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Under suitable conditions, we show that for any x,
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������������ !�"#$%, &'�����( !���!�. ) {Xn, n ≥
1} � i.i.d. *"#$+%, &',()-�*.� !+/ F (x). , Xk �%(��(, -0.
- Xk > max{X1, . . . ,Xk−1}. 1/021,32 X1 �%(��(,344�1 X(1). 5 L1 = 1,
Ln = min{k > Ln−1, Xk > XLn−1} (n ≥ 2),, {X(n) = XLn , n ≥ 1}1 {Xn, n ≥ 1}� “��(
+%”. 5667��(�Æ 7 Tn =

∑n
j=1X

(j). 1998 8, 9 [1] :;8<9 X1 &' Gumbel
 !, : X1 � !+/1 FX1(x) = 1 − e−ex

, x ∈ R, =

Tn − (n+ 1) log n+ n√
2n

D→ N (0, 1). (1.1)

2>

ψ(u) = F−1(1 − e−u)

(&' F−1(y) = sup{x : F (x) ≤ y}), ;�:; [1], �?@� n,

(X(1),X(2), . . . ,X(n)) d=
(
ψ(X∗

1 ), ψ(X∗
1 +X∗

2 ), . . . , ψ
( n∑

i=1

X∗
i

))
, (1.2)

&'
d= <A- !7 X∗

1 ,X
∗
2 , . . . ,X

∗
n � i.i.d. �&'=i (:>/1 1 �) B/ !�*"#

$. �C Gumbel  !, 56D ψ(u) = log u. ��, ' (1.1) 7 (1.2) E;?∑n
j=1 logSj − (n+ 1) log n+ n√

2n
D→ N (0, 1), (1.3)

&' Sj =
∑j

i=1X
∗
i . FG Stirling �E, (1.3) E@AC( n∏

j=1

Sj

j

)1/
√

n
D→ e

√
2N . (1.4)

��;�B�C��(Æ 7 Tn �CH !�!�DE1!�Æ 7FG�CH !. 2002
8, 9 [2] I�8 i.i.d. *"#$+%�Æ 7FG�CH !, ?H8

jk A ) {Xn, n ≥ 1} � i.i.d. �J�*"#$+%, 0 EX1 = μ > 0, Var(X1) = σ2 <

∞. � Sn =
∑n

j=1Xj 7 γ = σ/μ. =(∏n
j=1 Sj

n!μn

)1/(γ
√

n)
D→ e

√
2N . (1.5)
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Z[, 9 [3] :;86C i.i.d. *"#$Æ 7FG
∏n

j=1 Sj �\]^^CH2�.
jk B ) {Xn, n ≥ 1} � i.i.d. �J�*"#$+%, 0 EX1 = μ > 0, Var(X1) = σ2 <

∞. � Sn =
∑n

j=1Xj 7 γ = σ/μ, =�?@� x

lim
n→∞

1
log n

n∑
k=1

1
k
I

{(∏k
j=1 Sj

k!μk

)1/(γ
√

k)

≤ x

}
= F (x), a.s. (1.6)

N_`O9', I{·}<AAP+/7 F (·)�*"#$ e
√

2N � !+/,: F (x) = P(e
√

2N ≤x).
a94 I�6C ρ-bc*"#$+%�Æ 7FG�\]^^CH2�. ) {Xn, n ≥ 1}

�2>Q��de (Ω,F ,P) R�S(*"#$+%. � F b
a = σ(Xi, a ≤ i ≤ b). +% {Xn, n ≥

1} T� ρ- bc�, U

ρ(n) := sup
k≥1, X∈L2(F k

1 ), Y ∈L2(F∞
k+n)

|Corr(X,Y )| → 0, n→ ∞;

+% {Xn, n ≥ 1} T� ϕ- bc�, U

ϕ(n) := sup
k≥1, A∈F k

1 , B∈F∞
k+n, P (A) �=0

|P (B|A) − P (B)| → 0, n→ ∞.

56?H8OV�E9.
jk ) {Xn, n ≥ 1}�WXY� ρ-bc�J�*"#$+%,0 EX1 = μ > 0, Var(X1) =

σ2 <∞. � Sn =
∑n

j=1Xj 7 γ = σ/μ. f)
(C1) �,( ε > 2, ρ(n) = O(n−1(log n)−ε);
(C2) σ2

1 := 1 + 2
σ2

∑∞
j=2 Cov(X1,Xj) > 0,

=�?@� x,

lim
n→∞

1
log n

n∑
k=1

1
k
I

{(∏k
j=1 Sj

k!μk

)1/(γσ1
√

k)

≤ x

}
= F (x), a.s. (1.7)

l 1 (i) Z[g, 2� B �2��\]^_.
(ii) `OV�a� 2.1 7bh (C1) 7 Var(X1) <∞ ;c

0 < σ2
1 ≤ 1 +

8
σ2

∞∑
i=1

ρ(i)EX2
1 <∞.

i[ ϕ- bc+%� ρ- bc�0 ρ(n) ≤ 2ϕ1/2(n). ��, 56j:k?6C ϕ- bc*"#
$+%�Æ 7FG�\]^^CH2�.

mn ) {Xn, n ≥ 1}�WXY� ϕ-bc�J�*"#$+%,0 EX1 = μ > 0, Var(X1) =
σ2 < ∞. � Sn =

∑n
j=1Xj 7 γ = σ/μ. f) ϕ(n) = O(n−2(log n)−2ε), ,( ε > 2 7 σ2

1 > 0,
=�?@� x,

lim
n→∞

1
log n

n∑
k=1

1
k
I

{(∏k
j=1 Sj

k!μk

)1/(γσ1
√

k)

≤ x

}
= F (x), a.s. (1.8)

2 opÆqr
5 bk,n =

∑n
i=k 1/i, - k ≤ n; bk,n = 0, - k > n. � S̃n =

∑n
k=1 Yk 7 Sn,n =

∑n
k=1 bk,nYk,

&' Yk = (Xk − μ)/σ, k ≥ 1. 5 σ2
n = Var(Sn,n), C <A%(Jl/, &(Qm-�g/;�d

m-�(7 a ∧ b = min(a, b).
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2��:;e OV�a�.
sk 2.1 ) {Xn, n ≥ 1} � ρ- bc*"#$+%, X ∈ Lp(F k

1 ), Y ∈ Lq(F∞
k+n), p, q > 1

0 1/p+ 1/q = 1, �f |EXY − EXEY | ≤ 4[ρ(n)]
2
p∧ 2

q ||X||p||Y ||q, &' ||X||p = [E|X|p]1/p.
tu >19 [4, a� 1.2.7].
sk 2.2 ) {Xn, n ≥ 1} �- !� ρ- bc*"#$+%, 0 EX1 = 0, E|X1|p < ∞,

1 ≤ p < 2. � Sn =
∑n

j=1Xj . f)
∑∞

n=1 ρ(2n) <∞, �f n−1/pSn → 0 a.s. n→ ∞.

tu >1gv [4, h� 8.4.2].
sk 2.3 ) {Xn, n ≥ 1} � ρ- bc*"#$+%, 0 EXn = 0 7

∑∞
n=1 ρ(2n) < ∞. )

{ani, 1 ≤ i ≤ n} �%S/%0iw
sup

n

n∑
i=1

a2
ni <∞ 7 max

1≤i≤n
|ani| → 0 (n→ ∞).

f) {X2
n} %�;G7 Var(

∑n
i=1 aniXi) = 1, �f

n∑
i=1

aniXi
D→ N (0, 1).

tu >19 [5, 2� 2.2].
sk 2.4 Q2��bhO, 56D σ2

n

2n−b1,n
→ σ2

1 , n→ ∞.

tu jc {Yn} k�%WXY� ρ- bc+%, 0 EY1 = 0, EY 2
1 = 1. lm

n∑
k=1

b2k,n =
n∑

k=1

bk,n

n∑
i=k

1/i = b1,n +
n∑

i=2

i∑
k=1

bk,n/i

= b1,n +
n∑

i=2

1
i

[ i∑
k=1

n∑
j=k

1/j
]

= b1,n +
n∑

i=2

1
i

n∑
j=1

j∧i∑
k=1

1
j

= b1,n +
n∑

i=2

[ i−1∑
j=1

1
i

+
n∑

j=i

1/j
]

= b1,n + 2
n∑

i=2

i−1∑
j=1

1
i

= 2n− b1,n. (2.1)

n`XYP7 EY 2
1 = 1 ;c

σ2
n

2n− b1,n
=

1
2n− b1,n

n∑
i=1

b2i,nEY 2
i +

2
2n− b1,n

n−1∑
i=1

n∑
j=i+1

bi,nbj,nCov(Yi, Yj)

= 1 +
2

2n− b1,n

n−1∑
i=1

n−i∑
j=1

bi,nbi+j,nCov(Y1, Yj+1)

= 1 +
2

2n− b1,n

n∑
j=2

n+1−j∑
i=1

bi,nbi+j−1,nCov(Y1, Yj)

= 1 +
2

2n− b1,n

n∑
j=2

[ n∑
i=1

−
n∑

i=n−j+2

]
bi,n[bi,n − bi,i+j−2]Cov(Y1, Yj)

= 1 +
2

2n− b1,n

n∑
j=2

n∑
i=1

b2i,nCov(Y1, Yj) − 2
2n− b1,n

n∑
j=2

n∑
i=n−j+2

b2i,nCov(Y1, Yj)

− 2
2n− b1,n

n∑
j=2

n+1−j∑
i=1

bi,nbi,i+j−2Cov(Y1, Yj). (2.2)
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xcRVnE;?∣∣∣∣ σ2
n

2n− b1,n
− σ2

1

∣∣∣∣ ≤ 2
2n− b1,n

n∑
j=2

n∑
i=n−j+2

b2i,n|Cov(Y1, Yj)|

+
2

2n− b1,n

n∑
j=2

n+1−j∑
i=1

bi,nbi,i+j−2|Cov(Y1, Yj)| + 2
∞∑

j=n+1

|Cov(Y1, Yj)|

:= I1 + I2 + I3. (2.3)

oGa� 2.1, bh (C1) 7 bi,n ≤ C log n, i ≥ 1, n ≥ 1, �,( ε > 2, D

I1 ≤ C(log n)2

2n− b1,n

n∑
j=2

(j − 1)|Cov(Y1, Yj)| ≤ C
n(log n)2−ε

2n− b1,n
→ 0 (n→ ∞) (2.4)

7

I2 =
2

2n− b1,n

n∑
j=2

[ n+1−j∑
i=1

bi,i+j−2

n∑
k=i

1/k
]
|Cov(Y1, Yj)|

=
2

2n− b1,n

n∑
j=2

[ n∑
k=1

1
k

k∧(n+1−j)∑
i=1

bi,i+j−2

]
|Cov(Y1, Yj)|

=
2

2n− b1,n

n∑
j=2

[ n−j∑
k=1

1
k

k∑
i=1

bi,i+j−2 +
n∑

k=n+1−j

1
k

n+1−j∑
i=1

bi,i+j−2

]
|Cov(Y1, Yj)|

:=
2

2n− b1,n

n∑
j=2

[I21 + I22]|Cov(Y1, Yj)|,

&'

I21 =
n−j∑
k=1

1
k

k∑
i=1

i+j−2∑
l=i

1/l ≤
n−j∑
k=1

1
k

k+j−2∑
l=1

(j − 1)/l ≤ C

n−j∑
k=1

j − 1
k

log(k + j − 2)

7

I22 =
n∑

k=n+1−j

1
k

n+1−j∑
i=1

i+j−2∑
l=i

1/l ≤
n∑

k=n+1−j

1
k

n−1∑
l=1

(j − 1)/l ≤ C

n∑
k=n+1−j

j − 1
k

log n.

��

I2 ≤ C

2n− b1,n

n∑
j=2

n∑
k=1

j − 1
k

log n|Cov(Y1, Yj)| ≤ C
n(log n)2−ε

2n− b1,n
→ 0 (n→ ∞). (2.5)

npoGa� 2.1 7bh (C1) ?H

I3 ≤ 8
∞∑

j=n

ρ(j) → 0 (n→ ∞). (2.6)

Ec (2.3)–(2.6) E, a�?:.

sk 2.5 Q2��bhO, �?@� x,

lim
n→∞

1
log n

n∑
k=1

1
k
I{Sk,k/(

√
2kσ1) ≤ x} = Φ(x), a.s. (2.7)
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tu 7@ {Yn} �WXY� ρ- bc+%, 0 EY1 = 0, EY 2
1 = 1. 56lm:;

Sn,n√
2nσ1

D→ N (0, 1) n→ ∞. (2.8)

5 ani = bi,n/σn, 1 ≤ i ≤ n, n ≥ 1. Z[g, Var(
∑n

k=1 ankYk) = 1 7
∑∞

n=1 ρ(2n) < ∞. FGa
� 2.4 ;? σ2

n = (2n− b1,n)σ2
1(1 + o(1)). ��, ` (2.1) E;c

sup
n

n∑
i=1

a2
ni = sup

n

2n− b1,n

(2n− b1,n)σ2
1(1 + o(1))

<∞

7

max
1≤i≤n

|ani| ≤ C log n/
√

(2n− b1,n)σ2
1(1 + o(1)) → 0 n→ ∞.

qFGa� 2.3 7a� 2.4, (2.8) Erj.
5 f(x) �%(Ds� Lipschitz +/. ` (2.8) E;?

Ef(Sn,n/(
√

2nσ1)) → Ef(N (0, 1)), n→ ∞. (2.9)

t%/V, '9 [6, uvw] 79 [7, 2� 7.1] ;c, (2.7) E@AC

lim
n→∞

1
log n

n∑
k=1

1
k
f(Sk,k/(

√
2kσ1)) = Ef(N (0, 1)), a.s. (2.10)

��, 18:; (2.7) E, 56oe:;

Tn :=
1

log n

n∑
k=1

1
k

[f(Sk,k/(
√

2kσ1)) − Ef(Sk,k/(
√

2kσ1))] → 0, a.s. (2.11)

� ξk = f(Sk,k/(
√

2kσ1)) − Ef(Sk,k/(
√

2kσ1)), 1 ≤ k ≤ n. 56D

ET 2
n =

1
log2 n

E

( n∑
k=1

ξk/k

)2

≤ 1
log2 n

∑
1≤k<l≤n

2k≥l

|Eξkξl|/(kl) +
1

log2 n

∑
1≤k<l≤n

2k<l

|Eξkξl|/(kl) := I1 + I2. (2.12)

i[ f �Ds�

I1 ≤ C

log2 n

n∑
k=1

2k∑
l=k+1

1/(kl) ≤ C log−1 n. (2.13)

pQxy I2. <9 l > 2k, 56D

Sl,l − S2k,2k = (b1,lY1 + b2,lY2 + · · · + bl,lYl) − (b1,2kY1 + b2,2kY2 + · · · + b2k,2kY2k)

= b2k+1,lS̃2k + (b2k+1,lY2k+1 + · · · + bl,lYl)

7

|Eξkξl| = |Cov(f(Sk,k/(
√

2kσ1)), f(Sl,l/(
√

2lσ1)))|
≤ |Cov(f(Sk,k/(

√
2kσ1)), f(Sl,l/(

√
2lσ1)) − f((Sl,l − S2k,2k − b2k+1,lS̃2k)/(

√
2lσ1)))|

+ |Cov(f(Sk,k/(
√

2kσ1)), f((Sl,l − S2k,2k − b2k+1,lS̃2k)/(
√

2lσ1)))|.
i[ f �Ds�, oGa� 2.1 ?H

|Cov(f(Sk,k/(
√

2kσ1)), f((Sl,l − S2k,2k − b2k+1,lS̃2k)/(
√

2lσ1))| ≤ Cρ(k).
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`a� 2.1, bh (C1) 7 (2.1) E;c

Var(S2k,2k) =
2k∑
i=1

b2i,2kEY 2
i + 2

2k−1∑
j=1

2k∑
i=j+1

bi,2kbj,2kCov(Yi, Yj)

≤ 4k − b1,2k + 2
2k−1∑
j=1

b2j,2k

2k∑
i=j+1

|Cov(Yi, Yj)|

≤ 4k + C

2k−1∑
j=1

b2j,2k

∞∑
i=1

ρ(i) ≤ Ck.

zqg

Var(S̃2k) ≤ Ck.

i[ f �%(Ds� Lipschitz +/, oG Hölder m@E;?

|Cov(f(Sk,k/(
√

2kσ1)), f(Sl,l/(
√

2lσ1)) − f((Sl,l − S2k,2k − b2k+1,lS̃2k)/(
√

2lσ1)))|

≤ CE
|S2k,2k + b2k+1,lS̃2k|√

2lσ1

≤ C(Var(S2k,2k))1/2/(
√

2lσ1) + Cb2k+1,l(Var(S̃2k))1/2/(
√

2lσ1)

≤ C(2k/l)1/2 + C(2k/l)1/2 log
l

2k
.

��<9 l > 2k, �,( 0 < θ < 1/2

|Eξkξl| ≤ C(2k/l)θ + Cρ(k).

xc?H

I2 ≤ C

log2 n

n∑
l=2

l−1∑
k=1

1
k1−θl1+θ

+
C

log2 n

n∑
l=2

1
l

l−1∑
k=1

ρ(k)/k ≤ C log−1 n. (2.14)

Ec (2.12), (2.13) 7 (2.14) E, 56D

ET 2
n ≤ C log−1 n. (2.15)

5 nk = ekτ

, &' τ > 1, 56D
∞∑

k=1

ET 2
nk
<∞.

FG Borel–Cantelli a�: Tnk
→ 0, a.s. k → ∞. 7@

log nk+1

log nk
=

(k + 1)τ

kτ
→ 1 k → ∞.

i[ f �Ds�, � nk < n ≤ nk+1,

|Tn| ≤ 1
log nk

∣∣∣∣
nk∑
i=1

ξi/i

∣∣∣∣+
1

log nk

nk+1∑
i=nk

|ξi|/i

≤ |Tnk
| + C

(
log nk+1

log nk
− 1
)

→ 0, a.s. (n→ ∞).

a�?:.



736 � � � � a b c 50�

jkytu 5 Ci = Si/(μi), i ≥ 1. 56D

1
γ
√

2kσ1

k∑
i=1

(Ci − 1) =
1

γ
√

2kσ1

k∑
i=1

(
Si

μi
− 1
)

=
1√

2kσ1

k∑
i=1

bi,kYi = Sk,k/(
√

2kσ1).

���?@� x, (2.7) E@AC

lim
n→∞

1
log n

n∑
k=1

1
k
I

{
1

γ
√

2kσ1

k∑
i=1

(Ci − 1) ≤ x

}
= Φ(x), a.s. (2.16)

t%/V, 18:; (1.7) E, oe:;�?@� x,

lim
n→∞

1
log n

n∑
k=1

1
k
I

{
1

γ
√

2kσ1

k∑
i=1

logCi ≤ x

}
= Φ(x), a.s. (2.17)

FGa� 2.2, � 4/3 < p < 2, - i→ ∞ r, D

|Ci − 1| ≤ Ci
1
p−1, a.s.

-rjc, - |x| < 1 r, log(1 + x) = x−R(x), 0 limx→0R(x)/x2 = 1/2. ��∣∣∣∣
k∑

i=1

logCi −
k∑

i=1

(Ci − 1)
∣∣∣∣ ≤ C

k∑
i=1

(Ci − 1)2 ≤ Ck
2
p−1, a.s.

��, �?@�� ε > 0, {Q%(Js/ N := N(ε), t?- k > N r, �?@� x,

I

{
1

γ
√

2kσ1

k∑
i=1

(Ci − 1) ≤ x− ε

}
≤ I

{
1

γ
√

2kσ1

k∑
i=1

logCi ≤ x

}

≤ I

{
1

γ
√

2kσ1

k∑
i=1

(Ci − 1) ≤ x+ ε

}
.

��` (2.16) E;? (2.17) E. 2�:|.

z{ u}v%�Dw�~x5a9yzm{, v|Q�<A}~���.

| } ~ �
[1] Arnold B. C., Villaseñor J. A., The asymptotic distribution of sums of records, Extremes, 1998, 1(3): 351–363.
[2] Rempa�la G., Weso�lowski J., Asymptotics for products of sums and U -statistics, Electronic Communications

in Probability, 2002, 7(2): 47–54.
[3] Khurelbaatar G., Rempa�la G., A note on the almost sure limit theorem for the product of partial sums, Appl.

Math. Lett., 2006, 19(2): 191–196.
[4] Lu C. R., Lin Z. Y., Limit theory for mixing dependent random variables, Beijing: Science Press, 1997 (in

Chinese).
[5] Peligrad M., Utev S., Central limit theorem for linear processes, Ann. Probab., 1997, 25(1): 443–456.
[6] Lacey M. T., Philipp W., A note on the almost sure central limit theorem, Statist. Probab. Lett., 1990, 9(3):

201–205.
[7] Billingsley P., Convergence of probability measures, New York: Wiley, 1968.
[8] Brosamler G. A., An almost everywhere central limit theorem, Math. Proc. Camb. Phil. Soc., 1988, 104:

561–574.
[9] Hu Z. S., Su C., Wang D. C., The asymptotic distributions of sums of record values for distributions with

lognormal-type tails, Science in China A, 2002, 45(2): 1557–1566 (in Chinese).
[10] Peligrad M., Shao Q. M., A note on the almost sure central limit theorem, Statist. Probab. Lett., 1995,

22(2): 131–136.
[11] Schatte P., On strong versions of the central limit theorem, Math. Nachr., 1988, 137(1): 249–256.


