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∇ · u = q = q − q, (x, t) ∈ Ω × (0, T ], (1.1a)

u = −a(x, c)∇p, (x, t) ∈ Ω × (0, T ], (1.1b)

φ
∂c

∂t
+ ∇ · [cu − D∇c] = qcI − qc, (x, t) ∈ Ω × (0, T ], (1.2)

�� Ω ∈ Rd(d = 2, 3)  �� %! d = 2 &� Ω '(�"!)"�! d = 3 &� Ω '(
�*+)"# u(x, t) $,�+% Darcy -&� p(x, t) $,��� c(x, t) ∈ [0, 1] $,.#�
�/$%'�&� a(x, c) %�01�&'(� �� φ(x) !��%�)&� D(x) $,�
2(���� q(x, t) ≥ 0, q(x, t) ≥ 0 �($,*+��+�3.�45� ∫

Ω
q(x, t)dx = 0,

cI(x, t) !,6-+%'�&#
. η $, Ω "�)%*78+/��∂Ω $,�"��0,"15�2 (1.3)–(1.5)-.

c(x, 0) = c0(x), x ∈ Ω , (1.3)

u · η = g(x, t), (x, t) ∈ ∂Ω × (0, T ]. (1.4)

*  !3/"04#56$1 (1999032803),  !/9��"% (10372052,10271066), &723:/"%
(20030422047) 896Æ4
;5<=62004-04-07, ;7:85<=62005-06-09.
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) ∂Ω = ΓI ∪ΓO,���6"� ΓI = {x ∈ ∂Ω : g < 0}, �."� ΓO = {x ∈ ∂Ω : g ≥ 0},
�!��'�& c %"�5�'

(cu − D∇c) · η = cIg, x ∈ ΓI , (1.5a)

D∇c · η = 0, x ∈ ΓO. (1.5b)

��?@ ����#9*+:'�&��!>:%�, 0 < D∗ ≤ D, ;&�.<?�
A% @A-=��+�?@��.BB/ [1−4], C>CD0D?�'�&��E?1'@
>:�E-��%2F�F3D04GA56#:7H#CGI'%+:Æ�Dawson,HI
J�(K.LJK @A�+ [5,6] .3LJK @=��+ [7] )2��%@>:'�&�
��B! @A�+�MCD8E��N9�O :;%FL.M��%$2L'�> @
=��+PCM<CD��N9�BNBQ�G=>0�?H@R""%ABO==I� 
%<?LJK�+PN��CD.BJ14G�CD04G�!�!KQ%#

 @+E�+ [8−12] !@S5CF�4GG"�LMHND?%#I�1J2�+�T
K  @A�=��+%LO##�*L Q�MN�ABO=R%SO�O#�*L P
?;%8EN9'�,MCTQ#RJ2*AMO#RJ2*A%�1��!N9%�UU
)2�+����#��L VS Neuman "15�%>:�����������Michel
P�VQRWTK.6#IWU*V @+ETX [12], S?N��FFL�TYTX!Z
T%�B[M-.L+%ZTU#W\��@>:������XV� @+E�+�Y]
W^='KQ%"15��XX�6��."��E���Y���CPQRWT?RZ�
V%WU @+ETX�S?#[�1�FY_�-.J2 !X%L+O=Z4#

`\��� (1.1)–(1.5) %(��[a/0ZN%+:#b�� p 3.∫
Ω

p(x, t)dx = 0, t ∈ (0, T ]. (1.6)

[C>?� a∗, a∗, φ∗, φ∗, D∗, q∗, q∗ c

0 < a∗ ≤ a(x, c) ≤ a∗, 0 < φ∗ ≤ φ(x) ≤ φ∗, 0 ≤ D(x) ≤ D∗, |q| ≤ q∗, q ≤ q∗, (1.7)

 % a(x, c) �� x, c ' Lipschitz \]� Lipschitz ?�' b∗.
W\�]^ M � ε �($,dE>?��dER>��C�A%\�L �A%_

^#

2 12345678
9: 2.1 Th !2 Ω ?%#-`(;a (b_+E) eR]%WTQ�� E ! Rd ?%

L `T>^&%_f*� R]6 Ω %#-;a�, d = 2 & E !"%ac� d = 3 &
E !*%ac� %b_+EgE%OeR]ac P 3."Æ'�`

(i) e b_+E%aX! Ω .
(ii) h-Q�*A K, L ∈ Th, K �= L, K ∩ L = 0 - K ∩ L = σ, σ ∈ E. ] σ = K|L, �

� K|L !*A K � L %de"�#
(iii) h- K ∈ Th, [C EK ⊆ E, c K %"� ∂K = ∪

σ∈EK

σ̄,  % E = ∪
K∈Th

EK . ]*

A K %e �f*Ae-]%ac' N(K), , N(K) =
{
L ∈ Th : K|L ∈ EK

}
.
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(iv) J2Oa P =
{
xK

}
K∈Th

3.` xK ∈ K, j σ = K|L, cK xKxL ec σ.

]WTVf h = sup
{
diam(K), K ∈ Th

}
. . m(K) $,*A K %^&�! L ∈ N(K)

&�) m(K|L) $,"� K|L %^&� dK|L $,J2O xK % xL dD%hJ� dK,K|L $
, xK %*A"� K|L dD%hJ� dK,∂K∩∂Ω $, xK %"� ∂K ∩ ∂Ω dD%hJ#

< 1 3.?@:^%PQRWTg'4eWT��Q��.2 �f�A!g%*A
-]�??%i!WT [8], kj!WT [9],Voronoi WT [10] hil���#

< 2 W\W^#I>0'WT�,[C>?� ζ, c dK,K|L, dK,∂K∩∂Ω ≥ ζh.
m&DVf' ∆t, tn = n∆t, 0 ≤ n ≤ N % tN = T . ] ϕn = ϕ(tn).
∀K ∈ Th, . ηK $,*A"� ∂K %*78+/��2 (1.1a),(1.1b) 3 Green dXL∫

∂K/∂Ω

u · ηKdγ = −
∫

∂K/∂Ω

a(c)∇p · ηKdγ =
∫

K

qdx −
∫

∂K∩∂Ω

gdγ. (2.1)

. Pn
K , Cn

K �($, tn &kC*A K ?���'�&%Z41� Un
K,L $, tn &kC

�f*A K � L l�%@n Darcy -&�0���� (1.1a),(1.1b) % @+ETX'

∑
L∈N(K)

m(K|L)Un
K,L =

∫
K

qndx −
∫

∂K∩∂Ω

gndγ, K ∈ Th. (2.2a)

Un
K,L = −a(C)n

K|L
Pn

L − Pn
K

dK|L
, K ∈ Th, (2.2b)

��

a(C)n
K|L =

a(xK , Cn
K)dL,K|L + a(xL, Cn

L)dK,K|L
dK|L

.

mn (1.6), )
∑

K∈Th

m(K)Pn
K = 0.

2 (1.2) .3 Green dXL∫
K

φ
∂c

∂t
dx +

∫
∂K/∂Ω

(cu − D∇c) · ηKdγ +
∫

∂K∩∂ΓO

cgdγ

= −
∫

∂K∩∂ΓI

cIgdγ +
∫

K

(qcI − qc)dx. (2.3)

) φK = 1
m(K)

∫
K φdx, ! L ∈ N(K) &�] DK|L = 1

m(K|L)

∫
K|L D(x)dγ, . Cn+1

K|L $,
J2[h� Cn+1 = {Cn+1

K } C�* K|L )%WU1�

Cn+1
K|L =

{
Cn+1

K , IUn+1
K,L ≥ 0,

Cn+1
L , IUn+1

K,L < 0,
(2.4)

�� I '��&D%J1G;�3. IUn+1
K|L = 2Un

K|L − Un−1
K|L , n ≥ 1; IUn+1

K|L = U0
K|L, n = 0.

]

Fn+1
K,L = −m(K|L)

dK|L
(Cn+1

L − Cn+1
K ). (2.5)

iC2?@:^�h�! L ∈ N(K) &�

Un
K,L = −Un

L,K, Fn
K,L = −Fn

L,K , Cn
K|L = Cn

L|K , DK|L = DL|K . (2.6)
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) δϕn = ϕn − ϕn−1, ∂tϕ
n = δϕn

∆t . 0��'�&�� (1.2) % @+ETX'

m(K)φK∂tC
n+1
K +

2
3

∑
L∈N(K)

(
m(K|L)Cn+1

K|LIUn+1
K,L + DK|LFn+1

K,L

)

+
2
3
Cn+1

K

∫
∂K∩∂ΓO

gn+1dγ

=
1
3
m(K)φK∂tC

n
K − 2

3

∫
∂K∩∂ΓI

cn+1
I gn+1dγ

+
2
3

∫
K

(
qn+1cn+1

I − qn+1ICn+1
K

)
dx, K ∈ Th. (2.7)

'6oLoj%4G�k�Zl-:,p1 {C0
K , C1

K}, )
C0

K = c0(xK), K ∈ Th; (2.8a)

m(K)φK∂tC
1
K +

∑
L∈N(K)

(
m(K|L)C1

K|LU0
K,L + DK|LF 1

K,L

)
+ C1

K

∫
∂K∩∂ΓO

g1dγ

= −
∫

∂K∩∂ΓI

c1
Ig

1dγ +
∫

K

(
q1c1

I − q1C0
K

)
dx, K ∈ Th. (2.8b)

��- (2.2),(2.7)� (2.8)%4GVm!`̀ \2 (2.8a),(2.2a),(2.2b)4G {C0
K , P 0

K , U0
K,L},

pÆ5qQÆj6 (2.8b), BL {C1
K}; j {Cn−1

K , Cn
K} nh�02 (2.2a),(2.2b) oSB.

{Pn−1
K , Pn

K}, {Un−1
K,L , Un

K,L}, j6 (2.7) B. {Cn+1
K }. k?@Vm�BLe J2/#

3 =>?@
AB 3.1[13] [C% c %l� �%?� M , c∥∥∥∥2

3
∂cn+1

∂t
− ∂tc

n+1 +
1
3
∂tc

n

∥∥∥∥
0

≤ M∆t2. (3.1)

AB 3.2 b R !�I� N %h#>j��0

∆t

R−1∑
n=1

(∂tϑ
n
K)ϑn+1

K ≤ 3
2

R−1∑
n=1

(δϑn+1
K )2 + (ϑR

K)2 + M
[
(ϑ1

K)2 + (ϑ0
K)2

]
. (3.2)

C

∆t

R−1∑
n=1

(∂tϑ
n
K)ϑn+1

K =
R−1∑
n=1

(δϑn
K)ϑn

K +
R−1∑
n=1

(δϑn
K)(δϑn+1

K )

=
1
2

[
R−1∑
n=1

(δϑn
K)2 + (ϑR−1

K )2 − (ϑ0
K)2

]
+

R−1∑
n=1

(δϑn
K)(δϑn+1

K )

≤
R−1∑
n=1

(δϑn
K)2 + (δϑR

K)2 + (ϑR
K)2 − 1

2
(ϑ0

K)2 +
1
2

R−1∑
n=1

(δϑn+1
K )2

=
3
2

R−1∑
n=1

(δϑn+1
K )2 + (δϑ1

K)2 + (ϑR
K)2 − 1

2
(ϑ0

K)2

≤ 3
2

R−1∑
n=1

(δϑn+1
K )2 + (ϑR

K)2 + M
[
(ϑ1

K)2 + (ϑ0
K)2

]
.
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) πn(x) = πn
K = Pn

K − pn(xK), ϑn(x) = ϑn
K = Cn

K − cn(xK), x ∈ K, K ∈ Th. . ηK|L $
,*A K C"� K|L %*78+/��2 (2.2a), (2.2b) � (2.1) L

−
∑

L∈N(K)

m(K|L)a(C)n
K|L

πn
L − πn

K

dK|L

= −
∑

L∈N(K)

∫
K|L

(
a(cn) − a(xK , cn(xK))dL,K|L + a(xL, cn(xL))dK,K|L

dK|L

)
∇pn · ηK|Ldγ

+
∑

L∈N(K)

∫
K|L

(
a(C)n

K|L − a(xK , cn(xK))dL,K|L + a(xL, cn(xL))dK,K|L
dK|L

)
∇pn · ηK|Ldγ

+
∑

L∈N(K)

a(C)n
K|L

∫
K|L

(
−∇pn · ηK|L +

pn(xL) − pn(xK)
dK|L

)
dγ

=
3∑

i=1

αi. (3.3)

�O=�� (3.3) m. πn
K r��� K ∈ Th B�� D?�EB�dX�L

∑
K∈Th

1
2

∑
L∈N(K)

a(C)n
K|L

m(K|L)
dK|L

(πn
K − πn

L)2 =
3∑

i=1

∑
K∈Th

αiπ
n
K . (3.4)

2, 2h
∑

K∈Th

∑
L∈N(K)

m(K|L)dK|L ≤ M
∑

K∈Th

m(K). >
∑

K∈Th

∑
L∈N(K)

m(K|L)dK|L ≤ Mm(Ω),

�!��"�pqB�r�S? a(x, c) % Lipschitz \]'.3 Young �hXL

3∑
i=1

∑
K∈Th

αiπ
n
K ≤ M{b∗, ‖c‖L∞(W 1,∞), ‖p‖L∞(W 1,∞)}h2 + M{b∗, ‖p‖L∞(W 1,∞)}‖ϑn‖2

0

+M{a∗, ‖p‖L∞(W 2,∞)}h2 + ε
∑

K∈Th

∑
L∈N(K)

m(K|L)
dK|L

(πn
K − πn

L)2. (3.5)

2 (3.4) � (3.5), ,rM a(C)n
K|L ≥ a∗ > 0, mU!R% ε �L

∑
K∈Th

∑
L∈N(K)

m(K|L)
dK|L

(πn
K − πn

L)2 ≤ M(h2 + ‖ϑn‖2
0). (3.6)

Æ*W^'�&��#] F
n

K,L = −m(K|L)
dK|L

(cn(xL) − cn(xK)). 2 (2.3) � (2.7) L

m(K)φK∂tϑ
n+1
K +

2
3

∑
L∈N(K)

(
m(K|L)ϑn+1

K|LIUn+1
K,L + DK|L(Fn+1

K,L − F
n+1

K,L)
)

+
2
3
ϑn+1

K

∫
∂K∩∂ΓO

gn+1dγ

=
1
3
m(K)φK∂tϑ

n
K +

∫
K

φ∂t

[
cn+1 − cn+1(xK)

]
dx

−1
3

∫
K

φ∂t

[
cn − cn(xK)

]
dx +

∫
K

φ

(
2
3

∂cn+1

∂t
− ∂tc

n+1 +
1
3
∂tc

n

)
dx

−2
3

∑
L∈N(K)

∫
K|L

D(x)

[
∇cn+1 · ηK|L +

F
n+1

K,L

m(K|L)

]
dγ
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+
2
3

∑
L∈N(K)

IUn+1
K,L

∫
K|L

(
cn+1 − cn+1

K|L
)
dγ

+
2
3

∑
L∈N(K)

∫
K|L

(
un+1 · ηK|L − IUn+1

K,L

)
cn+1dγ

+
2
3

∫
∂K∩∂ΓO

[cn+1 − cn+1(xK)]gn+1dγ +
2
3

∫
K

qn+1(cn+1 − ICn+1
K )dx

=
9∑

i=1

βi, (3.7)

�� ϑn+1
K|L = Cn+1

K|L − cn+1
K|L, > cn+1

K|L = cn+1(xK), IUn+1
K,L ≥ 0, cn+1

K|L = cn+1(xL), IUn+1
K,L < 0.

q (3.7) �nm. ∆tϑn+1
K r�� K ∈ Th, n ∈ [1, R − 1], R ≤ N B�#2s2 3.2 h

R−1∑
n=1

∑
K∈Th

β1∆tϑn+1
K ≤ 1

2

R−1∑
n=1

∑
K∈Th

m(K)φK(δϑn+1
K )2

+
1
3

∑
K∈Th

m(K)φK(ϑR
K)2 + Mφ∗(‖ϑ1‖2

0 + ‖ϑ0‖2
0). (3.8)

S?s2 3.1 .3 Young �hXL

R−1∑
n=1

∑
K∈Th

(β2 + β3 + β4)∆tϑn+1
K ≤ M{‖c‖H1(W 1,∞)}

(
h2 + ∆t4 + ∆t

R−1∑
n=1

‖ϑn+1‖2
0

)
. (3.9)

2� ∣∣∣∣∣∇cn+1 · ηK|L +
F

n+1

K,L

m(K|L)

∣∣∣∣∣ ≤ M‖c‖L∞(W 2,∞)h,

? ∣∣∣∣∣
R−1∑
n=1

∑
K∈Th

β5∆tϑn+1
K

∣∣∣∣∣
=

∣∣∣∣∣∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

∫
K|L

D(x)

[
∇cn+1 · ηK|L +

F
n+1

K,σ

m(K|L)

]
dγ(ϑn+1

K − ϑn+1
L )

∣∣∣∣∣
≤ MD∗h2 + ε∆t

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

DK|L
m(K|L)

dK|L
(ϑn+1

K − ϑn+1
L )2. (3.10)

) ΩK,K|L =
{
txK + (1 − t)x, x ∈ K|L, t ∈ [0, 1]

}
, ] ΩK|L = ΩK,K|L ∪ ΩL,K|L. 2s:2L

∑
K∈Th

∑
L∈N(K)

∫
K|L

(
cn+1 − cn+1

K|L
)2dγ

≤ M
∑

K∈Th

∑
L∈N(K)

‖cn+1 − cn+1
K|L‖L2(ΩK|L)‖cn+1 − cn+1

K|L‖H1(ΩK|L)

≤ M‖c‖2
L∞(W 2,∞)h

2
∑

K∈Th

∑
L∈N(K)

m(ΩK|L)

≤ Mh2.
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S?ER�hX� (2.2b), (3.6) .3, 2 L

R−1∑
n=1

∑
K∈Th

β6∆tϑn+1
K

=
∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

∫
K|L

IUn+1
K,L

(
cn+1 − cn+1

K|L
)
(ϑn+1

K − ϑn+1
L )dγ

≤ Ma∗‖c‖2
L∞(W 1,∞)∆t

R∑
n=0

∑
K∈Th

∑
L∈N(K)

m(K|L)
∣∣∣∣πn

L − πn
K

dK|L

∣∣∣∣h2 + Ma∗‖p‖L∞(W 1,∞)h
2

+ε∆t
R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)|IUn+1
K,L |(ϑn+1

K − ϑn+1
L )2.

>2 (3.6) .3, 2 WT%>0'�h

∑
K∈Th

∑
L∈N(K)

m(K|L)
∣∣∣∣πn

L − πn
K

dK|L

∣∣∣∣h2

≤ 1
2

∑
K∈Th

∑
L∈N(K)

m(K|L)
dK|L

(πn
L − πn

K)2 +
1
2

∑
K∈Th

∑
L∈N(K)

m(K|L)
dK|L

h4

≤ M(h2 + ‖ϑn‖2
0) +

M

ζ2

∑
K∈Th

∑
L∈N(K)

m(K|L)dK,K|Lh2

≤ M(h2 + ‖ϑn‖2
0) + M{ζ, m(Ω)}h2.

2?@�R�hX�L

R−1∑
n=1

∑
K∈Th

β6∆tϑn+1
K ≤ M

(
h2 + ∆t

R∑
n=0

‖ϑn‖2
0

)

+ε∆t

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)|IUn+1
K,L |(ϑn+1

K − ϑn+1
L )2. (3.11)

pÆ5Z4_ β7 %+#,rM (2.1) � (2.2a) �L

R−1∑
n=1

∑
K∈Th

β7∆tϑn+1
K

=
2∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

∫
K|L

(un+1 − Iun+1) · ηK|Lcn+1dγϑn+1
K

+
2∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)I
[
a(C)n+1

K|L
πn+1

L − πn+1
K

dK|L

]
(cn+1 − cn+1(xK))dγϑn+1

K

+
2∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

∫
K|L

I

[
un+1 · ηK|L + a(C)n+1

K|L
pn+1(xL) − pn+1(xK)

dK|L

]

·(cn+1 − cn+1(xK))dγϑn+1
K

= β71 + β72 + β73.
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oSZ4 β71, β72, β73. 2 Holder �hX.3s:2�h

β71 ≤ M{‖u‖W 2,∞(W 1,∞), ‖c‖L∞(W 1,∞), m(Ω)}
(

t4 + ∆t

R−1∑
n=1

‖ϑn+1‖2
0

)
.

2, 2 �h h ≤ dK|L
2ζ ,

∑
L∈N(K)

m(K|L)dK|L ≤ Mm(K). S? (3.6) �h

β72 ≤ M{a∗, ‖c‖L∞(W 1,∞)}∆t

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)
dK|L

[I(πn+1
K − πn+1

L )]2

+M∆t

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)
dK|L

(hϑn+1
K )2

≤ M

(
h2 + ∆t

R−1∑
n=0

‖ϑn‖2
0 + ∆t

R−1∑
n=1

‖ϑn+1‖2
0

)
.

2 a(x, c) % Lipschitz \]'.3 Young �hX�In?X 

β73 ≤ M{a∗, b∗, m(Ω), ζ, ‖c‖L∞(W 1,∞), ‖p‖L∞(W 2,∞)}
(

h2 + ∆t

R−1∑
n=0

‖ϑn‖2
0 + ∆t

R−1∑
n=1

‖ϑn+1‖2
0

)
.

�!
R−1∑
n=1

∑
K∈Th

β7∆tϑn+1
K ≤ M

(
h2 + ∆t

R−1∑
n=0

‖ϑn‖2
0 + ∆t

R−1∑
n=1

‖ϑn+1‖2
0

)
. (3.12)

,rM x ∈ ΓO &� g ≥ 0, D? Young �hX�s:2�L
R−1∑
n=1

∑
K∈Th

β8∆tϑn+1
K ≤ M{‖u‖L∞(L∞(∂Ω)), ‖c‖L∞(W 2,∞)}h2

+ε∆t

R−1∑
n=1

∑
K∈Th

∫
∂K∩ΓO

gn+1dγ(ϑn+1
K )2, (3.13)

R−1∑
n=1

∑
K∈Th

β9∆tϑn+1
K ≤ Mq∗

(
‖c‖2

H2(L2)∆t4 + ‖c‖2
L∞(W 1,∞)h

2 + ∆t

R∑
n=0

‖ϑn‖2
0

)
. (3.14)

pÆ5Y]� (3.7) %Dn+.BZ4#`\,rM ϑn+1
K = 1

2 (δϑn+1
K + ϑn+1

K + ϑn
K), 0

∆t

R−1∑
n=1

∑
K∈Th

m(K)φK(∂tϑ
n+1
K )ϑn+1

K

≥ 1
2

∑
K∈Th

m(K)φK(ϑR
K)2 − φ∗

2
‖ϑ1‖2

0 +
1
2

R−1∑
n=1

∑
K∈Th

m(K)φK(δϑn+1
K )2. (3.15)

S?�EB�dX�L

2∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

DK|L(Fn+1
K,L − F

n+1

K,L)ϑn+1
K

=
∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

DK|L
m(K|L)

dK|L
(ϑn+1

K − ϑn+1
L )2. (3.16)
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] ϑn+1
K|L = ϑn+1

L , IUn+1
K,L ≥ 0; ϑn+1

K|L = ϑn+1
K , IUn+1

K,L < 0, 0

2∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)IUn+1
K,L ϑn+1

K|Lϑn+1
K

=
∆t

6

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)|IUn+1
K,L |

(
(ϑn+1

K|L − ϑn+1
K|L)2 +

[
(ϑn+1

K|L)2 − (ϑn+1
K|L)2

])

=
∆t

6

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)|IUn+1
K,L |(ϑn+1

K − ϑn+1
L )2

+
∆t

3

R−1∑
n=1

∑
K∈Th

(ϑn+1
K )2

( ∑
L∈N(K)

m(K|L)IUn+1
K,L

)
.

2 (2.2a) �h
∑

L∈N(K)

m(K|L)IUn+1
K,L =

∫
K Iqn+1dx− ∫∂K∩∂Ω Ign+1dγ. ! h = O(∆t2) &�S

?, 2 h� m(∂K ∩ ∂Ω)∆t2 ≤ Mm(K), ,rM |gn+1 − Ign+1| ≤ M∆t2, �!

2∆t

3

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)IUn+1
K,L ϑn+1

K|Lϑn+1
K

+
2∆t

3

R−1∑
n=1

∑
K∈Th

∫
∂K∩ΓO

gn+1dγ(ϑn+1
K )2

≥ ∆t

6

R−1∑
n=1

∑
K∈Th

∑
L∈N(K)

m(K|L)|IUn+1
K,L |(ϑn+1

K − ϑn+1
L )2

−M{q∗, ‖u‖W 2,∞(L∞(∂Ω))}∆t
R−1∑
n=1

‖ϑn+1‖2
0

−∆t

3

R−1∑
n=1

∑
K∈Th

∫
∂K∩ΓI

gn+1dγ(ϑn+1
K )2

+
∆t

3

R−1∑
n=1

∑
K∈Th

∫
∂K∩ΓO

gn+1dγ(ϑn+1
K )2. (3.17)

2 (3.8)–(3.17)  mU!R% ε, ,rM φK ≥ φ∗, DK|L ≥ 0, gn+1 ≥ 0, x ∈ ΓO .3

gn+1 < 0, x ∈ ΓI , L

‖ϑR‖2
0 ≤ M

(
∆t4 + h2 + ∆t

R−1∑
n=1

‖ϑn+1‖2
0 + ‖ϑ1‖2

0 + ‖ϑ0‖2
0

)
. (3.18)

D? Gronwall s2�h

‖ϑR‖2
0 ≤ M

(
∆t4 + h2 +

∑
K∈Th

m(K)(C1
K − c1(xK))2 +

∑
K∈Th

m(K)(C0
K − c0(xK))2

)
. (3.19)

� (2.3) � (2.8b) .BIn�F��h
∑

K∈Th

m(K)(C1
K − c1(xK))2 ≤ M(∆t4 + h2). >2

(2.8a) �h C0
K − c0(xK) = 0. ,rM R !I� 1 �_t N %hr>��02 (3.6) � (3.19)

hÆ@:2]u#
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9B 3.1 �� @+ETX (2.2),(2.7),! h = O(∆t2) %,1 {C0
K , C1

K}2 (2.8a),(2.8b)
-:&�[C?� M % u, p, c %l� ���� 0 ≤ n ≤ N ,  

[ ∑
K∈Th

m(K)(Cn
K − cn(xK))2

] 1
2

+

⎡
⎣ ∑

K∈Th

∑
L∈N(K)

m(K|L)
dK|L

([Pn
K − Pn

L ] − [pn(xK) − pn(xL)])2

⎤
⎦

1
2

≤ M(∆t2 + h).

< 3 :2 3.1 !.J2% L2  �J2% H1  [9,11,13] $,�D%O=Z4#

4 EFGH
WvW^�R�1Gw�o#R!>:%���2���opR!@>:��� %�

pU+oqrx�]'#RsR���#��?@�R���+: Darcy -& u nh�$ 1 �
$ 2 �(-.C�A%&CVfÆ*V (q = 1) ��V (q = 2)  @+ETX%O=Z4�
��o 2, 3 y$,�DTXCe &Dq?%II%J2 L2  O=�>o 4, 5 y$,e 
vO%II��O=#

� 1 �	 (4.1) 	r�������	�� L2 ����	gJs�t���	

q = 1 q = 2 q = 1 q = 2

h =
π

24
, ∆t =

1

10
0.031700 0.014896 3.61% 2.52%

h =
π

36
, ∆t =

1

20
0.016658 0.008999 2.32% 1.75%

h =
π

48
, ∆t =

1

30
0.010533 0.006272 1.67% 1.29%

h =
π

64
, ∆t =

1

50
0.005503 0.004895 1.12% 0.88%

� 2 �	 (4.2) 	r�������	�� L2 ����	gJs�t���	

q = 1 q = 2 q = 1 q = 2

h =
π

24
, ∆t =

1

10
0.049625 0.046958 5.68% 5.19%

h =
π

36
, ∆t =

1

20
0.033721 0.032239 4.00% 3.75%

h =
π

48
, ∆t =

1

30
0.025673 0.024722 3.16% 2.92%

h =
π

64
, ∆t =

1

50
0.019276 0.018904 2.38% 2.25%
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`\�W^"Æ>:���2��⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂c

∂t
+ ∇ · [cu −∇c] = etsin(x1 + x2) + 3etsinx1sinx2, x ∈ Ω , t ∈ (0, 1],

c(x, 0) = sinx1sinx2, x ∈ Ω ,

(cu −∇c) · η = 0, x ∈ ΓI ,

∇c · η = 0, x ∈ ΓO,

(4.1)

�� u(x, t) = (1, 1)T,Ω = (π
4 , π

2 ) × (π
4 , π

2 ), [a/ c = etsinx1sinx2, <?i!Q�#
�S�W^Æ*%#UsR���

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂c

∂t
+ ∇ · (cu) = etsin(x1 + x2) + c, x ∈ Ω , t ∈ (0, 1],

c(x, 0) = sinx1sinx2, x ∈ Ω ,

cu · η = cIu · η, x ∈ ΓI ,

(4.2)

�� u(x, t) = (1, 1)T,Ω = (π
4 , π

2 ) × (π
4 , π

2 ),  %! x1 = π
4 &�,6t& cI =

√
2

2 etsinx2; !
x2 = π

4 &� cI =
√

2
2 etsinx1, [a/ c = etsinx1sinx2, uC0i!Q�#
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ANALYSIS OF MULTISTEP FINITE VOLUME METHODS FOR

POSITIVE SEMIDEFINITE PROBLEM OF TWO-PHASE

INCOMPRESSIBLE FLOW

Yang Min

(School of Mathematics and Information Science, Yantai University, Yantai 264005)

Yuan Yirang

(School of Mathematics and Systems Science, Shandong University, Jinan 250100)

Abstract The multidimensional positive semidefinite problem of two-phase incompress-
ible flow in porous media with initial-boundary conditions is considered here. The equations are
discretized by multistep upwind finite volume methods on unstructured meshes. It is proved
that the error estimates in discrete norms are of order O(∆t2 + h), where ∆t denotes the time
step and h denotes the space step. Numerical examples are given at the end to show the
efficiency of the method.

Key words Positive semidefinite problem, unstructured meshes, multistep methods,
upwind finite volume scheme, error estimates.
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