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Γ /.0.1.2.3.4.5'6.4.5'798:4<;.7<=.><?.4<@.A G / Aut(Γ ) 4.0.1.B.C.D'EF

G G Γ 4.H.I.J.K.L.M.A'N.O Γ / G− H.L.M.@.D'P.Q.R.S.T.U.V.W G X.0.1.2.YZ 4\[\]\B\C\4\^._.`.a.C\b.4 G− H\L\M\@\Ddc\e\f.V Sander 4\g F Ddh\i\j\k.l.mn 4.0.o.p.q.A'r.W G s.t.u.C 〈x, a | xp = 1 = apn−1

, ax = a1+pn−2

〉, n ≥ 3 b.A'v.24 G w\H\L\M\@\D'g F X Γ / G− H\L\M\4\W\;\j.W Γ X\x\y\@\z\0
(1) Γ ∼= 2n−2K1,1 (n ≥ 3);
(2) Γ ∼= pkCpn−1−k (p 6= 2, 1 ≤ k ≤ n − 2; p = 2, n ≥ 4, 1 ≤ k ≤ n − 3; p = 2, n =
3, k = 0);

(3) Γ ∼= Γ∗ =
p
⋃

i=1

Ci
pn−1 , Ci

pn−1
∼= Cpn−1 ;

(4) Γ ∼= pkCpn−k (p > 2, 1 ≤ k ≤ n − 1; p = 2, 1 ≤ k ≤ n − 2);

(5) Γ ∼= pk+1K1,pn−1−k (0 ≤ k ≤ n − 1);

(6) Γ ∼= pkKp,pn−1−k (0 ≤ k ≤ n − 1);
(7) Γ ∼= K1,pn ;
(8) Γ ∼= pkK1,pn−1−k (0 ≤ k ≤ n − 1).
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1 Γ
�9³9·9�9�9�9� �9�9� ���.�9�9�9�9�9�9�9�9�

G
�

Γ
�9³9·�É.Ë9Í9�9¡

�
G
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〈x, a | xp = 1 = apn−1

, ax = a1+pn−2

〉, n ≥ 3,
Ó

Γ
�

G-
ëáÀáÂá�áúá�áõáú

Γ
Ë9Í9Ü���$9��%9³

(1) Γ ∼= 2n−2K1,1 (n ≥ 3);
(2) Γ ∼= pkCpn−1−k (p 6= 2, 1 ≤ k ≤ n − 2; p = 2, n ≥ 4, 1 ≤ k ≤ n − 3; p = 2, n =

3, k = 0);

(3) Γ ∼= Γ∗ =
p
⋃

i=1

Ci
pn−1 , Ci

pn−1
∼= Cpn−1 ;

(4) Γ ∼= pkCpn−k (p > 2, 1 ≤ k ≤ n − 1; p = 2, 1 ≤ k ≤ n − 2);
(5) Γ ∼= pk+1K1,pn−1−k (0 ≤ k ≤ n − 1);
(6) Γ ∼= pkKp,pn−1−k (0 ≤ k ≤ n − 1);
(7) Γ ∼= K1,pn ;
(8) Γ ∼= pkK1,pn−1−k (0 ≤ k ≤ n − 1).& Ü9�9³9·9í9î9Ô9�9ï9ð9�9ñ9ò9ó9ô9�á�9þáÍ9£
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1 (1) Γ

�á³á·á�á¡
G ≤ Aut(Γ )

�
Γ
�

G-
ë

-
ÀáÂá�á¡\Ó

V (Γ ) - Öá�á®á·
G . Ùá�0/á³,1á¡\Ïáÿ Γ 2 � G- 3 � -

ÀáÂá�á¡\Ó
Γ
�,4á¯áëá�á®á·,5á�,6áÜ 2 Ëá� G-

. Ù [8].

(2) 7 G
À Â98 å æ Ü9:9;

Ω
¼ � Ï ÿ

M
�

G
� Ô � ¡

x ∈ G
�

G = M〈x〉, |G : M | = n,Ó
Ω - Ö�� n

·
M <=. Ù��>/=?�¡ Ï�ÿ M

�
G
�=@=A�Ô���¡ Ó������

M . Ù��=B=C�� [9].D�E
1 F�G�H � G

À9Â�89å9æ9Ü�:�;
Ω
¼9� Ï9ÿ
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�
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�9Ô9�9¡ Ó

Ω - Ö9�9®9· H . Ù9�0?9Ï9ÿ Ω I �9®9· H . Ù9¡\Ó9®9· H . Ù9��B�C9�9�J�@9�
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|G : M | = p,LO)�*
1 (2), m ≤ p. P m

∣

∣|G|,
J�Q

m = 1
¸

p.
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1
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〈x, a | xp = 1 = apn−1

, ax = a1+pn−2

〉,

n ≥ 3,
��o9�

G-
ë
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À9Â9�9¡ P � G-

�
-
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(1) Γ ∼= 2n−2K1,1, n ≥ 3,
â�©

V (Γ ) =
{

1, 2, · · · , 2n−1
}

, E(Γ ) =
{

{i, j}
∣

∣ i ≡ j + 2n−2 (mod 2n−1)
}

.

(2) Γ ∼= pkCpn−1−k ,
â�©

V (Γ ) =
{

1, 2, · · · , 2n−1
}

, E(Γ ) =
{

{i, j}
∣

∣ i ≡ j + pk (mod pn−1)
}

.

p > 2, 1 ≤ k ≤ n − 2
¸

p = 2, 1 ≤ k ≤ n − 2, n ≥ 4
¸

p = 2, k = 0, n = 3.

(3) Γ ∼= Γ∗,
â�©

Γ∗ =

p
⋃

i=1

Ci
pn−1 , Ci

pn−1
∼= Cpn−1 , V (Γ∗) =

{

1, 2, · · · , pn−1
}

,
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E(Ci
pn−1) =

{

{m, l}|m ≡ l + 1 + (i − 1)pn−2 (mod pn−1)
}

, i = 1, 2, · · · , p.

p > 2, n ≥ 3
¸

p = 2, n = 4.

(4) Γ ∼= pkCpn−k , p > 2, 1 ≤ k ≤ n − 1
¸

p = 2, 1 ≤ k ≤ n − 2,
â�©

V (Γ ) = {ai,j | i = 1, 2, · · · , p; j = 1, 2, · · · , pn−1},

E(Γ ) =
{

{aλ+1,m, aλ+1,l}
∣

∣ l ≡ m + pk−1(1 + λpn−2) (mod pn−1),

λ = 0, 1, · · · , p − 1; m, l = 1, 2, · · · , pn−1
}

.

(5) Γ ∼= 2n−1K1,1,
â�©
V (Γ ) =

{

ai,j

∣

∣ i = 1, 2; j = 1, 2, · · · , 2n−1
}

,

E(Γ ) =
{

{a1,j , a2,j}
∣

∣ j = 1, 2, · · · , 2n−1
}

.

K õ9º à
Γ
��É.Ë9Í9�

G
��w�c�x

a
�

x.

(1) a = (1, 2, · · · , 2n−1), ix = 1 + (i − 1)(1 + 2n−2), i = 1, 2, · · · , 2n−1.
(2) a = (1, 2, · · · , pn−1), ix = i(1 + pn−2), i = 1, 2, · · · , pn−1.
(3) a = (1, 2, · · · , pn−1), ix = 1 + (i − 1)(1 + pn−2), i = 1, 2, · · · , pn−1.
(4) a = (a1,1a1,2 · · · a1,pn−1)(a2,1a2,2 · · · a2,pn−1) · · · (ap,1ap,2 · · · ap,pn−1),

ax
m,l = am+1,1+(l−1)(1+pn−2),

m = 1, 2, · · · , p, l = 1, 2, · · · , pn−1.
(5) a = (a1,1a1,2 · · · a1,2n−1)(a2,1a2,2 · · · a2,2n−1),

ax
i,j = ai+1,1+(j−1)(1+2n−2),

i = 1, 2, j = 1, 2, · · · , 2n−1.m
2
��$9�

Γ
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G
Ë9Í9Ü

〈x, a|xp = 1 = apn−1

, ax = a1+pn−2

〉, n ≥ 3,�9�
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ë
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�
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(1) Γ =
p
⋃

i=1

Γi
∼= pk+1K1,pn−1−k , 0 ≤ k ≤ n − 1,

â�©

V (Γ ) =
{

ai,j1 , ai,j2

∣

∣ i = 1, 2, · · · , p; j1 = 1, 2, · · · , pk; j2 = 1, 2, · · · , pn−1
}

,

Γi
∼= pkK1,pn−1−k ,

E(Γi) =
{

{ai,j1 , bi,j2}
∣

∣ j1 ≡ j2 (mod pk). j1 = 1, 2, · · · , pk; j2 = 1, 2, · · · , pn−1
}

.

(2) Γ =
p
⋃

i=1

Γi
∼= pkKp,pn−1−k , 0 ≤ k ≤ n − 1,

â�©

Γi
∼= Kp,pn−1−k , V (Γ ) =

{

ai,j1 , bj2

∣

∣ j1 = 1, 2, · · · , pk; j2 = 1, 2, · · · , pn−1
}

,

E(Γi) =
{

{ai,j1 , bj2} | j1 ≡ j2 (mod pk). j1 = 1, 2, · · · , pk; j2 = 1, 2, · · · , pn−1
}

.

(i = 1, 2, · · · , p).

(3) Γ ∼= K1,pn ,
â�©
V (Γ ) =

{

a1, bi,j |i = 1, 2, · · · , p; j = 1, 2, · · · , pn−1
}

,
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E(Γ ) =

{

{a1, bi,j}|i = 1, 2, · · · , p; j = 1, 2, · · · , pn−1
}

.

(4) Γ =
pk
⋃

i=1

Γi
∼= pkK1,pn−1−k , 0 ≤ k ≤ n − 1,

â�©

Γi
∼= K1,pn−1−k , V (Γ ) =

{

ai, bj | i = 1, 2, · · · , pk; j = 1, 2, · · · , pn−1
}

,

E(Γi) =
{

{ai, bj} | j ≡ i (mod pk). i = 1, 2, · · · , pk; j = 1, 2, · · · , pn−1
}

.

K õ9º à
G
��w�c�x9�

(1) a = (a1,1a1,2 · · · a1,pk)(a2,1a2,2 · · ·a2,pk ) · · · (ap,1ap,2 · · · ap,pk)(b1,1b1,2 · · · b1,pn−1)(b2,1b2,2

· · · b2,pn−1) · · · (bp,1bp,2 · · · bp,pn−1),

ax
i,j1

= ai+1,1+(j1−1)(1+pn−2), b
x
i,j2

= bi+1,1+(j2−1)(1+pn−2)

i = 1, 2, · · · , p; j1 = 1, 2, · · · , pk; j2 = 1, 2, · · · , pn−1.
(2) a = (a1,1a1,2 · · · a1,pk)(a2,1a2,2 · · ·a2,pk ) · · · (ap,1ap,2 · · ·ap,pk )(b1b2 · · · bpn−1),

ax
i,j1

= ai+1,1+(j1−1)(1+pn−2), bx
j2

= b1+(j2−1)(1+pn−2),

i = 1, 2, · · · , p; j1 = 1, 2, · · · , pk; j2 = 1, 2, · · · , pn−1.
(3) a = (b1,1b1,2 · · · b1,pn−1)(b2,1b2,2 · · · b2,pn−1) · · · (bp,1bp,2 · · · bp,pn−1),

ax
1 = a1, bx

i,j = bi+1,1+(j−1)(1+pn−2).

(4) a = (a1a2 · · ·apk )(b1b2 · · · bpn−1),

ax
i = a1+(i−1)(1+pn−2), bx

j = b1+(j−1)(1+pn−2).

i = 1, 2, · · · , pk; j = 1, 2, · · · , pn−1.�9é�z�{
Γ
��|

G-
�

-
À9Â�`�}�~9�

",#
2
�

Γ
äá�á³á·ãÉ<ËáÍá�

G ∼= 〈x, a | xp = 1 = apn−1

, ax = a1+pn−2

〉, n ≥ 3,
Ó

Γo9�
G-
ë

-
À9Â9�9¡ P � G-

�
-
À9Â9�9¡\ú9�9õ9ú

Γ
Ë9Í9Ü9Î

1
©.�9��%9³9�

K L<Ü
G
ÀáÂ,8áåáæáÜ

Γ
¼á¡\�,N

Γ
�,@áÓá�á�=La�,~

2, V (Γ )
�

1
·á¸

p
·

〈a〉

. Ù9� ���
1 V (Γ )

�
1
·

〈a〉 . Ù9¡\ù 〈a〉
À9Â�89å9æ9Ü

V (Γ )
¼9�

J,�,�,�
|V (Γ )| = |a| = pn−1, � ? |E(Γ )| ≥ 1

2 |V (Γ )|.
L<Ü

Γ
�

G-
ë

-
ÀáÂá�á¡\�,N

|E(Γ )|
∣

∣pn. � ? |E(Γ )| = 2n−2
¸

pn−1
¸

pn. F V (Γ ) = {1, 2, · · · , pn−1}, a = (1, 2, · · · , pn−1).

(I)
Ïáÿ

|E(Γ )| = 2n−2,
Ó

p = 2
�

Γ
�á³,�,@áÓá�á¡0�,�

Γ ∼= 2n−2K1,1,
J,@á�áÎ

1©.�9�
(1).

(II)
Ï�ÿ

|E(Γ )| = pn−1,
Ó

Γ
��Ú=�=@�Ó���¡�L\Ü

Γ
�

G-
ë

-
À�Â���¡ �=N

Γ
�����=�

�=B=C���¡>�=�
Γ ∼= pkCpn−1−k .

ú
k = 0 û ¡ Γ ∼= Cpn−1 ,

�
Aut(Γ ) ∼= Aut(Cpn−1) ∼= D2pn−1 ,J=Q

pn
∣

∣2pn−1, p = 2
�

G ∼= D2n ,
J=Q�Ä��

n = 3.
L\Ü

pn−1−k ≥ 3,
�=N

p > 2, 1 ≤ k ≤ n−2¸
p = 2, 1 ≤ k ≤ n − 3, n ≥ 4

¸
k = 0, p = 2, n = 3.

J�@9�9Î
1
©.�9�

(2).

(III)
Ïáÿ

|E(Γ )| = pn,
Ó

Γ
�

2p
�,@áÓá�á�=L<Ü

|E(Γ )| ≤
(

pn−1

2

)

= pn−1(pn−1−1)
2 ,

J�Q
pn ≤ pn−1(pn−1−1)

2 , pn−1 ≥ 2p + 1.
���

p = 2, n ≥ 4
¸

p > 2, n ≥ 3.
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F 1x = r,
Ó

ix = r + (i − 1)(1 + pn−2), i = 1, 2, · · · , pn−1.
J�Q

ix
p

= 1 + (r − 1)
(1 + pn−2)p − 1

pn−2
+ (i − 1)(1 + pn−2)p = i

�
r ≡ 1 (mod pn−2).��� ¡

i
�

x
� 2�� �9ú9�9õ9ú r − 1 + (i − 1)pn−2 ≡ 0 (mod pn−1),

J�Q9Ï9ÿ
i
�

j
�

x
� 2�� �9¡\Ó i ≡ j (mod p).� 7 {1, s} ∈ E(Γ ),

y
{λ, µ} /∈ E(Γ ), (1 ≤ λ, µ ≤ s).

Ü9�
E(Γ ) = {1, s}〈a〉〈x〉.Ï9ÿ

s ≡ 1 (mod p). F j
�

x
�9³9· 2�� �9¡�Ó {1, s}aj−1

= {j, s + j− 1}, (s + j − 1)x ≡

jx + (s − 1)(1 + pn−2) ≡ j + s − 1 (mod pn−1),
��� ¡

s + j − 1
�

x
� ³ · 2�� � �

1 6= x ∈ G{j,s+j−1}, � ? pn = |E(Γ )| < |G| = pn,
J9�9³9·����9�0���9¡

s 6≡ 1 (mod p).

2������ Ãµ¡\æ as−1 ��� a, ����� ��� 7 s = 2,
J�Q

Cpn−1 = 1, 2, · · · , pn−1
�

Γ
� ³ ·�C ´

pn−1
��� ¡\�

{k, k + 1} ∈ E(Γ ),
â ©

k ≡ 1, 2, · · · , pn−1 (mod pn−1). F
Ci

pn−1 = 1xi−1

2xi−1

· · · (pn−1)xi−1

,
Ó

Ci
pn−1

∼= Cpn−1 ,
J�Q

E(Γ ) =
{

{k, k + 1}xi

| k ≡ 1, 2, · · · , pn−1 (mod pn−1). i = 1, 2, · · · , p
}

=
{

{m, l} | m ≡ l + 1 + (i − 1)pn−2 (mod pn−1). i = 1, 2, · · · , p
}

�
Γ ∼=

p
⋃

i=1

Ci
pn−1 .

J�@9�9Î
1
©.�9�

(3).���
2 V (Γ )

�
p
·

〈a〉 . Ù9�L0)�*
2,
�9���

〈a〉 . Ù9�=B=C9�9¡����9¡ |V (Γ )| = p|〈a〉| = pn,
�

Gα = 1 (α ∈ V (Γ )).L.Ü
|E(Γ )|

∣

∣pn
�

|E(Γ )| ≥ 1
2pn,

��N
|E(Γ )| = pn

¸
|E(Γ )| = 2n−1.

(I)
Ï9ÿ

E(Γ ) = pn,
Ó

Γ
�9Ú���@9Ó9�9��J�Q

Γ
�9³����9�� 9�¡L.Ü

Γ
�

G-
ë

-
À9Â

��¡ �=N
Γ
�����=���=B=C����>� 7 {u, v}

�
Γ
��³�¯�ë�¡ Ó�L

Γ
�

G-
�

-
À�Â�Ã�Ñ�¡>j ¤

b ∈ G ¢�£ ub = v. F |b| = pn−k,
Ó

1 ≤ k ≤ n− 1.
J�Q9ä9�

u
���9�

Cpn−k = uub · · ·ub|b|−1

,

� ? Γ ∼= pkCpn−k .
L<Ü

pn−k ≥ 3,
�,N

p > 2, 1 ≤ k ≤ n − 1
¸

p = 2, 1 ≤ k ≤ n − 2.
J,@á�

Î
1
©.�9�

(4).

(II)
Ï9ÿ

|E(Γ )| = 2n−1,
Ó

p = 2
�

Γ
�9³���@9Ó9�9¡0���9¡

Γ ∼= 2n−1K1,1.
J�@9�9Î

1
©.�9�

(5)."�#
3
�

Γ
ä9�9³9·�É.Ë9Í9�

G ∼= 〈x, a|xp = 1 = apn−1

, ax = a1+pn−2

〉, n ≥ 3,
Ó

Γ
�

G-
ë

-
À9Â9�9¡0y 2 � G-

�
-
À9Â9�9¡\ú9�9õ9ú

Γ
Ë9Í9Ü9Î

2
©.�9��%9³9�

K L.Ü
Γ
�

G-
ë

-
À9Â9�9¡�y 2 � G-

�
-
À9Â9�9¡ ��N9¡9LO)�*

1
Ñ9¡

V (Γ )
�9®

·
G- . Ù9�¥¤¦LO��~ 2

Ñ9¡
V (Γ )

��49·
G- . Ù9ä9� 1

¸
p
·

〈a〉- . Ù9�¥J�Q V (Γ ) §�¨�
2
·9¸

p + 1
·9¸

2p
·

〈a〉 . Ù9�
F {a1,1, b1,1}

�
Γ
�9³9¯9ë9¡\Ó

E(Γ ) =
{

{a1,1, b1,1}xi〈a〉 | i = 0, 1, · · · p − 1
}

.
æ

Exi〈a〉
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©�ª

{a1,1, b1,1}xi〈a〉,
Ó

E(Γ ) § ©9´

E(Γ ) =

p−1
⋃

i=0

Exi〈a〉.

¤n«¬L¡)n*
1
Ñ¦¡

a1,1

�
b1,1

6¦Ü 2 Ë¦� G- . Ù¦�0�n�¦¡ ¤ a
� 2n­n® �¦ï¦ð GnHn¯n°©«¡

a1,1

�
b1,1

6¦Ü 2 Ë¦�¦ï¦ð GnH �0JnQ¦¡ F a1,1

� ¤ �¦ï¦ð GnH ´ (a1,1a1,2 · · ·a1,pk ),

(0 ≤ k ≤ n − 1), b1,1

� ¤ �9ï9ð G�H ´ (b1,1b1,2 · · · b1,pn−1).���
1 V (Γ )

�
2p
·

〈a〉 . Ù9� F
a =(a1,1a1,2 · · ·a1,pk )(a2,1a2,2 · · · a2,pk) · · · (ap,1ap,2 · · · ap,pk)

(b1,1b1,2 · · · b1,pn−1)(b2,1b2,2 · · · b2,pn−1) · · · (bp,1bp,2 · · · bp,pn−1)

�
ax

i,1 = ai+1,1, bx
i,1 = bi+1,1, (i ≡ 1, 2, · · · , p (mod p)).

Ó
ax

i,j1
= ai+1,1+(j1−1)(1+pn−2),

bx
i,j2

= bi+1,1+(j2−1)(1+pn−2).
âã©

j1 ≡ 1, 2, · · · , pk (mod pk); j2 = 1, 2, · · · , pn−1 (mod pn−1).

F Γi

�¦L
Exi−1〈a〉 ±�² à � Γ

�9ë9Ô9�9¡\Ó
E(Γi) =Exi−1〈a〉 =

{

{a1,1, b1,1}
xi−1at

| t = 0, 1, · · · , pn−1
}

=
{

{ai,1, bi,1}
at

| t = 0, 1, · · · , pn−1 − 1
}

=
{

{ai,1+t, bi,1+t} | t = 0, 1, · · · , pn−1 − 1
}

, i = 1, 2, · · · , p.

J�Q
{ai,j1 , bi,j2} ∈ E(Γi) ⇐⇒ j1 ≡ j2 (mod pk).

F Aij = {ai,j}, Bij = {bi,j , bi,j+pk , bi,j+2pk , · · · , bi,j+(pn−1−k−1)pk}, i = 1, 2, · · · , p, j =

1, 2, · · · , pk,
Ó

Γij = (Aij

⋃

Bij , Aij × Bij)
�

Γi

�9Ô9�9¡\�
Γij

∼= K1,pn−1−k .
���9¡

Γi =

pk

⋃

j=1

Γij
∼= pkKpn−1−k , Γ =

p
⋃

i=1

Γi
∼= pk+1K1,pn−1−k .

J�@9�9Î
2
©.�9�

(1).���
2 V (Γ )

�
p + 1

·
〈a〉- . Ù9¡0� û a

�9®9¿ §�¨ �9ï9ð ¯�° �
(I) a = (a1,1a1,2 · · · a1,pk)(a2,1a2,2 · · · a2,pk) · · · (ap,1ap,2 · · · ap,pk )(b1,1b1,2 · · · b1,pn−1), (0 ≤

k ≤ n− 1),
â�©

{a1,1, a1,2, · · · , a1,pk , · · · , ap,1, ap,2, · · · , ap,pk}
�9³9·

G- . Ù9¡ {b1,1, b1,2, · · · ,

b1,pn−1}
��³9³9·

G- . Ù
F ax

i,1 = ai+1,1, bx
1,i = b1,r. i ≡ 1, 2, · · · , p (mod p).

L.Ü
|x| = p

�
ax = a1+pn−2

,
J�Q

ax
i,j1

= ai+1,1+(j1−1)(1+pn−2), bx
1,j2

= b1,r+(j2−1)(1+pn−2),

i ≡ 1, 2, · · · , p (mod p); j1 ≡ 1, 2, · · · , p (mod pk); j2 ≡ 1, 2, · · · , p (mod pn−1).

bxp

1,j2
=b1,1+(r−1)(1+pn−2)+(r−1)(1+pn−2)2+···+(r−1)(1+pn−2)p−1+(j2−1)(1+pn−2)p

=b
1,(r−1)

(1+pn−2)p−1

pn−2 +(j2−1)(1+pn−2)p
= b1,j2 .

���
1 + (r − 1)

(1 + pn−2)p − 1

pn−2
+ (j2 − 1)(1 + pn−2)p ≡ j2(modpn−1).
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L<Ü (

p
l

)

≡ 0 (mod p),
âã©

p > l,
�,N

r ≡ 1 (mod pn−2). ´,µ 8á¡ F Γs

�_L
Exs〈a〉

±n² à � Γ
�¦Ô¦�¦¡

s = 0, 1, · · · , p − 1.
?

axs

1,1 = a1+s,1, bxs

1,1 = b
1,1+(r−1)

(1+pn−2)s−1

pn−2

.
L«Ü

r ≡ 1 (mod pn−2),
��N

1 + (r − 1)
(1 + pn−2)s − 1

pn−2
≡ 1 + s(r − 1)(mod pn−1).

J�Q

E(Γs) =
{

{a1,1, b1,1}
xsat

| t = 1, 2, · · · , pn−1
}

=
{

{a1+s,1, b1,1+s(r−1)}
at

| t = 1, 2, · · · , pn−1
}

=
{

{a1+s,1+t, b1,1+t+s(r−1)} | t = 1, 2, · · · , pn−1
}

, s = 0, 1, · · · , p − 1.

Ü9�
{as+1,j1 , b1,j2} ∈ E(Γs) ⇐⇒ j1 + s(r − 1) ≡ j2 (mod pk).

F As,j = {as+1,j}, Bs,j = {b1,j+s(r−1), b1,j+s(r−1)+pk , · · · , b1,j+s(r−1)+(pn−1−k−1)pk}, s =

0, 1, · · · , p − 1, j ≡ 1, 2, · · · , pk (mod pk).
Ó

Γsj = (As,j

⋃

Bs,j , As,j × Bs,j)
�

Γs

�¦Ô¦�¦�
Γsj

∼= K1,pn−1−k .
���9¡

Γs =
pk
⋃

j=1

Γsj
∼= pkK1,pn−1−k .

L.Ü9Û9Ü�¶��9�
s · � Bs,j = B1,j ,

��N
p−1
⋃

s=0

Γsj
∼= Kp,pn−1−k , Γ =

pk

⋃

j=1

p−1
⋃

s=0

Γsj
∼= pkKp,pn−1−k .

J�@9�9Î
2
©.�9�

(2).
(II) a = (a1,1a1,2 · · · a1,pk)(b1,1b1,2 · · · b1,pn−1)(b2,1b2,2 · · · b2,pn−1) · · · (bp,1bp,2 · · · b1,pn−1),

(0 ≤ k ≤ n − 2).

F ax
1,1 = a1,r, bx

i,1 = bi+1,1. (i ≡ 1, 2, · · · , p (mod p).)
J�Q

ax
1,j1

= a1,r+(j1−1)(1+pn−2), bx
i,j2

= bi+1,1+(j2−1)(1+pn−2).

â�©
j1 ≡ 1, 2, · · · , pk (mod pk); j2 ≡ 1, 2, · · · , pn−1 (mod pn−1); i ≡ 1, 2, · · · , p (mod p).¥

(I) ´�µ ¡ § N�]¦^ Γ ∼= pkK1,pn−k .
Ï9ÿ

k > 0,
J9�9Î

2
©.�9�

(1)
ú

0 ≤ k ≤ n− 3

û �9÷9ø�¸\Ï9ÿ k = 0,
Ó

Γ ∼= K1,pn .
J�@9�9Î

2
©.�9�

(3).���
3 V (Γ )

�9®9·
〈a〉 . Ù9� F

a = (a1,1a1,2 · · · a1,pk )(b1,1b1,2 · · · b1,pn−1), (0 ≤ k ≤ n − 1), ax
1,1 = a1,r, b

x
1,1 = b1,s

Ó
ax
1,i = a1,r+(i−1)(1+pn−2), i ≡ 1, 2, · · · , pk (mod pk).

bx
1,j = b1,s+(j−1)(1+pn−2), j ≡ 1, 2, · · · , pn−1 (mod pn−1).Ü9�

axp

1,i = a
1,1+(r−1)

(1+pn−2)p−1

pn−2 +(i−1)(1+pn−2)p
, bxp

1,j = b
1,1+(s−1)

(1+pn−2)p−1

pn−2 +(j−1)(1+pn−2)p
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���

1 + (r − 1)
(1 + pn−2)p − 1

pn−2
+ (i − 1)(1 + pn−2)p ≡ i (mod pk),

1 + (s − 1)
(1 + pn−2)p − 1

pn−2
+ (j − 1)(1 + pn−2)p ≡ j (mod pn−1).

Ü9�9�
r ≡ 1 (mod pk−1), s ≡ 1 (mod pn−2), r ≡ s (mod pk−1).

F Γλ

�¦L
Exλ〈a〉 ±�² à � Γ

�9Ô9�9¡\Ó

E(Γλ) =
{

a1,1, b1,1

}xλ〈a〉

=
{

a
1,1+(r−1)

(1+pn−2)λ−1

pn−2

, b
1,1+(s−1)

(1+pn−2)λ−1

pn−2

}〈a〉

=
{

{

a
1,1+(r−1)

(1+pn−2)λ−1

pn−2 +t
, b

1,1+(s−1)
(1+pn−2)λ−1

pn−2 +t

}

∣

∣

∣
t = 0, 1, · · · , pn−1 − 1

}

=
{

{

a1,1+(r−1)λ+t, b1,1+(s−1)λ+t

}

∣

∣

∣
t = 0, 1, · · · , pn−1 − 1

}

.

J�Q
{a1,i, b1,j} ∈ E(Γλ) ⇐⇒ i + (s − r)λ ≡ j (mod pk).

F Ai = {a1,i}, Biλ = {b1,i+(s−r)λ+pk , b1,i+(s−r)λ+2pk , · · · , b1,i+(s−r)λ+(pn−1−k−1)pk}, i =

1, 2, · · · , pk; λ ≡ 0, 1, · · · , p − 1 (mod p)
�

Γiλ = (Ai

⋃

Biλ, Ai × Biλ).Ï9ÿ
r ≡ s (mod pk),

Ó9Û9Ü�¶��9�
λ
�

Γiλ = Γi0
∼= K1,pn−1−k .

J�Q

Γ =

pk

⋃

i=1

Γiλ =

pk

⋃

i=1

Γi0
∼= pkK1,pn−1−k

J�@9�9Î
2
©.�9�

(4).ÏÁÿ
r 6≡ s (mod pk),

Ó
1 ≤ k ≤ n − 1,

�ÁÛÁÜ¹¶¹�Á�
λ1 6≡ λ2,

�
Biλ1

⋂

Biλ2 = ∅,

Biλ = Bi−(s−r)j,λ+j ,
â�©

λ, j ≡ 0, 1, · · · , p − 1 (mod p).
J�Q

Γi =
(

(

p−1
⋃

j=0

Ai−(s−r)j

)

⋃

(

p−1
⋃

λ∈=0

Biλ

)

,
(

p−1
⋃

j=0

Ai−(s−r)j

)

×
(

p−1
⋃

λ=0

Biλ

)

)

∼= Kp,pn−k ,

p−1
⋃

µ=0

Γi−(s−r)µ =

p−1
⋃

µ=0

Γi
∼= Kp,pn−k

� ? Γ =
pk
⋃

i=1

Γi
∼= pk−1Kp,pn−k .

J�@9�9Î
2
©.�9�

(2)
¤

0 ≤ k ≤ n − 2 û �9÷9ø9�
º Î

1
©.�9�

(5)
�9Î

2
©.�9�

(4)
¤

p = 2, k = n − 1 û �9÷9ø9�
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GRAPHS ON WHICH A GROUP OF PRIME POWER ORDER

WITH A CYCLIC MAXIMAL SUBGROUP ACTS

EDGE-TRANSITIVELY(I)

Chen Shangdi

(College of Science, Civil Aviation University of China , Tianjin, 300300)

Abstract Let Γ be a finite simple undirected graph with no isolated vertices , G is a
subgroup of Aut(Γ ). The graph Γ is said to be G-edge transitive if G is transitive on the set of
edges of Γ . We obtain a complete classification of G−edge transitive graphs , which G is a group
of prime-power order with a cyclic maximal subgroup. This extend Sander’s conclusion. In this
paper, we only consider the case that G is isomorphic to group 〈x, a

∣

∣ xp = 1 = apn−1

, ax =

a1+pn−2

〉, n ≥ 3. Then Γ is G−edge-transitive if and only if Γ is one of following graphs
(1) Γ ∼= 2n−2K1,1 (n ≥ 3);
(2) Γ ∼= pkCpn−1−k (p 6= 2, 1 ≤ k ≤ n − 2; p = 2, n ≥ 4, 1 ≤ k ≤ n − 3; p = 2, n =

3, k = 0);

(3) Γ ∼= Γ∗ =
p
⋃

i=1

Ci
pn−1 , Ci

pn−1
∼= Cpn−1 ;

(4) Γ ∼= pkCpn−k (p > 2, 1 ≤ k ≤ n − 1; p = 2, 1 ≤ k ≤ n − 2);
(5) Γ ∼= pk+1K1,pn−1−k (0 ≤ k ≤ n − 1);
(6) Γ ∼= pkKp,pn−1−k (0 ≤ k ≤ n − 1);
(7) Γ ∼= K1,pn ;
(8) Γ ∼= pkK1,pn−1−k (0 ≤ k ≤ n − 1).

Key words Graph, automorphism group, edge-transitive.


