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1 <=>?@
-012./01)2 F 34*5A63+B, α1, α2, · · · , αr 3 F 7+-88, f 3

F (α1, α2, · · · , αr) 7+./409:,-0;<5 f C F (α1, α2, · · · , αr) 76=>D17,
28?331749 [1], α1, α2, · · · , αr :.E./5:F@;4A

(∗) ASr :

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f1(y1) = 0, 6G y1 6 d1 7,

f2(y1, y2) = 0, 6G y2 6 d2 7,

...

fr(y1, y2, · · · , yr) = 0, 6G yr 6 dr 7,

-0:.C fi, (i ≤ r) +8:HB< y1, y2, · · · , yr, CD093 F H+IE:= [2]. />
-0?2 α1, α2, · · · , αr +4A09:+8:5;J/I y1, y2, · · · , yr.

* �@ “973” FA (2004318000) KL<
G=BC>2004-04-16, G?H@=BC>2005-05-30.
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/>+F*L93-8H+ÆAGB:6MCHCMDE:-0FGHHNNOP [3].
OP 1.1 2 F 65A63+B: α1, α2 6 F 7+-8I:QIIRQ* c R:

θ = α2 + cα1 6 α1, α2 +ASI:J F (θ) = F (α1, α2).
T 2 f, g ∈ F [x] 1J6 α1, α2 +4A09:: K ⊃ F [α1, α2] 6 fg +4*1KB:

2 f L g C K H+331J6 a1, a2, · · · , am L b1, b2, · · · , bn, HH a1 = α1, b1 = α2. KM
SF*U8K (i, j) �= (k, l)(i, k ≤ m, j, l ≤ n), DL tai + bj = tak + bl V0R4*7:T
t �= 0, Q t = bl−bj

ai−ak
V0R m(m−1)n(n−1)

2 *:NW,O h(t) =
∏

(i,j) �=(k,l)

[t(ai − ak) + (bj − bl)]

EG F 3UQBM5A63N:OIIRQ* c ∈ F R::PP c, CQ θ = α2 + c1α1, H
H c ∈ F 5QXDL h(t) = 0. />YR F [θ] = F [α1, α2]. O p(x) = g(θ − cx) ∈ F [θ][x], Q
p(α1) = 0, RE c +PC: f L p ZR4*ST33 α1, E f +5:FN α 6 f +.33:

O GCD(f, p) = (x − α1) ∈ F [θ][x], UR α1 ∈ F [θ], >V α2 = θ − cα1 ∈ F [θ].
OP 1.2 2 F 65A63+B:α1, α2, · · · , αr 6 F 7+-8I:QWC F (α1, α2, · · · , αr)

+1KB F 7+09: v(x1, x2, · · · , xr−1), CQSB v(a1, a2, · · · , ar−1) �= 0, Q θ = αr +
ar−1αr−1 + · · · + a1α1 3 α1, α2, · · · , αr +ASI,

T MXTC:K r [XT, r=1V:WUV1YW,/2 r = k VV1YW,Q r = k+1
V:O θ = αk+1 +akαk + · · ·+a1α1, 1X\XYYZ, (1) ak = 0; (2) ak �= 0(ak−1

ak
, · · · , a1

ak
)

QXXT?2QP+-8DL fk(ak−1
ak

, · · · , a1
ak

) = 0, <1[\QP f
′
k(a1, a2, · · · , ak) = 0;

(3) ak �= 0, fk(ak−1
ak

, · · · , a1
ak

) �= 0, Q] γ = αk + ak−1
ak

αk−1 + · · ·+ a1
ak

α1, γ Z6 α1, α2, · · · , αk +

ASI:F (γ) = F (α1, α2, · · · , αk). Q θ = αk+1 +akγ, 2 γ, αk+1 +4A09:1J6 f, g Q
fg C F 71K:2 f, g C F H+331J6 p1, p2, · · · , pm L q1, q1, · · · , qn, HH p1 = γ, q1 =
αk+1,QEL9 1.1+YR]:[ ak QX ∏

(i,j) �=(k,l)

[ak(pi−pk)+(qj−ql)] �= 0V:θ = αk+1+akγ

3 αk+1, γ +ASI:HH pi, qj(i ≤ m, j ≤ n) 6 F 76G a1, a2, · · · , ak−1 +-8I,^^
_X\XY:O fk+1(a1, a2, · · · , ak) = ak ∗ f

′
k(a1, a2, · · · , ak) ∗ ∏

(i,j) �=(k,l)

[ak(pi − pk) + (qj − ql)],

QK (a1, a2, · · · , ak) CQ θ = αk+1 + akαk + · · · + a1α1 53ASI:Q (a1, a2, · · · , ak) ZQ
XDL fk+1(a1, a2, · · · , ak) = 0, Y\,

OP 1.3 2 F 65A6 0 +B: y1, y2, · · · , yr 6 F 7+-8I: [F (y1, y2, · · · , yr) :
F ] = s, θ ∈ F (y1, y2, · · · , yr) _ [F (θ) : F ] = s, Q θ 6 y1, y2, · · · , yr +ASI,J F (θ) =
F (y1, y2, · · · , yr).

T M]YC,WUR F (θ) ⊆ F (y1, y2, · · · , yr). 2WC β ∈ F (y1, y2, · · · , yr), β /∈ F (θ),
Q [F (θ, β) : F ] ≤ [F ((y1, y2, · · · , yr)) : F ] = s. >6 β /∈ F (θ), Z. [F (θ, β) : F (θ)] = p > 1. O
[F (θ, β) : F ] = [F (θ, β) : F (θ)] ∗ [F (θ) : F ] = p ∗ s > s`^,Z. F (θ) = F (y1, y2, · · · , yr).

/>-012E5:F@;4A+-8I y1, y2, · · · , yr. 2 ASr 3E r *09:`Y+
5:F@; ASr, 12 y1, y2, · · · , yr KÆB F +ASI θ, θ = a1y1 + · · · + ar−1yr−1 + yr. E
L9 1.2, IQXa*-8DL v(a1, a2, · · · , ar−1) = 0 + a1, a2, · · · , ar−1 R: θ 6ASI,

K P ∈ F (y1, y2, · · · , yr)[y] -0]

R = res(P, ASr), (1)

_6 P K ASr +G::HH res(P, fr , yr) 609: P a fr 6G yr +G:,

-02ÆB6 F , F = Q bb Q(u1, u2, · · · , ud), HH u1, u2, · · · , ud 6[4I:QE
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G ASr 5:F:O [F (y1, y2, · · · , yr) : F ] = d1d2 · · · dr. EL9 1.3, SB θ 6ASI:Q
[F (θ) : F ] = d1d2 · · · dr.

OP 1.4 CM.7L\+bd: θ = a1y1 + · · · + ar−1yr−1 + yr 6ASI[_e[
g(θ) = res(θ − a1y1 − · · · − ar−1yr−1 − yr, ASr) 6 d1d2 · · · dr 7+_5:F,

T “=⇒”. ]^ g(θ) = res(θ − a1y1 + · · · + ar−1yr−1 + yr, ASr) 6G θ +78_

GcG d1d2 · · · dr. MXTCYd:K r [XT: r = 1 V7PGZWUYW:2 r =
k VGZYW:Q r = k + 1 V g(θ) = res(θ − a1y1 − a2y2 − · · · − ak+1yk+1, ASk+1) =
res(res(· · · res(θ − a1y1 − a2y2 − · · · − ak+1yk+1, fk+1, yk+1), · · · , f2, y2), f1, y1). EXT?2
g

′
(θ, y1) = res(· · · res(θ− a1y1 − a2y2 − · · ·− ak+1yk+1, fk+1, yk+1), · · · , f2, y2). 6G θ 78_G
cG d2d3 · · ·dk+1, O g(θ) = res(g

′
(θ, y1), f1, y1) + Sylvester fe6G θ +`8TR d1 =:

126G θ +fd79:Df0ZNef d1 7:O g(θ) 6G θ +785dG d1d2 · · · dk+1.
T θ = a1y1 + · · · + ar−1yr−1 + yr 6ASI:Q g(θ) 6G θ +78Z6 d1d2 · · ·dk+1 _5:

F,
g ⇐= hT g(θ) = res(θ − a1y1 − · · · − ar−1yr−1 − yr, ASr) 6 d1d2 · · · dr 7+_5:F:

QEL9 1.3, g(θ) Z6 d1d2 · · ·dr 7+_5:F:Y\,
KMS+ F (y1, y2, · · · , yr)[y] 7+09: f(y, y1, y2, · · · , yr), 2 f 6UgD>D+,EG

θ 6 y1, y2, · · · , yr +ASI:O y1, y2, · · · , yr :E θ +09:ia,J:5 f(y, y1, y2, · · · , yr)
bY f(y, θ). EL9 1.4, θ +4A09:6 g(θ) = res(θ − a1y1 − a2y2 − · · · − yr, ASr). QE
[4] ]: res(f, g, x) = (−1)deg(f,x)∗deg(g,x)Init(f)deg(f,x)

∏
α:g(α)=0

f(α), HH Init(f) ia f 6G
x +]9`8,OCcj F H+4*IE/:

g(θ) =
∏

[y1,y2,···,yr]:ASr=0

(θ − a1y1 − a2y2 − · · · − aryr).

E Trager +MC [5] :]:IIRQ* c R: R
′
= res(f(y + cθ, θ), g(θ), θ) 6UgD>

D+:k_T R
′ C F [y] 7+dh176 R

′
=

∏
i

R
′
i, Q

f(y, θ) =
∏

i

GCD(R
′
i, f(y + cθ, θ))|y=y−cθ

6 f C F (θ) 7+dh17:e6 F (y1, y2, · · · , yr) 7+dh17,HH GCD ia F [θ][y] H
+flS>D,

-0fi7gjhmI4* f(y, y1, · · · , yr) +17MC:n;<5 yi M θ ia:>R5

ifM:/>FG4*gk17MC,
2 θ = a1y1 + a2y2 + · · · + ar−1yr−1 + yr 6ASI,

f(y, y1, y2, · · · , yr)|y=y+cθ = f(y + ca1y1 + ca2y2 + · · · + cyr, y1, y2, · · · , yr)
= f(y + c1y1 + c2y2 + · · · + cryr, y1, y2, · · · , yr),

HH ci = cai, i = 1, 2, · · · , r − 1, cr = c, c �= 0 6CQ R
′
6UgD>D+o8,

/>] θ = c1y1 + c2y2 + · · · + cryr, EG θ 6ASI: yi :.E θ ia:R
h(y + θ, θ) = f(y, y1(θ), y2(θ), · · · , yr(θ))|y=y+c1y1(θ)+c2y2(θ)+···+cryr(θ). (2)
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hP 1.5 2 (y1, y2, · · · , yr) 6 F 7+-8I: f(y, y1, · · · , yr) ∈ F (y1, y2, · · · , yr)[y] 6
y +UgD>D+09:: θ = c1y1 + c2y2 + · · · + cryr 6 y1, y2, · · · , yr +ASI:_CQ
R

′
= res(h(y + θ, θ), g(θ), θ) 6UgD>D+:HH h(y + θ, θ) E (2) 4A:QCcj F 7+

4*IE/ R = R
′
, HH R E (1) 4A,

T -0M “=” iaFbCcj F 7+IE/cc,
R = res(f, ASr)|y=y+c1y1+c2y2+···+cryr

= res(· · · res(res(f(y + c1y1 + c2y2 + · · · + cryr, y1, y2, · · · , yr), fr, yr), fr−1, yr−1), · · · , f1, y1)

= res
(
· · · res

( ∏
yr :fr(y1,···,yr−1,yr)=0

f(y + c1y1 + c2y2 + · · ·+

cr−1yr−1 + cryr, y1, y2, · · · , yr), fr−1, yr−1

)
, · · · , f1, y1

)

= · · ·
=

∏
y1:f1(y1)=0

∏
y2:f2(y1,y2)=0

· · ·
∏

yr :fr(y1,y2,···,yr)=0

f(y + c1y1 + c2y2 + · · · + cryr, y1, y2, · · · , yr)

∆=
∏

[y1,y2,···,yr]:ASr=0

f(y + c1y1 + c2y2 + · · · + cryr, y1, y2, · · · , yr).

R
′
= res(h(y + θ, θ), g(θ), θ)

= res(f(y + θ, y1(θ), y2(θ), · · · , yr(θ)), g(θ), θ)

=
∏

θ:g(θ)=0

f(y + θ, y1(θ), y2(θ), · · · , yr(θ))

=
∏

[y1,y2,···,yr]:ASr=0

f(y + c1y1 + c2y2 + · · · + cryr, y1, y2, · · · , yr).

HHf\4*c:3>6Ccj F 7+4*>D/: g(θ) = res(θ − c1y1 − c2y2 − · · · −
cryr, ASr) =

∏
[y1,y2,···,yr]:ASr=0

(θ − c1y1 − c2y2 − · · · − cryr). Z.R R = R
′
, Y\,

Dp (∗): ^P ar−1 +

(

r−1∏
i=1

di)(

r−1∏
i=1

di+1)(

r∏
i=1

di)(

r∏
i=1

di+1)

2 + 1 *q3WÆU\iP ar−2 +

(
r−2∏
i=1

di)(
r−2∏
i=1

di+1)(
r−1∏
i=1

di)(
r−1∏
i=1

di+1)

2 +1 *q3WÆ.Vlj:P a1 +
d1(d1−1)d1d2(d1d2−1)

2 +1 *q
3W (5rP ai 6U8).

OP 1.6 2 ai �= 0, 1 ≤ i ≤ r−1, ASr Em>4A:QKG θ = a1y1+ · · ·+ar−1yr−1+yr,
EDp (∗) kP a1, a2, · · · , ar−1, QIIRQ+`^R:ZNQP θ 6ASI,

T -02 ai �= 0, 1 ≤ i ≤ r − 1, Q θ = a1y1 + · · · + ar−1yr−1 + yr = (· · · ((b1y1 + y2) +
y3)b3 + · · · + yr−1)br−1 + yr, HH bi = ai

ai+1
, ar = 1.

/>-012CQ θ 6ASI+ bi +PW,-0+DC3)C b1, b2, · · · , bk−1, 6CQ
γk = (· · · (b1y1 + y2)b2 + · · · + yk−1)bk−1 + yk) = yk + ak−1

ak
yk−1 + · · · + a1

ak
y1 3 y1, y2, · · · , yk

+ASI+mh/:P bk, CQ γk+1 = (· · · (b1y1 + y2)b2 + · · · + yk−1)bk−1 + yk)bk + yk+1 =
yk + ak

ak+1
yk + · · · + a1

ak+1
y1 6 y1, y2, · · · , yk+1 +ASI,

E7>+YZ] γk C F 7+4A09:6) f(γ) =
∏

[y1,y2,···,yk]:ASk=0

(γ − a1
ak

y1 − · · · −
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ak−1
ak

yk−1 − yk) 6 d1d2 · · ·dk 7+:2 yk+1 C F 7+4A09:6 h(yk+1) =
∏
i

(yk+1 − qi),

O w(yk+1) = res(fk+1, ASk) ∈ F [yk+1], QR h(yk+1)|w(yk+1), >R deg(h, yk+1) ≤
k+1∏
i=1

di.

EL9 1.1 +YR]:V0II
(

k∏
i=1

di)(

k∏
i=1

di+1)(

k+1∏
i=1

di)(

k+1∏
i=1

di+1)

2 *WR: bk :C γk+1

6 y1, y2, · · · , yk+1 +ASI,jEGKGF4+ ai+1, · · · , ar−1, bi a ai 44Kk:O-0
:.slDp (∗) P ai +W,E7>+1l:tn_mW+ZR`^:QZNmP4`
a1, a2, · · · , ar−1, CQ θ = a1y1 + · · · + ar−1yr−1 + yr 6ASI,

2 <=nop
Em>+YZ])K [c1 , c2, · · · , cr], cr �= 0Rn:IIQX4*-8DL v( c1

cr
, · · · , cr−1

cr
) = 0

oRQ* cr R: R 6UgD>D+:k_T R =
∏
i

Ri 6 R C F [y] 7+5:F17:Q

f(y, y1, y2, · · · , yr)

=
∏

i

GCD(Ri, f(y + c1y1 + c2y2 + · · · + cryr, y1, y2, · · · , yr))|y=y−c1y1−c2y2−···−cryr

6 f C F (y1, y2, · · · , yr) 7+dh17,/>FG-0+MC,
qr
o\)-88 (y1, y2, · · · , yr) +5:F4A@; ASr, F (y1, y2, · · · , yr) 7+UgD>D

09: f(y, y1, y2, · · · , yr).
oG) f(y, y1, y2, · · · , yr) C F (y1, y2, · · · , yr) 7+>:17,
u4v)T f 6G y +78_GcG 1, QoG f ; wQslDp (∗) F ai(1 ≤ i ≤ r − 1)

PW:pp res(γ − yr − ar−1yr−1 − · · · − a1y1, ASr) 3w35:F+,T3:QEL9 1.4,
γ = yr + ar−1yr−1 + · · · + a1y1 6 y1, y2, · · · , yr +ASI (jEL9 1.6, :CRQvqQP),
6=/4vÆwQr4` ai, sxu4v,

uyv)P c = ±1,±2, · · ·, T R(y) = res(f, ASr)|y=y+cγ 6UgD>D+:Q] ci =
cai(i ≤ r − 1), cr = c, 6=/4vÆwQr4* c, sxuyv,

uXv)C F (y) 717 R(y), 2 R(y) =
∏
i

Ri(y) 6 R(y) +dh17,

uqv)2 Fi = GCD(Ri, f(y+c1y1+c2y2+· · ·+cryr, y1, y2, · · · , yr))|y=y−c1y1−c2y2−···−cryr

6 Ri a f(y + c1y1 + c2y2 + · · ·+ cryr, y1, y2, · · · , yr) C F [y1, y2, · · · , yr][y] H+flS>D,
2 G1, G2, · · · , Gs 6 Fi 6G y +78lG3+:Q:sM C, D ∈ F [y1, y2, · · · , yr] 6G ASr

Ft:CQ D ∗ f = C ∗ ∏
i

Gi, jE [2], :5 D t6 F 7+o8:]6 f = C ∗ ∏
i

Gi. oG

Gi, C.
MCHuqvMPI-8uBH+ GCDMC:= [1,6].
OP 1.5 ASr = f1, f2, · · · , fr 6 y1, y2, · · · , yr +4A@;: f(y, y1, y2, · · · , yr) ∈

F (y1, y2, · · · , yr)[y], R(y, y1, y2, · · · , yr) = prem(f, fr, yr), Q res(f, fr, yr) a res(R, fr, yr) Z
cj F 7+4*>D,

T ] Ir 6 fr +8:,>6 R = prem(f, fr, yr) = Is
r ∗ f − ∏

i

Q ∗ fr. ] Detpol() 6=
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;:09:v8 (= [7]), deg(f, yr) = sr, deg(fr, yr) = dr, deg(R, yr) = tr Q
res(f, fr, yr) = Detpol(ydr−1

r f, · · · , yrf, f, ysr−1
r fr, · · · , yrfr, fr)

=
1

Is∗dr
r

∗ Detpol(Is
r ydr−1

r f, · · · , Is
r yrf, Is

r f, ysr−1
r fr, · · · , yrfr, fr)

=
1

Is∗dr
r

∗ (Isr−tr
r ) ∗ Detpol(ydr−1

r R, · · · , yrR, R, ytr−1
r fr, · · · , yrfr, fr)

=
1

Is∗dr
r

∗ (Isr−tr
r ) ∗ res(R, fr, yr).

Y\,
E7PL9-04A PRes(A(x), B(x)) ∆= res(prem(A(x), B(x), x), B(x)) QM PRes -r

MCH+ res s:,
/>wtxtz1uv [8] +4*yD

h1 = u3 y1
2 + 2 u1 u2 y1 + 2 u1

2y1 − u3 u1
2,

h2 = u3 y2
2 − 2 u1 u2 y2 + 2 u1

2y2 − u3 u1
2,

h3 = u3 y3
2 − u3

2y3 − u2
2y3 + u1

2y3 − u3 u1
2.

zwV-0C Q(u1, u2, u3, y1) 717 h2, HH y1 +x{09:6 h1, -0M PRes -r
res 6=sM,P c1 = 1, {y h2 C Q(u1, u2, u3, y1) 735:F+,O h1, h2 6 y1, y2 +5

:F@;,
-0sl7PMCvu+u4vP (c1, c2) = (1, 1), E7>] γ = y2 + y1 3 (y1, y2) +

ASI,CuyvP c = 1 z|sM R(y3) 34*UgD>D09:: h = h3|y3=y3+y2+y1 .
uXv:17>: R(y3) = t0t1t2, HH t0 ∈ Q(u1, u2, u3), OZ;<12 t1, t2. uqvsMf
lS>D r1 = GCD(t1, h)|y3=y3−y1−y2 ; r2 = GCD(t2, h)|y3=y3−y1−y2 , QP h3 +F*>D6
r1, r2.

r1 = 5u1
2u2

4y2 + 12u2
2y3u1

4 + 4u3y1
2u1

4 − 14u1
4u2

2y2 − 2u1
2y3u3

4 − 14u2
2y1u1

4

+4u3y2
2u1

4 − 2u3u2
2u1

4 + 6u2
3y1u1

3 + 4u3
3y2

2u1
2 + 5u3

4u1
2y1 + 5u2

4y1u1
2

−12u3
2y3u1

4 + 2u3
3u2

2u1
2 + 5u3

4u1
2y2 + 14u3

2u1
4y2 + 4u3

3y1
2u1

2 − 2u2
4y3u1

2

−5u2y1u1
5 + 14u3

2y1u1
4 + 5u2y2u1

5 − 6u2
3y2u1

3 + u1u2
5y2 + u3

5y2y1 − u2
5y1u1

−4u3
2u2

2y3u1
2 − 4u3

3y3y1u1
2 + u3u2

4y2y1 + u3u1
4y1y2 + u3

4u1u2y2 − u2u3
4y1u1

+2u3
3u1

2y1y2 + 10u3
2u1

2y2u2
2 − 4u3

3u1
2y3y2 + 2u3

2u1u2
3y2 − 4u3u1

4y2y3

+2u3
3y2u2

2y1 − 8u3u2y1
2u1

3 + 2u3
2u2y1u1

3 + 4u3u2
2y1

2u1
2 + 10u3

2u2
2y1u1

2

−2u2
3u3

2y1u1 − 4u3y3y1u1
4 + 8u1

3u2y2
2u3 + 4u3u2

2y2
2u1

2 − 2u3
2u2y2u1

3 + u3u1
6

+u3
5u1

2 − 10y3u1
6 + 9y1u1

6 − 4u3u1
2u2

2y2y3 + 9u1
6y2 + 2u3

3u1
4 − 4u3u2

2y1y3u1
2

−2u3u1
2u2

2y1y2 + 8u3u2y1y3u1
3 − 8u3u1

3u2y2y3 + u3u2
4u1

2,
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r2 = 16u1
4u3

17 + 4u1
2u2

2y1y2u3
15 − 16u1

3u2y1u3
15y3 + 12u3

13u1
8 − 2u1

2u3
18y2

+8u1
2u3

17u2
2 − 10u1

6y1u3
14 − 12u1

4y1u3
16 + 4u3

13u2
4u1

4 + 4u3
13u2

6u1
2

−20u3
13u2

2u1
6 + 12u3

14u1
6y3 − 2u1

2y1u3
18 − 12u1

4u3
16y2 + 8u1

4u3
16y3

+28u1
4u3

15u2
2 + 10u1

2u3
15u2

4 + 8u1
2u2

2y1u3
15y3 + 2u1

2u3
19 − 2u3

19y2y1

−10u1
6y2u3

14 − 4u3
18y3u1

2 − 8u1
4u3

15y2
2 − 4u3

17y2u2
2y1 − 8u3

16u2
2y3u1

2

−10u1
5u2y2u3

14 − 4u1u2
3y2u3

16 + 12u1
4u2

2y2u3
14 − 2u1

2u2
4y2u3

14 − 4u3
14u2

4y3u1
2

−8u3
14u2

2y3u1
4 − 2u3

15u2
4y2y1 − 8u1

2u3
17y2

2 + 8u1
4y2u3

15y3 − 16u1
3u3

15u2y2
2

−8u1
2u3

15y2
2u2

2 − 8u1
2u2

2y1
2u3

15 + 16u1
3u3

15y1
2u2 + 2u1u2

5y1u3
14 + 2u1u2y1u3

18

+4u1u2
3y1u3

16 + 10u1
5u2y1u3

14 + 4u1
3u3

16u2y2 − 4u1
2u3

16y2u2
2 + 8u1

2u3
17y3y2

−2u1
4y1y2u3

15 + 8u1
4y1u3

15y3 − 4u1
2y1u3

17y2 − 2u1
2u2

4y1u3
14 + 12u1

4u2
2y1u3

14

−4u1
2u2

2y1u3
16 − 12u1

3u2
3y1u3

14 − 8u1
4u3

15y1
2 − 4u1

3u2y1u3
16 + 8y1u3

17y3u1
2

+12u1
3u2

3y2u3
14 − 2u1u2

5y2u3
14 − 2u1u2y2u3

18 − 8u1
2y1

2u3
17 + 16u1

3u2y2u3
15y3

+8u1
2u2

2y2u3
15y3 + 26u3

15u1
6.

|LH-0kMIL9 1.5, B<bx{I Q(u1, u2, u3) H+4m>D,jppZQ|6
h3 +>D,>6 [h1, h2]65:F+:]`8a y1, y2 U6:>V:5 r1, r2 6G y3 +]9`8

H+ y1, y2 B<
[2],i{<4m Q(u1, u2, u3)H+o8>D:f\QPt}\+F*>D p1, p2.

p1 = −u1
2u3 − u1

2y1 + u1u2y1 − u1
2y2 − u1u2y2 + 2u1

2y3 − u3y2y1,

p2 = −u1
2u3

2 + 2u1
4 − 2u2

2u1
2 + u3

2y2y1 + y1u1
2u3

−y1u3u1u2 + y2u1
2u3 + y2u3u1u2 + 2u1

2u3y3.

sMQ

h3 =
p1 ∗ p2

4u4
1

mod[h1, h2].

v w x y
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TRAGER’S FACTORIZATION ALGORITHM OVER

SUCCESSIVE EXTENSION FIELDS

Yuan Chunming

(Key Laboratory of Mathematics Mechanization, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing 100080)

Abstract Polynomial factorizations are basic problems in symbolic computation. Poly-
nomial factorization algorithms appeared in the 1960’s are considered to be the origin of the
field of symbolic computation. At present, polynomial factorization algorithms are well estab-
lished and implemented in symbolic computation software such as MAPLE. But factorization
algorithms over successive algebraic extension fields are still under investigation. The basic
factorization algorithm over algebraic extension fields is Trager’s algorithm. Algorithms for a
single algebraic extension field based on Hensel lifting are given by Weinberger et al. However,
in order to compute the irreducible ascending chain in Wu’s method, polynomial factorizations
over successive algebraic extension fields are needed. Wu, Hu, and Wang independently put
forward factorization algorithms over successive algebraic extension fields based on methods of
equation solving. Similar to the Trager’s algorithm, Wang and Lin proposed another algorithm
reducing the problem to the factorization over the rational number field. In their approach,
Wu’s triangularization algorithm is used, and hence the termination of the algorithm depends
on the computation of Wu’s method. Zhi applied the lifting technique to the factorization over
successive algebraic extension fields. A direct algorithm on factorization over successive alge-
braic extension fields is given in this paper, extending Trager’s algorithm to factorization over
successive algebraic extension fields. The proposed algorithm only uses resultant computation
and factorization over the rational number field.

Key words Successive algebraic-extension field, symbolic computation, Wu-Zero decom-
position, irreducible ascending chain, triangularization, resultant.
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