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F (x1, x2, · · · , xn) = P{X1 > x1, · · · , Xn > xn} = exp

⎧⎨⎩−
[

n∑
i=1

(
xi

θi

) 1
δ

]δ
⎫⎬⎭

(0 < xi < ∞, 0 < δ ≤ 1, 0 < θi < ∞, i = 1, n) ��������	�
�������
��
	
����������
������ δ ��� δ̂, ��� δ̂ ��	�
��

 ������ δ̂ ����� σ2
δ �!
�
������������

"#$ �����	����������������
MR(2000) %&'() 62F10, 62H12

1 * +
1960 �� Gumbel[1] ,������-��� (GBVE), ������ �����!

����".�#������ GBVE $��-�/� %&0!!�'($"#)��*
��$%+&�,!�'-.�$(! !)12$"# GBVE !)$/%�*+34&
,'(-(5."Æ0 1986 � Hougaard[2] 1-� GBVE /)0*1+�4'2.3!)
$45"2,�34�64 GBVE !!�786+9561�7:4�-�.75���
���+&8/��'(" �01!8:22+;����!5�-���8

F (x1, · · · , xn) = P{X1 > x1, · · · , Xn > xn} = exp

⎧⎨⎩−
[

n∑
i=1

(
xi

θi

) 1
δ

]δ
⎫⎬⎭ , (1.1)

�9 0 < xi < ∞, 0 < δ ≤ 1, 0 < θi < ∞, i = 1, n. 339� θi(i = 1, n) ::*9��%<4
8;9� δ <�==9�"5>6�� X1, X2, · · · , Xn =7>8?9:? δ = 1.n = 2 �;
� GB VE ��".5���;�3?<@=7$>8�@>���A�?01B4!==
8�3@,��.�+95 !"
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 �.K 2 G9��5�-���!�*��B8<)K 3 GLH�8<�� δ !F

� δ̂, E��B!�K8<)K 4 G,��K&IJM"

2 =>?@ABC
L (X1, X2, · · · , Xn) !����� (1.1). �+'N(K�<4:@=OL Z1 = X1

θ1
, Z2 =

X2
θ2

, · · · , Zn = Xn

θn
. Z1, Z2, · · · , Zn !�����

F (z1, z2, · · · , zn) = exp

⎧⎨⎩−
[

n∑
i=1

z
1
δ

i

]δ
⎫⎬⎭ , 0 < zi < ∞, 0 < δ ≤ 1, i = 1, n. (2.1)

MM (Z1, Z2, · · · , Zn) !NO�*��"
DE 2.1 (Z1, Z2, · · · , Zn) !NO�*���

f(z1, z2, · · · , zn) =
n∏

j=1

(
z

1
δ −1
j

)
exp

⎡⎣−( n∑
i=1

z
1
δ
i

)δ
⎤⎦( n∑

i=1

z
1
δ
i

)δ−n

·
⎡⎣an,n−1

(
n∑

i=1

z
1
δ

i

)(n−1)δ

+ an,n−2

(
n∑

i=1

z
1
δ

i

)(n−2)δ

+ · · · + an,0

⎤⎦ , (2.2)

�9 an,n−1 = an−1,n−2, an,n−2 = an−1,n−3+(n−1
δ −n+1)·an−1,n−2, · · · , an,n−j = an−1,n−j−1+

(n−1
δ − n + j − 1)an−1,n−j , · · · , an,0 = an−1,0(n−1

δ − 1).

F P f̄(z1, z2, · · · , zn) = ∂nF (z1,···,zn)
∂z1···∂zn

, 0 ≤ z1, z2, · · · , zn < ∞ 82
f(z1, z2, · · · , zn) = (−1)nf̄(z1, z2, · · · , zn).

<4N#�OPQ(G" -$"? i = 2 �5>PQ

f̄(z1, z2) =
2∏

j=1

(
z

1
δ −1
j

)
exp

⎡⎣−( 2∑
i=1

z
1
δ

i

)δ
⎤⎦( 2∑

i=1

z
1
δ

i

)δ−2
⎡⎣( 2∑

i=1

z
1
δ

i

)δ

+
(

1
δ
− 1
)⎤⎦ ,

0 ≤ z1, z2 < ∞.

�QRQ

∂2F (z1, z2, z3)

∂z1∂z2

=
2∏

j=1

(
z

1
δ −1
j

)
exp

⎡⎣−( 3∑
i=1

z
1
δ

i

)δ
⎤⎦( 3∑

i=1

z
1
δ

i

)δ−2
⎡⎣( 3∑

i=1

z
1
δ

i

)δ

+
(

1
δ
− 1
)⎤⎦ ,

0 ≤ z1, z2, z3 < ∞.

SL i = n − 1 ��

f̄(z1, z2, · · · , zn−1) = (−1)n−1
n−1∏
j=1

(
z

1
δ −1
j

)
exp

⎡⎣−(n−1∑
i=1

z
1
δ

i

)δ
⎤⎦(n−1∑

i=1

z
1
δ

i

)δ−n+1
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·
⎡⎣an−1,n−2

(
n−1∑
i=1

z
1
δ

i

)(n−2)δ

+ an−1,n−3

(
n−1∑
i=1

z
1
δ

i

)(n−3)δ

+ · · · + an−1,0

⎤⎦ ,

5.0 f̄(z1, z2, · · · , zn−1) T
∂n−1F (z1,···,zn−1,zn)

∂z1···∂zn−1
!UB�2 (n = 3 �VWUPQ)

∂n−1F (z1, · · · , zn)

∂z1 · · ·∂zn−1

= (−1)n−1
n−1∏
j=1

(
z

1
δ −1
j

)
exp

[
−
(

n∑
i=1

z
1
δ

i

)δ]( n∑
i=1

z
1
δ

i

)δ−n+1

·
[
an−1,n−2

(
n∑

i=1

z
1
δ

i

)(n−2)δ

+ an−1,n−3

(
n∑

i=1

z
1
δ

i

)(n−3)δ

+ · · · + an−1,0

]
. (2.3)

�+XN�P y =
n∑

i=1

z
1
δ

i , �:2

f̄(z1, z2, · · · , zn) =
∂nF (z1, · · · , zn)

∂z1 · · · ∂zn

=(−1)n−1
n−1∏
j=1

(
z

1
δ −1
j

)
exp(−yδ)yδ−n+1

·
[
an−1,n−2y

(n−2)δ + an−1,n−3y
(n−3)δ + · · · + an−1,0

]
(−δ)yδ−1

(
z

1
δ −1
n

1
δ

)
+ (−1)n−1

n−1∏
j=1

(
z

1
δ −1
j

)
exp(−yδ)(δ − n + 1)yδ−n

·
[
an−1,n−2y

(n−2)δ + an−1,n−3y
(n−3)δ + · · · + an−1,0

](
z

1
δ −1
n

1
δ

)
· (−1)n−1

n−1∏
j=1

(
z

1
δ −1
j

)
exp(−yδ)yδ−n+1

·
[
(n − 2)δan−1,n−2y

(n−2)δ−1

(
z

1
δ −1
n

1
δ

)
+ · · · + an−1,1δy

δ−1

(
z

1
δ −1
n

1
δ

)]
. (2.4)

YX;H (2.2) %U8"
V-$ 2.1 !G"WXH a2,1 = 1, a2,0 = (1

δ − 1), <4R+VI01Y'Z%PQZ.
n ���!W�"[[

3 �8 a3,2 = 1, a3,1 = 3(1
δ − 1), a3,0 = (1

δ − 1)(2
δ − 1) )

4 �8 a4,3 = 1, a4,2 = 6(1
δ − 1), a4,1 = (1

δ − 1)(11
δ − 7), a4,0 = (1

δ − 1)(2
δ − 1)(3

δ − 1) )

5 �8 a5,4 = 1, a5,3 = 10(1
δ − 1), a5,2 = 5(1

δ − 1)(7
δ − 5),

a5,1 = 5(1
δ − 1)(2

δ − 1)(5
δ − 3), a5,0 = (1

δ − 1)(2
δ − 1)(3

δ − 1)(4
δ − 1).

4� (Z1, Z2, · · · , Zn) <416@=OL8
Z1 = U δ

1 · · ·U δ
n−1S, Z2 = U δ

1 · · ·U δ
n−2(1 − Un−1)δS, · · · ,

Zi = U δ
1 · · ·U δ

n−i(1 − Un−i+1)δS, · · · , Zn−1 = U δ
1 (1 − U2)δS, (2.5)

Zn = (1 − U1)δS, i = 2, n − 1.
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DE 2.2 S, U1, U2, · · · , Un−1 !NO�*���

g(s, u1, u2, · · · , un−1) =(n − 1)! un−2
1 un−3

2 · · ·un−2
e−sδn−1

(n − 1)!

·
[
an,n−1s

(n−1) + an,n−2s
(n−2) + · · · + an,0

]
, (2.6)

�9 0 < u1, u2, · · · , un−1 < 1, 0 < s < ∞.
F 5>PQ∣∣∣∣∣ ∂(z1, · · · , zn)

∂(s, u1, · · ·un−1)

∣∣∣∣∣
n×n

=(−1)
(n−1)(n+4)

2 δn−1Sn−1u
(n−1)δ−1
1 · · ·uδ−1

n−1(1 − u1)δ−1 · · · (1 − un−1). (2.7)

JO (2.2) %\ (2.7) %;RQ (2.6) %"
5>6� (2.6) %'\]9!3XJT S 2=��2RK� S, U1, U2, · · · , Un−1 =7>

8�9 Un−1 ∼ U(0, 1), Ui !�*��� (n − i)un−i−1
i , 0 < ui < 1(i = 1, n − 2), S !�*�

�� e−sδn−1

(n−1)! · [an,n−1s
(n−1) + an,n−2s

(n−2) + · · · + an,0

]
, B�/:�K Γ ��!]O"

% (2.5) ; Z1, Z2, · · · , Zn #>8?<@= S, U1, U2, · · · , Un−1 DÆ�3Y,�PB��
(Z1, Z2, · · · , Zn) !8<.�+$('N";W<4���=� Z1, Z2, · · · , Zn !�OAD"

DE 2.3

E(Zk1
1 Zk2

2 · · ·Zkn
n ) = Γ

(
n∑

i=1

ki + 1

) n∏
i=1

Γ (δki + 1)

Γ
(

δ
n∑

i=1

ki + 1
) . (2.8)

F

E(Zk1
1 · · ·Zkn

n ) = E

⎛⎜⎝S

n∑
i=1

ki

⎞⎟⎠E

⎡⎢⎢⎣U

n−1∑
i=1

kiδ

1 (1 − U1)knδ

⎤⎥⎥⎦ · · ·E [Uk1δ
n−1(1 − Un−1)k2δ

]
, (2.9)

�9

E

⎡⎢⎢⎣U

n−j∑
i=1

kiδ

j (1 − Uj)δkn−j+1

⎤⎥⎥⎦ =
∫ 1

0

u

n−j∑
i=1

kiδ

j (1 − uj)δkn−j+1 (n − j)un−j−1
j duj

=(n − j)
Γ
( n−j∑

i=1

kiδ + n − j
)
Γ (δkn−j+1 + 1)

Γ
( n−j+1∑

i=1

kiδ + n − j + 1
) , (j = 1, 2, · · · , n − 1).

? n = 2 ��5>PQ E(Sk1+k2) = Γ (k1 + k2 + 1)[δ(k1 + k2) + 1]. N#�OPQ(RQ
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E

⎛⎜⎝S

n∑
i=1

ki

⎞⎟⎠ =
1

(n − 1)!
Γ

(
n∑

i=1

ki + 1

)(
δ

n∑
i=1

ki + n − 1

)
· · ·
(

δ
n∑

i=1

ki + 1

)
.

^ E(S

n∑
i=1

ki

) \ E

⎡⎢⎢⎣U

n−j∑
i=1

kiδ

j (1 − Uj)δkn−j+1

⎤⎥⎥⎦ (j = 1, n − 1) !DÆ%O_ (2.9), E`# Γ �

�!8<;RQ (2.8) %"
DE 2.4 4� i, j, k, l = 1, 2, · · · , n 9 i, j, k, l 3$=Z�2

b1=̂D(ln Zi) =
π2

6
,

b2=̂cov(ln Zi, ln Zj) = (1 − δ2)
π2

6
,

b3=̂cov(ln Zi ln Zj , ln Zi) = −2ζ(3) − γ

3
π2 + δ2γ

π2

6
+ 2δ3ζ(3),

b4=̂cov(ln Zi ln Zj , ln Zk) = −2ζ(3) − γ

3
π2 + δ2γ

π2

3
+ 2δ3ζ(3),

b5=̂D(ln Zi ln Zj) = 6ζ(4) + 8ζ(3)γ +
π4

18
+

2
3
π2γ2 − 1

3
π2
(π2

6
+ γ2

)
δ2

− 8γδ3ζ(3) + δ4
(π4

36
− 6ζ(4)

)
,

b6=̂cov(ln Zi ln Zj , ln Zi ln Zk) =
[
6ζ(4) + 8ζ(3)γ +

π4

18
+

2
3
π2γ2

]
− δ2

[π4

12
+

1
2
π2γ2

]
− 8γδ3ζ(3) +

[π4

36
− 6ζ(4)

]
δ4,

b7=̂cov(ln Zi ln Zj , ln Zl ln Zk) =
[
6ζ(4) + 8ζ(3)γ +

π4

18
+

2
3
π2γ2

]
− 2

3
π2

(
π2

6
+ γ2

)
δ2 − 8γδ3ζ(3) +

[
π4

18
− 6ζ(4)

]
δ4.

F b1, b2, b3, b4, b5 -K [3], b6, b7 !'^WXTL�Q�Va"
DE 2.5

cov(lnZ1 ln Z2, · · · , ln Z1 ln Zn, · · · , ln Zn−1 ln Zn, ln Z1, · · · , lnZn)T

=(a′
ij)n(n+1)

2 ×n(n+1)
2

=̂
∑ ∗∗. (2.10)

01b[=!V n − 1 _�=�B� ln Z1 T ln Zi(i = 2, n) !`Æ�K n 0K 2n − 3
_�=�B� ln Z2 T ln Zi(i = 3, n) !`Æ�V2�'�0K n(n−1)

2 _�=� ln Zn−1 T

ln Zn !`Æ�b[=\;3�=�B: ln Z1 0 ln Zn. P
∑∗∗ =

(
A B
B′ C

)
, �9 A :�

_ n(n−1)
2 c!'M"K�]9K�_^_: b5, dN 2(n− 2) _^_a: b6, O, (n-2)(n−3)

2

_^_a: b7. A !�`]9! n(n−1)
2 _^_9a2 1 _ b5, 2(n− 2) _ b6,

(n-2)(n−3)
2 _ b7,
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J:bP2*$Z"

B =

⎛⎜⎜⎜⎜⎜⎝
b3, b3, b4, · · · · · · · · · b4

b3, b4, b3, b4, · · · · · · b4

b3, b4, b4, b3, b4, · · · b4

...
b4, · · · · · · · · · b4, b3, b3

⎞⎟⎟⎟⎟⎟⎠
n(n−1)

2 ×n

.

B !e�] n _^_92 2 _ b3, n − 2 _ b4.

C =

⎛⎜⎜⎜⎝
b1 b2 · · · b2

b2 b1 · · · b2

...
b2 · · · b2 b1

⎞⎟⎟⎟⎠
n×n

.

b+4fc^_: b1 Ld� C !�\^_a: b2.
F `#-$ 2.4 !JM;RQ0 -$!J�"
DE 2.6

cov(lnX1 ln X2, · · · , ln X1 ln Xn, · · · , ln Xn−1 ln Xn, ln X1, · · · , ln Xn)T

=(aij)n(n+1)
2 ×n(n+1)

2

=̂
∑ ∗. (2.11)

01b[=!Jc�Q� (2.10) %"e'dgM ∑∗
!^_2+; 7 4�, (i, j, k, l =

1, 2, · · · , n 9 i, j, k, l 3$=Z) 8

b′1=̂D(ln Xi) =
π2

6
,

b′2=̂cov(ln Xi, ln Xj) = (1 − δ2)
π2

6
=̂δT ,

b′3=̂cov(ln Xi ln Xj , ln Xi) =
π2

6
ln θj + (1 − δ2)

π2

6
ln θi + b3,

b′4=̂cov(ln Xi ln Xj , ln Xk) = (1 − δ2)
π2

6
ln θi + (1 − δ2)

π2

6
ln θj + b4,

b′5=̂D(ln Xi ln Xj) =
π2

3
(1 − δ2) ln θi ln θj + [(ln θi)2 + (ln θj)2]

π2

6
+ (ln θi + ln θj) · 2b3 + b5,

b′6=̂cov(ln Xi ln Xj , ln Xi ln Xk)

= b6 + ln θi

[
− 4ζ(3) − 2

3
π2γ + 4δ3ζ(3) +

2
3
γπ2δ2

]
+ (ln θj + ln θk) · b3

+ (ln θi ln θk + ln θi ln θj + ln2 θi) · π2

6
(1 − δ2) + ln θj ln θk

π2

6
,
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b′7=̂cov(ln Xi ln Xj , ln Xl ln Xk)

= b7 +
π4

36
+

π2γ

3
+ γ4 +

π2

3
δ2
(π4

12
− γ2

)
+ b4 − γ(b2 + γ2) · (ln θi + ln θj + ln θk + ln θl)

+
[
(1 − δ2)

π2

6
+ γ2

]
·
∑
u�=v

ln θu ln θv − γ
∑

u�=v,u�=p
v �=p

ln θu ln θv ln θp + ln θi ln θj ln θk ln θl,

9
∑∗
!Jc�Q

∑∗∗ .
F 5.0 Zi = Xi

θi
i = 1, n, E`#-$ 2.4 \ 2.5 !JM;R"

3 δ QRS
L (X1i, X2i, · · · , Xni)(i = 1, m) :�KTf (X1, X2, · · · , Xn) !Y " � Xj(j = 1, n)

�BeV9� (AD) � θj !-����'Kh; θj !F�i�

θ̂j =
m∑

i=1

Xji

m
, j = 1, n.

;W�� δ !F�"�-$ 2.6, cov(lnXi, ln Xj) = δT = (1 − δ2)π2

6 , <4R#;1'(F�
δT 8

δ̂T =
1

C2
n

∑
1≤v<u≤n

[
1
m

m∑
i=1

(ln Xui − ln Xu)(ln Xvi − ln Xv)

]
, (3.1)

�9 ln Xu = 1
m

m∑
i=1

ln Xui, u = 1, n, ln Xv = 1
m

m∑
i=1

ln Xvi, v = 1, n. f

δ̂T =
1

C2
n

∑
1≤v<u≤n

[
1
m

m∑
i=1

ln Xui ln Xvi −
(

1
m

m∑
i=1

ln Xui

)(
1
m

m∑
i=1

ln Xvi

)]
. (3.2)

:@=OL
Z1i =

X1i

θ1
, Z2i =

X2i

θ2
, · · · , Zni =

Xni

θn
(i = 1, m),

5.0
ln Xj =

1
m

m∑
i=1

ln Xji =
1
m

m∑
i=1

(ln Zji + ln θj) = ln Zj + ln θj , j = 1, n,

*+2

δ̂T =
1

C2
n

∑
1≤v<u≤n

[
1
m

m∑
i=1

ln Zui ln Zvi −
(

1
m

m∑
i=1

ln Zui

)(
1
m

m∑
i=1

ln Zvi

)]
. (3.3)
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 2��+XN�<4R� (3.3) �� δ̂T !8<"�5�9gjhg$�

1√
m

m∑
i=1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ln Z1i ln Z2i − E(ln Z1i ln Z2i)
...

ln Z1i ln Zni − E(ln Z1i ln Zni)
...

ln Zn−1i ln Zni − E(ln Zn−1i ln Zni)
ln Z1i − E(ln Z1i)

...
ln Zni − E(ln Zni)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
L−→ N

(
0
˜
,
∑ ∗∗

)
(m → ∞), (3.4)

�9 0
˜

= (0, 0, · · · , 0)′,
∑ ∗∗ [ (2.10) *Æ"P

β′
jk = E(ln Zji ln Zki) = γ2 + (1 − δ2)

π2

6
, j �= k, 1 ≤ j, k ≤ n, 1 ≤ i ≤ m,

α′
j = E(ln Zji) = −γ, 1 ≤ i ≤ m, 1 ≤ j ≤ n,

�:

δT = (1 − δ2)
π2

6
=

1
C2

n

∑
1≤j<k≤n

(β′
jk − α′

jα
′
k).

P

M =
∂δT

∂(β′
12, · · · , β′

(n−1)n, α′
1, · · · , α′

n)
=

1
C2

n

(
1, · · · , 1,−

∑
j �=1

α′
j , · · · ,−

∑
j �=n

α′
n

)
=

1
C2

n

(1, · · · , 1, (n− 1)γ, · · · , (n − 1)γ)=̂(D, E).

�9 D :e_^_a: 1 ! n(n−1)
2 c][=�E :e_^_a: (n− 1)γ ! n c][="

*+

M
∑ ∗∗M ′ =

1
(C2

n)2
(1, · · · , 1, (n − 1)γ, · · · , (n − 1)γ)(a′

ij)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
...
1

(n − 1)γ
...

(n − 1)γ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
[
n(n − 1)2γ2b1 + n(n − 1)3γ2b2 + 2n(n − 1)2γb3 + n(n − 1)2(n − 2)γb4

+
n(n − 1)

2
b5 + n(n − 1)(n − 2)b6 +

1
4
n(n − 1)(n − 2)(n − 3)b7

]
· 1
(C2

n)2

=
n(n − 1)
(C2

n)2

{
n(n − 1)

(
3
2
ζ(4) +

π4

72

)
− (n − 2)(n − 3)δ2

[
π2

8
γ +

π2

8
γ2 +

3
4
γ3(γ + 1)

]
+

γ

4
(n − 2)(n − 3)δ3

(
13γ3 + 9γ2 +

13
6

πγ2 − 2π2γ − π2

2

)
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− δ4

[
3
2
n(n − 1)ζ(4) − π4

72
(n2 − 3n + 3)

+
1
4
(n − 2)(n − 3)(2ζ(3) + 14γζ(3) + 2π2γ2 + 7γ4 − π2γ + γ3)

]}
. (3.5)

� Delta ( (K [4]) Q
√

m(δ̂T − δT ) L−→ N(0, σ2
δT

), m → ∞, �9 σ2
δT

= M̄
∑ ∗∗M̄ ′. 5>

60 σ2
δT
:T δ 2="VI01Z%RPQ n = 2, 3, 4 ��;=� δ̂T !kl'd8

2 �: σ2
δT

= 6ζ(4) + π4

18 − π4

18 δ2 +
(

π4

36 − 6ζ(4)
)
δ4,

3 �: σ2
δT

= 6ζ(4) + π4

18 − 2π4

27 δ2 +
(

π4

36 − 6ζ(4)
)
δ4,

4�: σ2
δT

= 6ζ(4)+ π4

18 − 2
3δ2
[

π2

8 γ+ π2

8 γ2+ 3
4γ3(γ+1)

]
+ γδ3

6

(
13γ3+9γ2+ 13

6 πγ2−2πγ− π2

2

)
+ δ4

3

[
7
72π4 − 18ζ(4) − ζ(3) − 7γζ(3) − π2γ2 − 7

2γ4 + π2

2 γ − γ3

2

]
.

� δT = (1 − δ2)π2

6 Q δ =
√

1 − 6δT

π2 =̂g(δT ), δ′ = g′(δT ) = − 3
π2δ .

<4�� δ ![;F�

δ̂ = g(δ̂T ) =

√
1 − 6δ̂T

π2
. (3.6)

� Delta (Q

√
m(δ̂ − δ) =

√
m(g(δ̂T ) − g(δT )) L−→ N(0, σ2

δ ), m → ∞, (3.7)

�9 σ2
δ = [g′(δT ) · σδT ]2. i�gF�!8<5>Hh�F� δ̂ : δ !m=OF�"PQ+0

��NRnQ[;g$"

UE 3.1 LTf (X1, X2, · · · , Xn)eV����� (1.1)!5�-����(X1i, · · · , Xni)
(i = 1, m) :�KTf (X1, X2, · · · , Xn) !Y �op� (3.6) g3!F� δ̂, (1) : δ !

m=OF�) (2) 22klVj8 √
m(δ̂ − δ) L−→ N(0, σ2

δ ) m → ∞, �9 σ2
δ [ (3.7) *

Æ"

�2<4R+PQ n = 2, 3, 4 ��; δ̂ !kl'd8

2 �8 σ2
δ = 1

20δ2 (22 − 10δ2 − 7δ4),
3 �8 σ2

δ = 1
20δ2 (22 − 40

3 δ2 − 7δ4),

4 �8 σ2
δ = 11

10δ2 − 6
π4

[
π2

8 γ + π2

8 γ2 + 3
4γ3(γ + 1)

]
+ γδ

2π4

(
13γ3 + 9γ2 + 13

6 πγ2 − 2πγ − π2

2

)
+ 3

π4 δ2
[

7
72π4 − 18ζ(4) − ζ(3) − 7γζ(3) − π2γ2 − 7

2γ4 + π2

2 γ − γ3

2

]
.

4 WXYZ
LH (2.5)%�<4.�P<9i�5=� 100! 3�-���!k?<Y (X1i, X2i, X3i)

(i = 1, 2, · · · , 100). i�3[Y �i θ1 = 0.8, θ2 = 0.6, θ3 = 0.7, δ �Bi 0.1–0.9. �:�3
9 [Y j (3.2) \ (3.6) 4e�_ δ 3i��_F�"^01WX\+ 20 k"K l knQ

!F�P� δ̂l, iP δ̂ = 1
20

20∑
l=1

δ̂l, ^ δ, F�] δ̂ \ “q” δ̂ − δ bD[;"VD9!�HR+
6�� ���! δ !F��8<:l!"
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δ 0.1 0.2 0.3 0.4 0.5

δ̂ 0.174390 0.191192 0.298686 0.402848 0.491682

δ̂ − δ 0.074390 −0.008808 −0.001314 0.002848 −0.008318

δ 0.6 0.7 0.8 0.9

δ̂ 0.609156 0.692481 0.800120 0.901267

δ̂ − δ 0.009156 −0.007519 0.000120 0.001267

^ _ ` a

[1] Gumbel E J. Bivariate exponential distribution. JASA, 1960, 55: 698–707.
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[3] lmrn GBVE opmqrnssottnpqnrruv 2003, 26(1): 62–71.
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9: 267–277.
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ESTIMATORS OF PARAMETERS FOR A CLASS OF

MULTIVARIATE EXPONENTIAL DISTRIBUTION

Xu Dongyuan Ye Cinan Wang Meichen

(College of Science, University of Shanghai for Science and Technology, Shanghai 200093)

Abstract In this paper, the authors consider a class of multivariate exponential distri-
butions with survival function

F (x1, x2, · · · , xn) = P{X1 > x1, · · · , Xn > xn} = exp

⎧⎨⎩−
[

n∑
i=1

(
xi

θi

) 1
δ

]δ
⎫⎬⎭ ,

where 0 < xi < ∞, 0 < δ ≤ 1, 0 < θi < ∞, i = 1, n " The density function is given and
its properties are discussed. The estimator δ̂ of the parameter δ is proposed, its consistence
and asymptotic normality are established, and the asymptotic variance σ2

δ is derived. Some
simulation results are provided.

Key words Multivariate exponential distribution, parameters estimation, correlation
parameter, asymptotic property.
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