �Ù� (i) þ � �·�·ùÙ Ù¡·m·òÙÐ Ñ �Hõ·ï A1 ä � 3 V � σ, �üà·û

xσ = x2n+1, (x2n+1)σ = xn+1y, (xn+1y)σ = x.
«

n 6= 2k +1(k > 0)
¯ �_¬ 1σ 6= 1, �	� σ ∈ A1

���{�#����ô�Ñ A1 ä �{| 3 V � � À A1

�{� z
S3 �{�{�{� � �Hè�ò |A1| ≤ 2. è�ò X ½¾ � « n = 2k +1(k > 0)

¯ � ¬ 1σ = 1, è�ò σ ∈ A1. é « σ � G �Þ� �E� � ¬ (x2n+1)σ = x.é (x2n+1)σ = xn+1y, è;ò x = xn+1y, Æ y = 1, ��� � è;ò σ /∈ Aut(G), è;ò X Ã3½3¾ �H®
Æ3Á3¤;x 1.1 ä0� (14).«

G Á
�
� � �1û o(a) = 2n, ¬9m9û G = Z4n = 〈x〉, (n Á����
$ z 2 �9��ã ) Æ�Ç
a = x2. � ¯ �  E¡ | v = xn

ø
x2n. p �  E¡ | S = {x2, x2n+2, xn+2}; ÿ �  E¡ | S = {x2,

x2n+2, x3n+2}.
y3z � ³ Ï;h;�3�ç 3¡3� � ë3�;�;ù;m;ò3Ð ÑX�ç¢3Å X �3Ã3½3¾3�3�çÈ3É n¤3Á;�3ã � éoRX½ n Á;�3ã3�1Ø ®3¯ X ½3¾ �

(iii) 〈a〉 ∩ 〈v〉 = 1®{¯
G = Zn × Z4 = 〈a〉 × 〈v〉, b = av2, c = av, �{� (i) þ � ����ù�m�ò{Ð�Ñ¨�Hõ�ï A1ä¨� 3 V � σ, ��à�û aσ = av2, (av2)σ = av, (av)σ = a.

«
n 6= 4k(k > 0)

¯ �H¬ 1σ 6= 1, �
� σ ∈ A1 ���{�#����ô�Ñ A1 ä �{| 3 V � �HÀ A1

�{� z
S3 �{�{�{� � �Hè�ò |A1| ≤ 2.è9ò X ½�¾ � « n = 4k(k > 0)

¯ �H¬ 1σ = 1, è9ò σ ∈ A1. é « σ � G �´� ��� �H¬
aσ = av2, (av2)σ = av, (av)σ = a. � ® vσ = (a−1av)σ = a−1v2a = v2, �	� � è�ò σ /∈ Aut(G),
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è;ò X Ã3½3¾ � z �3Ç;k3¤;x 1.1 ä0� (15). Ð;Ù �
ý;ÿ3�ç 3¡3� ³ �;Ò;x3ì;Ó;O c2 6= ab �;h;i3� ó3À;Q�%3¤;x 1.1 �3Ð Ñ � � c Ò;x 3.8 {¡�¸���Z�a ®{¯ X ½{¾{�{�{��Ä�z{±�Å{�1×�ÿ{��Ò�x 3.9 ¤�Z�a ®{¯ �{��Y�Ã{½{¾{��h

� � Ôü�
3.8 ¢ Å 〈a, b〉 ∩ 〈c〉 6= 1, Ó o(c) > 2,

\üµ ¤ c2 6= ab, ¬ X ½ ¾ Ò Ó Ô Ò
a, b, a2, ab, ab−1 ä'&�( | �3�3Ü 〈c〉 ä �Õ*) z·>·� µÙ� Q·wÙ�ü�ÙÚ � û�� ^ σ = (a, b)(ac, bc)(ac2, bc2)...(ack−1, bck−1), { ä
k = o(c). �{Á ab−1 /∈ 〈c〉, è�ò σ �{�{�{Ã �{�{� � £{ê{ {¡{��Þ�u{ì{Ð�Ñ σ Ü A1 ä¨�Hé��Ü Aut(G) ä � ä ¸{�1�{Á a, b /∈ 〈c〉, Ö�× 1σ = 1. {�+{�H {¡{ì{Ð�Ñ σ ∈ A1.

y õ{ö{�
aci, ò;{3Á3�3�3�3� | (aci, a2ci), (aci, abci), (aci, aci+1), (aci−1, aci), (ab−1ci, aci), (ci, aci). ÎÏ��{Ð σ �{°{�{¡ � � X �{� �H� x�ò{õ{ö{� bci Á{�{�{�{�{Ü σ �{Í{�{£�� � Á{���HÀÈ;j3�;ò aci, bci Á3�3�3�3�3��Ö;×3Ü σ �3Í3�3£3� � ���3À σ ∈ A1. È�+3���3Á a2, ab /∈ 〈c〉,è9ò a3 6= aci, bci. ó�À (a3)σ = a3.

«
σ ∈ Aut(G), ¬ (a3)σ = (aσ)3 = b3, Ø a3 = b3, è9ò

a = b, ��� � Ø σ /∈ Aut(G). ò3ß;ô Ñ 1 6= σ ∈ A1 \ Aut(G), è;ò X Ã3½3¾3�#��� z × �3�
Ä{��>�� ä ¸{� « a ∈ 〈c〉,

y õ{ö{� g ∈ G,
«

σ ∈ Ag ∩ A(gS),  {¡{ì{Ð�Ñ σ ∈ A(gS2).Ï3¿ gac, gbc, gc2 Ü σ �3Í3�3£ � ���3�  3¡;ô ga2 � gab F3�3¤3��� � �3¬3� « ga2 � gabÜ σ �{Í{�{£�8 � �H¬{¤ | ga2c, gabc Ü σ �{Í{�{£�8 �{� ���{ª{� y õ{ö{�{â{ã m, � |
ga2cm � gabcm 8 �3� ì ç ß;�3�;m;ò;� c y m �;ö;÷;ù3Ç;k3� � �;ë;�3Á a ∈ 〈c〉, Ø3�3¤|

ci Æ{� aci = 1. ó{À�F�m�ò���Z ga � gb 8 � �1��Á���� z  {¡{� µ{� �1Ø σ ∈ A(gS2).�
g �3õ3ö;> í X �;�;�;>;m;½3� A1 æ;ç ª3Í3� z S ß3�êÆ A1

�3� z
S3 �3�3�3� �3�À;�3Á c2 6= ab, ¬;Ö;× y õ3ö3� α ∈ A1,

|
(c2)α = c2, ó3À cα = c. è;ò A1 ä �3| 3 V � �

ó{À |A1| ≤ 2, Ø ®{¯ X ½{¾ � {�+{� « b ∈ 〈c〉, �{�{ß{ê{þ�,{����ù{ {¡�m�ò{Ç�k X ½¾{�1â�~�ó�ã � È�+{� « a2 ∈ 〈c〉,
y õ{ö{� g ∈ G, õ�ï σ ∈ Ag ∩ A(gS), ¬�Ö�× gc, gc2 Ü σ�{Í{�{£{�
� � y õ{ö{�{â{ã m,  {¡ µ{� (gcj)σ = gcj , j ≤ m. �{Á gcm−1, gcm �
�{�Hè

ò « gacm−1, gbcm−1 ���3�(¬;F | gacm, gbcm ��� � « gacm−1, gbcm−1 8 � �(¬ gacm, gbcm

8 ��� 9w
-9Ï9h9i9� | gcm+1 ��� � �9ô´Ñ y õ�ö���â�ã m, � | (gcm)σ = gcm. ��Á
a2 ∈ 〈c〉, è;ò�.3Ü ci ∈ 〈c〉, Æ3Ç a2 = ci. ó3À (ga2)σ = ga2. À;Ö;× | gac, gbc Ü σ �3Í3�3£���{�1ó{À�/ | (gab)σ = gab, è�ò σ ∈ A(gS2). ��ë � g �{õ{ö�>�ò í X ������>{� | A1

æ;ç ª3Í3� z S ß � è;ò A1

�3� z
S3 �3�3�3� �3�ê\ �3Á c2 6= ab, è;ò y õ3ö3� α ∈ A1,

(c2)α = c2, 03À cα = c, è;ò A1 ä �3| 3 V � �ó3À |A1| ≤ 2. Ø X ½3¾ � y3z ab ∈ 〈c〉,  ¡E� N ,E����ù�mEÇ X �E½E¾�> � ý�ÿE� « ab−1 ∈ 〈c〉,
y õEöE� g ∈ G, õ�ï σ ∈ Ag ∩A(gS),«

ga2 � gab Ü σ �3Í3�3£;8 � �H¬ � p3ê3�3��1;m�½ y õ3ö{�3â{ã m, ga2cm � gabcm Ü
σ �{Í{�{£�8 �{� À ab−1 ∈ 〈c〉. ��à � ab−1 = ci−j(i > j), ¬ aci = bcj , acj = bci, ��Æ�ô�Ñ
ga2cj � gabcj ���3�2��� � Ø ga2, gab Ü σ �3Í3�3£3���3� À;Ö;× gac, gbc Ü σ �3Í3�3£3�
�3� è;ò σ ∈ A(gS2). �;ë � g �3õ3ö;>;ò í X �;�;�;>3�  3¡ | A1 æ;ç ª3Í3� z S ß � è
ò A1

�3� z
S3 �3�3�3� �3� \ �3Á c2 6= ab, è;ò y õ3ö3� α ∈ A1, (c2)α = c2, 03À cα = c,è;ò A1 ä �3| 3 V � �1ó3À |A1| ≤ 2. Ø X ½3¾ � Ð;Ù �Ô;�

3.9 Ü;Ò;x 3.8 � µ ¤3£3�H¬;�;a3¤;x 1.1 ä0� (16), (17) � X
� ½3¾ �Õ � Ò�x 3.8 Ç{� ®{¯ X Ã{½{¾{�H¬{Ò{Ó{Ô{Ò a, b, ab, a2, ab−1 /∈ 〈c〉,  {¡{��ò{£ ³ Ï

h;i3ì3Ð Ñ
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(i) 〈a, b〉 = 〈a〉®{¯
G = 〈a, c〉,

µ{�
o(a) = nh, o(c) = mh, (m, n, h

� Á{â{ã ), |〈a〉 ∩ 〈c〉| = h > 1. ¸{ìÐ ÑX�;ë3�3�;ì ç �1Æ m, n, h û3ý3£3ê3�3±;Å (4′), � a, b, a2, ab, ab−1 /∈ 〈c〉 �3²3Ë3� �
m Á3õ3ö3â3ã , h > 1, 2

∣

∣′ h, 2
∣

∣ n,
« n

2
Á;�3ã ¯ �H¬ n > 2;

« n

2
Á;�3ã ¯ �H¬ n > 4. (4′)

µë�
〈a〉∩〈c〉 = H , Ó a, b, a2, ab, ab−1 /∈ H. ¬ �ëÁ ab−1 /∈ H , è ò 2

∣

∣ n, 2
∣

∣′ h;
«

n
2 Á �ëã ¯ ��EÁ a2 /∈ H, ¬ H Á 〈a2〉 �	3E� � � è�ò h < nh

2 , /�Æ n > 2.
«

n
2 Á��Eã ¯ �  E¡�ô a4 /∈ H .« ��×{� H = 〈a4〉, ó{À o(a) = 4h.

� ® Ç ab = a2h+2, À (ab)h = a(2h+2)h = a2h(h+1) = 1,\ �{Á (ab)2 = a4, ó{À�ô�Ñ o(ab) = o(a4) = h. è�ò ab ∈ H , ��� � Ø a4 /∈ H , H Á 〈a4〉 �
33� � � è;ò h < nh

4 , /;Æ n > 4. ò3ß3�3��1;ô Ñ0� m, n, h û3ý3±;Å (4′).
µ3�

m, n, h û3ý±�Å (4′), ¬�Ö�× a /∈ 〈c〉. ab−1 /∈ 〈c〉, �{¬ 2
∣

∣ h. a2 /∈ 〈c〉, �{¬ n ≤ 2. ab /∈ 〈c〉, �{¬ « n
2 Á�3ã ¯ � a2 ∈ 〈c〉.

«
n
2 Á;�3ã ¯ � a4 ∈ 〈c〉, ó3À n ≤ 4. b /∈ 〈c〉, �3¬ b2 = a2 ∈ 〈c〉, ��� �£�ê� �¡�ì��
1 � G �9Q � � �µ|�}9]·^ � ���9Ó�¤9x�� � G = Zk × Zt, t

∣

∣ k. {´ä
k = smnh

(m,n) , t = (m,n)
s (s, t ÁEâEã ).

� µE� � |〈a〉∩〈c〉| = h, À |〈at〉∩〈ct〉| ≤ |〈a〉∩〈c〉| = h,
®E¯

at, ct ∈ Zk, è ò |〈at〉∩〈ct〉| = (o(at), o(ct)) = sh, è ò sh ≤ h, Ø ß Ð | s = 1, t = (m, n).
®ë¯

G = Zk × Zt = 〈x〉 × 〈y〉, k = mnh
(m,n) , t = (m, n).  {¡�ï S1 = {x

k

nh y, x
k

nh y(x
k

nh y)
nh

2 , x
k

mh y−1},

Ö�× G = 〈S1〉. û α : a 7→ x
k

nh y, c 7→ x
k

mh y−1, ¬ α m�ò� �!{Á G ��� �{� �HÓ Sα = S1, è
ò Cay(G, S) ∼= Cay(G, S1). Ø{��"{����>{ {¡�ï a = x

k

nh y, b = x
k

nh y(x
k

nh y)
nh

2 , c = x
k

mh y−1.

�;Á3Ç;k3¤;x 1.1 ä0� (16).

(ii) 〈a, b〉 = 〈a, u〉 = 〈a〉 × 〈u〉, u = ab−1®3¯
〈a, b〉 ∩ 〈c〉 = 〈a〉 ∩ 〈c〉, G = 〈a, c〉 × 〈u〉, � µ3� 〈a〉 ∩ 〈c〉 = H , o(a), o(c) � � (i) � µ�E� ¸EìEÐÞÑH¢E£E��ì ç � Æ a, b, a2, ab, ab−1 /∈ 〈c〉 ÒEÓEÔEÒ n > 2.

µE�
a, b, a2, ab, ab−1 /∈ 〈c〉.¬ � a2 /∈ H, ½ |H | < |〈a2〉| = nh

2 , è�ò hn
2 > h, Æ n > 2.

µ{�
n > 2,

«
nh Á��{ã ¯ �H¬

a, b, a2, ab, ab−1 /∈ H.
«

nh �{Á��{ã ¯ �H¬�Ö�× a /∈ 〈c〉; ab−1 /∈ 〈c〉. Ó a2 /∈ 〈c〉, �{¬ n ≤ 2.

ab /∈ 〈c〉, �E¬E� « nh
2 Á��Eã ¯ � a2 ∈ 〈c〉.

«
nh
2 Á��Eã ¯ � « a4 ∈ 〈c〉, óEÀ n = 4, ab = a2u,è;ò o(ab) = 2h, �3À ab /∈ 〈c〉.

«
a4 /∈ 〈c〉, Ö;× ab /∈ 〈c〉. b /∈ 〈c〉, �3¬ b2 = a2 ∈ 〈c〉.£EêE E¡EìE�	1 � G ��Q � � �H|E}�];^ � �E��ÓE¤�xE� � G = 〈a, c〉×〈u〉 = Zk ×Zt ×

Z2, t
∣

∣ k. {�ä k = smnh
(m,n) , t = (m,n)

s (s, t Á{â{ã ).
� µ{� � |〈a〉 ∩ 〈c〉| = h, À |〈at〉 ∩ 〈ct〉| ≤

|〈a〉 ∩ 〈c〉| = h,
®�¯

at, ct ∈ Zk, è9ò |〈at〉 ∩ 〈ct〉| = (o(at), o(ct)) = sh, è9ò sh ≤ h, Ø9ß9Ð|
s = 1, t = (m, n).

®�¯
G = Zk × Zt × Z2 = 〈x〉 × 〈y〉 × 〈u〉, k = mnh

(m,n) , t = (m, n).  �¡
ï S1 = {x

k

nh y, x
k

nh yu, x
k

mh y−1}, Ö�× G = 〈S1〉. û β : a 7→ x
k

nh y, u 7→ u, c 7→ x
k

mh y−1, ¬ β

m9ò
 
!�Á G �´� ��� �HÓ Sβ = S1, è9ò Cay(G, S) ∼= Cay(G, S1). Ø���"��9�9>� �¡9ï
a = x

k

nh y, b = x
k

nh yu, c = x
k

mh y−1. �;Á3Ç;k3¤;x 1.1 ä0� (17). Ð;Ù �
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L;~3Ð Ñ0¤;x 1.4, �3�3Ð Ñ0�;� c £3ê3� ³ �;Ò;x3ì;¤�� �Ô;�
4.1

�
X � pn(n ≤ 2)(p �3�3�;�;:3ã ) �3�3ß3� 2 ` | §0y Ê � �H¬ X Á3¤;x

1.4 ä0� (1)–(3).Õ �
X � p, p2 V 2 ` | §0y Ê � � � ¤;x 2.2 ½ X Á ];^ � ß3� Cayley

| §0� � È
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� ¤;x 1.1 ½ X /3Á3½3¾ Cayley
| §0� � �;ë3 3¡3Ô;ø;| p, p2 V ];^ � ß3�3Ý3à3á Cayley| §0� ¤;Z;Æ;m �  3¡3�;ò3£ ³ Ï;h;i{ì3Ð Ñ �

(i) G = Zn = 〈u〉 (n = p, p2)®ë¯  ë¡ | X ∼= Cay(G, S), S = {u, um}. �ëÁ X
y ÊëÓë½ë¾ë�  ë¡ | |A1| = 2. è ò�.ëÜ

α ∈ A1, ÆëÇ uα = um, (um)α = u, Æ um2

= u, m2 ≡ 1(mod n). Ø X ∼= Cay(G, {u, um}), m2 ≡

1(mod n). Ö;×;û α : u 7→ um, ¬ α m;ò� �!3Á G � � �3� � Ó α � ^ S ä0� � :3� ó3À;ôÑ X Ý3à3á � z �3Ç;k;a3¤;x 1.4 ä0� (1) � (2).
(ii) G = Zp × Zp = 〈c〉 × 〈d〉®3¯ Ö;× | X ∼= Cay(G, S), S = {c, d}. Æ3Ç;k;a3¤;x 1.4 ä0� (3). Ð;Ù �Ô;�

4.2
�

X � pn(n ≤ 2)(p �3�3�;�;:3ã ) �3�3ß3� 3 ` | §0y Ê � �H¬ X Á3¤;x
1.4 ä0� (4)–(7).Õ �

X � p, p2 V 3 ` | §0y Ê � � � ¤;x 2.2 m;½ ®3¯ X Á p
ø

p2 V � ß3� Cayley|Þ§H� � � ¤�x 1.1 m�½ X ÁE½E¾E� � « G = Zn = 〈u〉, n = p
ø

p2.
�

S = {ui, uj , uk},
�

XÝ3àEáEÓE½E¾E� m�½E�E¤	.EÜE�E� G � 3 VÞ� �E� α, ÆEÇ (ui)α = uj , (uj)α = uk, (uk)α = ui.À G = 〈S〉, è9ò o(ui) = o(uj) = o(uk), è9ò� �¡9m9ò µ�� S = {u, um, um2

}.
�

(um2

)α =

um3

= u,  {¡�m�½ m3 ≡ 1(mod n). ���{�{¤�x 1.4 ä¨� (4), (5). Ö�× (4), (5) �{�{ÝÙà{á� � « G = Zp × Zp = 〈c〉 × 〈d〉.  {¡{�9à � S = {c, d, cmdn}.
�

X ÝÙà{á{�1m�½{�{¤�.{Ü
G �{�{� 3 V�� �{� β, Æ{Ç cβ = d, dβ = cmdn, (cmdn)β = c. ��ë{� dm(cmdn)n = c, ó{À
dn2+m = 1, cmn = c, è�ò n2 +m ≡ 0(mod p), mn ≡ 1(mod p). �E��Ò�x 3.3 þ N ,E����ùE�  ¡�m�òEÐÞÑH� ®E¯ A1

�E� z
S3 �E�E�E� �E� ÎEÏ	�EÐEÒ m ≡ n(mod p)

¯ � α : c 7→ d, d 7→ c

m;ò� �!3Á G �3�3� 2 V � �3� �5Ó Sα = S. è;ò Aut(X) = (Zp ×Zp) : S3.
® Á3¤;x ä 1.4ä0� (6). Î3Ï3Ð Ñ0� (6) �3Ý3à3á3� � Ò p

∣

∣′ (m − n)
¯ � ¬3��.3Ü G � 2 V � �3� α, Æ3Ç

Sα = S. è;ò Aut(X) = (Zp × Zp) : Z3.
® Á3¤;x 1.4 ä0� (7). Î3Ï3Ð Ñ (7) �3Ý3à3á3� � Ð

Ù �
7 8 9 :
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ON THE NORMALITY OF DIRECTED CAYLEY GRAPHS OF

ABELIAN GROUPS

Xu Mingyao Zhang Qinhai Zhou Jinxin

(School of Mathematics and Cumputer Science, Shanxi Teachers University, Shanxi 041004)

Abstract A direced Cayley graph X = Cay(G, S) is called normal for G if the right
representation R(G) of G is normal in the full automorphism group Aut(X). In this paper, we
determine all non-normal directed Cayley graphs of finite abelian groups with valencies 2 and
3. Using the result, we give a complete classification of connected directed arc-transitive graphs
of order pn (n ≤ 2, p an odd prime) with valency at most 3.

Key words Cayley graphs, automorphism groups, normal Cayley digraphs, arc-transitive
graphs.


