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Abstract In this paper, we investigate the approximation of periodic functions by
translation networks formed by two kinds of spherical translations for a given periodic
function. We first express the basis functions eimx as two kinds of spherical translation
network sequences respectively. Secondly, the Bochner–Riesz means of multiple Fourier
series are also expressed as spherical translation network sequences, with which two
kinds of spherical translation network sequences are defined, and thirdly, the orders of
approxiamtion in Lp spaces for these two kinds of spherical translation sequences are
respectively given by making use of the approximation order of Bochner–Riesz means
in Lp spaces.
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1 LMNOP
����	�
����
�	�Q�
��
����������
	. �����

�R�, ������Æ�����������	�	� �!"���#$ [1−7]. % q ≥ 1
&ST�, Rq & q-'()��, Zq �* Rq UV�&T��+��� .! x=(x1, x2, . . . , xq) ∈
Rq, ",#� ‖x‖ = (

∑q
k=1 x2

k)
1
2 . $ Q = Qq = [−π, π]q ⊂ Rq, 1 ≤ p ≤ +∞, Lp(Qq) �*%-
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7�/�08 2π &^9� p- :12��3, φ ∈ Lp(Qd), 1 ≤ d ≤ q &ST�. $�;4Æ�
τh(φ, x) = φ(x + h), x, h ∈ Qd, ������&

�φ(x) := �φ,Jd,q
(x) =

{ N∑
i=1

φ(Aix + bi) : Ai ∈ Jd×q, bi ∈ Rd

}
, x ∈ Qq,

�U Jd×q &_& d, <=&T�� d × q 56`�� . 7 d = q >, Ai &�?6`, a>
�φ,Jd,q

(x) &Æ���.
$ �φ(x) �@�8b& Span�φ(x). Mhaskar � Micchelli AB [8] UcC Span�φ(x) =

Lp(Qq) 7D97 φ � Fourier E� cl(φ) = 1
(2π)d

∫
Qq φ(x)e−ilx dx 	= 0, l ∈ Zd (F:B [9]), ;

D<d- de la Vallée Poussin Æ0
���=G�H>���Q, ?���	5. a@I��
AAB [10] UBJCD�E^9�KF, <d-GL3 Chebyshev SHIMN� de la Vallée
Poussin Æ0F
���=G�H>���Q, ?��!E^9O��3 Lp

W [−1, 1], W = (1 −
x2

1)
− 1

2 · · · (1 − x2
q)

− 1
2 ��	5. �^9��%-'��eJ%E
1

(2π)q

∫
[−π,π]q

φ(Ax) dx =
1

(2π)d

∫
[−π,π]d

φ(x)dx, A ∈ Jd×q

1fH>��18�Æ���eKLMD. PN, Æ���O�gPÆ�.
hQD^9���RSÆ� St(f, x), t > 0,

St(f, x) =
1

ωq−1

∫
�

q−1

f(x − tξ) dσ(ξ), f ∈ L1(Qq), x ∈ Qq, (1)

(�U ωq−1 = 2π
q
2

Γ( q
2 ) =

∫
�

q−1
dσ(ξ) & Rq U��?RI ∑

q−1 �I2, σ(ξ) &
∑

q−1 T�I2

U<) �

Bt(f, x) =
1

m(B)tq

∫
Bt

f(x + u)dv(u), f ∈ L1(Qq), x ∈ Qq, t > 0, (2)

(�U m(B) & Rq U�?RG B �G2, Bt = {x ∈ Rq : ‖x‖ ≤ t}) A
�Ii Fourier Q�
Bochner–Riesz Æ0�	@I=VCW�XR [11], FBY-",���STZ [12, 13]. [U\&
τt(φ, x) �]V�j@+�Æ�, ^ St(φ, x) � Bt(φ, x) 1B\&�]RIV@@+��k, _
�R��Q,V�Æ`.

PN, 7 φ &^9��>, � φ �RSÆ� St(φ, x), Bt(φ, x), t > 0, ������3

�S
φ(x) = {Sξ(φ, x + ζ), ξ ∈ R1, ζ ∈ Qq} ∪ {1}, x ∈ Qq

�

�B
φ (x) = {Bξ(φ, x + ζ), ξ ∈ R1, ζ ∈ Qq} ∪ {1}, x ∈ Qq,

�WF18a�!^9����	�V��Q,�.
Ii Fourier Q�� Bochner–Riesz Æ0� Fourier ���ib
�cd�>XY����

ibZ=RL. �-eA[I@I���\f -l&L< Fourier ��]A�JC [11], PN,
%-��	�
�g>� ^hI�i_�#$ [11, 14−19]. BU`<d-V%^9�� Fourier
ka�RS Bochner–Riesz Æ0
��=G�j[ �S

φ(x) � �B
φ (x) �Æ����Q;?��

	5�bc, a@I�
��aF�! Bochner–Riesz Æ0
Y�Lm��.
!- 1 ≤ p < +∞, Y Lp(Qq) �*%-7L�/�8 2π &^9;Dkn ‖f‖p,Qq =( ∫

Qq

∣∣f(x)
∣∣p dx

) 1
p < +∞, 1 ≤ p < +∞ �d��3, 7 p = +∞ >, $ L+∞(Qq) = C(Qq),

;", ‖f‖C,Qq = maxx∈Qq |f(x)|, f ∈ C(Qq).
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!- f ∈ L1(Qq), � Bochner–Riesz RSÆ0",& [11]: Sα
R(f, x) =

∑
‖m‖<R

(
1− ‖m‖2

R2

)α·
cm(f)eimx, x ∈ Qq, �U R > 0, Re α > −1, m ∈ Zq. ;$ Sα

0 (f, x) = c0(f). �B [11, 98–99
s] f7 α > q−1

2 >

Sα
R(f, x) =

2α+1Γ(α + 1)
(2π)

q
2

∫ +∞

0

St(f, x)
Rqtq−1J q

2+α(Rt)

(Rt)
q
2+α

dt

=
1

(2π)q

∫
Rq

f(x + y)
2α+ q

2 Rqπ
q
2 Γ(α + 1)J q

2+α(R‖y‖)
(R‖y‖) q

2+α
dy, x ∈ Qq, (3)

�U Jv(z) �8 z &/<�GL3 v 5 Bessel ��.

Y [a] �* a �T�j�. % R′ > R > 0, f, φ ∈ Lp(Qq), 1 ≤ p ≤ +∞; cm(φ) 	= 0, m ∈ Zq.

",

Sα
R,φ(f, x) = c0(f) +

(
1

2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

ωq−1cm(Sα
R(f))e

2lmπi
2([R′]+[R])+1

cm(φ)cq[1 − ( ‖m‖
R′ )2]α

×
(

π
R′
‖m‖+1

) ∑
k∈Z1

S kπ
R′+‖m‖

(
φ, x− 2πl

2([R′]+[R])+1

)
j q

2−1

(
kπ

R′
‖m‖+1

)
, x ∈ Qq (4)

�

S∗,α
R,φ(f, x) = c0(f) +

(
1

2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

m(B)cm(Sα
R(f))e

2lmπi
2([R′]+[R])+1

cm(φ)c∗q[1 − ( ‖m‖
R′ )2]α

×
(

π
R′
‖m‖ + 1

)∑
k∈Z1

B kπ
R′+‖m‖

(
φ, x− 2πl

2([R′]+[R])+1

)
j q

2−1

(
kπ

R′
‖m‖+1

)
, x ∈ Qq, (5)

�U jα(z) = 2αΓ(α+1)Jα(z)
zα , cq = Γ(q−2)Γ( 1

2 )

Γ( 2q−3
2 )

, c∗q = Γ
(

1
2

)
Γ
(

q
2

) ∫ 1

0
τ

3q
2 −2

(1+τ2)
1
2

2F1

(
1
4 , 3

4 , q
2 , 4τ2

(1+τ2)2

)
dτ,

L 2F1(α, β, ρ, z) =
∑∞

n=0
(α)n(β)n

n!(ρ)n
zn, (α)n = α(α + 1)(α + 2) · · · (α + n − 1), (α)0 = 1, ^

Sα
R,φ(f, x) ∈ �S

φ(x), S∗,α
R,φ(f, x) ∈ �B

φ (x), DVtkbc�l.

pq % f, φ ∈ Lp(Qq), R′ ≥ R > 0, 1 < p < +∞, α > αp = q−1
2 | 2p − 1| D cm(φ) 	= 0,

m ∈ Zq, ^mA4� C > 0, uM

‖Sα
R,φ(f) − f‖p,Qq ≤ C

[
ω2

(
f,

1
R

)
p,Qq

+
Rσ‖f‖p,Qq

Φα
R, R′(φ)

ω2

(
φ,

1
R′

)
p,Qq

]
(6)

�

‖S∗,α
R,φ(f) − f‖p,Qq ≤ C

[
ω2

(
f,

1
R

)
p,Qq

+
Rσ‖f‖p,Qq

Φ∗,α
R,R′(φ)

ω2

(
φ,

1
R′

)
p,Qq

]
, (7)

�U σ = q/min(p, 2),

Φα
R,R′(φ) =

min0<‖m‖<R [1 − ( ‖m‖
R′ )2]α |cm(φ)| cq

ωq−1

∫ +∞
0

|j q
2−1(t)| dt

,

Φ∗,α
R,R′(φ) =

min0<‖m‖<R [1 − ( ‖m‖
R′ )2]α |cm(φ)| c∗q

m(B)
∫ +∞
0

|j q
2−1(t)| dt

.

an��BUY C �*v n, f 0w%�Eo4�, D`L4�pq C AIruY>�s

��r1xÆ`.
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2 stLP
uq 1 % f, φ ∈ L1(Qq), D cm(φ) 	= 0, m ∈ Zq, ^

eimx =
ωq−1

(2π)qcm(f)cq

∫ +∞

0

( ∫
Qq

S t
‖m‖

(f, x − u) eimu du

)
j q

2−1(t) dt, x ∈ Qq (8)

�

eimx =
m(B)

(2π)qcm(f)c∗q

∫ +∞

0

( ∫
Qq

B t
‖m‖

(f, x − u) eimu du

)
j q

2−1(t) dt, x ∈ Qq. (9)

vw (8) N�cC. Wy 1
(2π)q

∫
Sq St(f, x − u)e−imu du = e−imx

(2π)q

∫
Sq St(f, v)eimv dv. 7

‖m‖ 	= 0 >
1

(2π)q

∫
Sq

St(f, v) eimv dv =
1

ωq−1

∫
�

q−1

(
1

(2π)q

∫
Sq

f(v − tξ) eimv dv

)
dσ(ξ)

=
c−m(f)
ωq−1

∫
�

q−1

eimtξ dσ(ξ) =
c−m(f)j q

2−1(t ‖m‖)
ωq−1

,

anYD�tN (:B [20] � 20 s)∫
�

q−1

eiux dσ(u) = j q
2−1(‖x‖). (10)

PN 1
(2π)q

∫
Sq St(f, x−u) e−imu du =

c−m(f)j q
2 −1(t‖m‖)

ωq−1
e−imx.TNuv`>w8 j q

2−1(t‖m‖);
! t 2�, ^V

eimx =
ωq−1

∫ +∞
0

( ∫
Sq St(f, x − u)eimudu

)
j q

2−2(t‖m‖) dt

(2π)q cm(f)
∫ +∞
0

∣∣j q
2−1(t‖m‖)∣∣2 dt

=
ωq−1

∫ +∞
0

( ∫
Sq S t

‖m‖
(f, x − u)eimudu

)
j q

2−2(t) dt

(2π)qcm(f)
∫ +∞
0

∣∣j q
2−1(t)

∣∣2 dt
.

�B [21, 396 s] fx, 7 �(μ + ν) > 0 >∫ ∞

0

Jμ(t)Jν(t)
tμ+ν

dt =
Γ(μ + ν) Γ( 1

2 )
2μ+ν Γ(μ + ν + 1

2 ) Γ(μ + 1
2 ) Γ(ν + 1

2 )
. (11)

PN ∫ ∞

0

∣∣j q
2−1(t)

∣∣2 dt =
∫ ∞

0

∣∣∣∣2
q
2−1Γ( q

2 )J q
2−1(t)

t
q
2−1

∣∣∣∣
2

dt =
Γ(q − 2) Γ( 1

2 )
Γ( 2q−3

2 )
= cq.

y (8) N�l.
(9) N�cC. $ Sτ = {v ∈ Rq : ‖v‖ = τ}, ^

1
(2π)q

∫
Qq

Bt(f, x) e−imx dx =
1

m(B)tq

∫
Qq

1
(2π)q

(∫
Qq

f(x + u) e−imx dx

)
dv(u)

=
1

m(B)tq

∫
Qq

1
(2π)q

(∫
Qq

f(v) e−imv dv

)
eimu dv(u)

=
cm(f)

m(B)tq

∫
Bt

eimu dv(u) =
cm(f)
m(B)

∫
B

eimvt dv(v)

=
cm(f)
m(B)

∫ 1

0

( ∫
Sτ

eimvt dσ(v)
)

dτ

=
cm(f)
m(B)

∫ 1

0

j q
2−1(τ t ‖m‖) τ q−1 dτ.
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PN
1

(2π)q

∫ +∞

0

(
j q

2−1(t ‖m‖)
∫

Qq

Bt(f, x) e−imx dx

)
dt

=
cm(f)
m(B)

∫ 1

0

( ∫ +∞

0

j q
2−1(t ‖m‖)j q

2−1(τt ‖m‖) dt

)
τ q−1 dτ,

z 1
(2π)q

∫ +∞
0

[
j q

2−1(t)
∫

Qq B t
‖m‖

(f, x)e−imx dx
]
dt = cm(f)

m(B)

∫ 1

0

[ ∫ +∞
0

j q
2−1(t)j q

2−1(τt) dt
]
τ q−1 dτ.

�B [21, 407 s] f7 �(2ν + 1) > �(λ) > −1 D a, b > 0, >∫ +∞

0

Jν(at)Jν(bt)
tλ

dt =
(ab)νΓ(ν − λ

2 + 1
2 )

2λ(a2 + b2)ν−λ
2 + 1

2 Γ(ν + 1)

× 2F1

(
2ν + 1 − λ

2
,

2ν + 3 − λ

4
, ν + 1,

4a2b2

(a2 + b2)2

)
. (12)

8 a = τ, b = 1, ν = q
2 − 1, sz (12) Nf∫ +∞

0

j q
2−1(t) j q

2−1(τt) dt =
∫ +∞

0

2q−2Γ( q
2 )2J q

2−1(τt)J q
2−1(t)

tq−2
dt

=
τ

q
2−1Γ( 1

2 )Γ( q
2 )

(1 + τ2)
1
2

2F1

(
1
4
,

3
4
,

q

2
,

4τ2

(1 + τ2)2

)
.

PN
1

(2π)q

∫ +∞

0

[
j q

2−1(t)
∫

Qq

B t
‖m‖

(f, x) e−imx dx

]
dt

=
cm(f)
m(B)

∫ 1

0

(
τ

q
2−1Γ( 1

2 ) Γ( q
2)

(1 + τ2)
1
2

2F1

(
1
4
,

3
4
,

q

2
,

4τ2

(1 + τ2)2

))
τ q−1 dτ.

$ c∗q =
∫ 1

0

τ
3q
2 −1Γ( 1

2 )Γ( q
2 )

(1+τ2)
1
2

2F1( 1
4 , 3

4 , q
2 , 4τ2

(1+τ2)2 ) dτ, ^

1
(2π)q

∫ +∞

0

[
j q

2−1(t)
∫

Qq

B t
‖m‖

(f, x − u)e−imx dx

]
dt

=
1

(2π)q

∫ +∞

0

[
j q

2−1(t)
∫

Qq

B t
‖m‖

(f, v)e−imv dv

]
e−imu dt =

cm(f) c∗q e−imu

m(B)
.

�8 (9) N�l.
Y Cq �* q- '�dÆI, σ > 0 &a�, Eσ(Cq) �*",A Cq TD%-7�/�8 σ

&x��d/���� , z g(z) = g(z1, z2, . . . , zq) ∈ Eσ(Cq) 7D97!7� ε > 0 mAS
� A = A(ε) > 0, uM |g(z)| ≤ A exp

∑q
j=1(σ + ε)|zj |, z = (z1, z2, . . . , zq) ∈ Cq. Bσ(Rq) �*

Eσ(Rq) U�V{��, D$

Bq
σ,p := Bσ,p(Rq) =

{
Bσ(Rq) ∩ Lp(Rq), 1 ≤ p < +∞;
Bσ(Rq), p = +∞,

^ Bq
σ,p |&;4� q- ' Paley–Wiener ��.
Y Hq

n �*%-7�/<&5 ≤ n � q- '{}IMN�� .
uq 2 !- p ≥ 1, V [22−25],∫

R1
f(x) dx =

π

σ

∑
k∈Z1

f
(kπ

σ

)
, f ∈ B1

σ,p (13)

� 1
(2π)q

∫
Qq

T (x) dx =
1

(2n + 1)q

∑
0≤l≤2n

T
( 2πl

2n + 1

)
, T ∈ Hq

n, (14)
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D18yDu�Eoa� C1 > 0, C2 > 0, uM

C1‖T‖p,Qq ≤
(

1
(2n + 1)q

∑
0≤l≤2n

∣∣∣∣T
(

2πl

2n + 1

)∣∣∣∣
p) 1

p

≤ C2‖T‖p,Qq , T ∈ Hq
n (15)

�
C1‖f‖p,R1 ≤

(
π

σ

∑
k∈Z1

∣∣∣∣f
(

kπ

σ

)∣∣∣∣
p) 1

p

≤ C2‖f‖p,R1 , f ∈ B1
σ,p. (16)

uq 3 % R′ > R > 0, α > q−1
2 . φ, f ∈ L1(Qq) D cm(φ) 	= 0, m ∈ Zq, ^V

Sα
R(f, x) = c0(f) +

(
1

2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

ωq−1cm(Sα
R(f))e

2lmπi
2([R′]+[R])+1

cm(φ)cq[1 − ( ‖m‖
R′ )2]α

×
(

π
R′
‖m‖+1

)∑
k∈Z′

S π
R′+‖m‖

(
Sα

R′(φ), x− 2πl

2([R′]+[R])+1

)
j q

2−1

(
kπ

R′
‖m‖+1

)
, x ∈ Qq (17)

�

Sα
R(f, x) = c0(f) +

(
1

2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

m(B)cm(Sα
R(f))e

2lmπi
2([R′]+[R])+1

cm(φ)c∗q [1 − ( ‖m‖
R′ )2]α

×
(

π
R′
‖m‖+1

)∑
k∈Z1

B π
R′+‖m‖

(
Sα

R′(φ), x− 2πl

2([R′]+[R])+1

)
j q

2−1

(
kπ

R′
‖m‖+1

)
, x ∈ Qq. (18)

vw (17) N�cC. ��] 1 fx, ! m ∈ Zq, V

eimx =
ωq−1

(2π)qcm(Sα
R′(φ))cq

∫ +∞

0

( ∫
Qq

S t
‖m‖

(
Sα

R′(φ), x − u
)
eimu du

)
j q

2−1(t) dt

=
ωq−1

(2π)q(1 − ( ‖m‖
(R′) )

2)αcm(φ)cq

∫ +∞

0

( ∫
Qq

S t
‖m‖

(
Sα

R′(φ), x − u
)
eimu du

)
j q

2−1(t) dt.

�- Sα
R′(φ, ·) ∈ Hq

[R′] D 0 < ‖m‖ < R, PN, S t
‖m‖

(Sα
R′(φ), x − ·) eim· ∈ Hq

[R′]+[R]. ��] 2 f
1

(2π)q

∫
Qq

S t
‖m‖

(Sα
R′(φ), x − u)eimu du

=
(

1
2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

S t
‖m‖

(
Sα

R′(φ), x − 2πl

2([R′] + [R]) + 1

)
e

2lmπi
2([R′]+[R])+1 .

|� Jα(z)
zα =

∑∞
k=0(−1)k z2k

2α+2kk!Γ(k+α+1)
∈ E1(C1)f Jα(R|t|)

(R|t|)α ∈ ER(C1).� (3)Nf Sα
R′(φ, ·) ∈

BR,p(Cq), y j q
2−1(·)S ·

‖m‖ (Sα
R′(φ), x − u) ∈ B R′

‖m‖+1(C
1). PN, � (13) N, V

eimx =
ωq−1

(2π)q(1 − ( ‖m‖
R′ )2)αcm(φ)cq

(
1

2([R′] + [R]) + 1

)q

×
∑

0≤l≤2([R′]+[R])

∫ +∞

0

∫
Qq

S t
‖m‖

(
Sα

R′(φ), x − 2πl

2([R′] + [R]) + 1

)
j q

2−1(t) dt × e
2lmπi

2([R′]+[R])+1

=
(

1
2([R′] + [R]) + 1

)q
ωq−1

(1 − ( ‖m‖
R′ )2)αcm(φ)cq

×
∑

0≤l≤2([R′]+[R])

(
π

R′
‖m‖ + 1

) ∑
k∈Z1

S π
R′

‖m‖+1

(
Sα

R′(φ), x − 2πl

2([R′] + [R]) + 1

)

× j q
2−1

(
kπ

R′
‖m‖ + 1

)
e

2lmπi
2([R′]+[R])+1 .
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�8 (17) N�l. 3}cC (18) N.
uq 4[11] % q ≥ 1, 1 < p < +∞, α > αp = q−1

2 | 2p − 1|, ^! f ∈ Lp(Qq), V

‖Sα
R(f) − f‖p,Qq ≤ Cq,α,p ω2

(
f ;

1
R

)
p
, (19)

�U ω2(f ; t)p &;4�~5STZ.

3 OPz{
(7) N�cC. �-

|S∗,α
R,φ(f, x) − Sα

R(f, x)|
≤

(
1

2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

m(B)|cm(Sα
R(f))|

cm(φ)|c∗q [1 − ( ‖m‖
R′ )2]α|

×
(

π
R′
‖m‖ + 1

) ∑
k∈Z1

B kπ
R′+‖m‖

(∣∣Sα
R′(φ) − φ

∣∣, x − 2πl

2([R′] + [R]) + 1

)∣∣∣∣j q
2−1

(
kπ

R′
‖m‖ + 1

)∣∣∣∣.
PN

‖S∗,α
R,φ(f) − Sα

R(f)‖p,Qq

≤
(

1
2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

m(B)|cm(Sα
R(f))|

cm(φ)|c∗q [1 − ( ‖m‖
R′ )2]α|

(
π

R′
‖m‖ + 1

)

×
∑

k∈Z1

(∫
Qq

∣∣∣∣S kπ
R′+‖m‖

(∣∣Sα
R′(φ) − φ

∣∣, x − 2πl

2([R′] + [R]) + 1

)∣∣∣∣
p

dx

) 1
p
∣∣∣∣j q

2−1

(
kπ

R′
‖m‖ + 1

)∣∣∣∣.
�B [13] fx!L~ t > 0, V

( ∫
Qq

∣∣St(f, x)
∣∣p dx

) 1
p ≤ ‖f‖p,Qq . � (15), (16) N, V

‖S∗,α
R,φ(f) − Sα

R(f)‖p,Qq

≤
(

1
2([R′] + [R]) + 1

)q ∑
0≤l≤2([R′]+[R])

∑
0<‖m‖<R

m(B)|cm(Sα
R(f))|

cm(φ)|c∗q [1 − ( ‖m‖
R′ )2]α|

×
(

π
R′
‖m‖ + 1

) ∑
k∈Z1

‖Sα
R′(φ) − φ‖p,Qq

∣∣∣∣j q
2−1

(
kπ

R′
‖m‖ + 1

)∣∣∣∣
≤

∑
0<‖m‖<R

m(B)|cm(Sα
R(f))|

|cm(φ)|c∗q[1 − ( ‖m‖
R′ )2]α

‖Sα
R′(φ) − φ‖p,Qq

(
π

R′
‖m‖ + 1

) ∑
k∈Z1

∣∣∣∣j q
2−1

(
kπ

R′
‖m‖ + 1

)∣∣∣∣

≤ C‖Sα
R′(φ) − φ‖p,Qq

∑
0<‖m‖<R

m(B)|cm(Sα
R(f))|

|cm(φ)|c∗q [1 − ( ‖m‖
R′ )2]α

∫ +∞

0

∣∣j q
2−1(t)

∣∣dt.

�B [21, 408s]fx ∫ +∞
0

|j q
2−1(t)| dt��,$ Φ∗,α

R,R′(φ) =
min0<‖m‖<R

[
1−( ‖m‖

R′ )2
]α|cm(φ)|c∗q

m(B)
�+∞
0 |j q

2 −1(t)| dt
,

^� Bessel ÆtN, V

‖S∗,α
R,φ(f)−Sα

R(f)‖p,Qq ≤ C
ω2(φ, 1

R′ )p,Qq

Φ∗,α
R,R′(φ)

∑
0<‖m‖<R

|cm(Sα
R(f))|

≤ CR
q
2 ω2(φ, 1

R′ )p,Qq

Φ∗,α
R,R′(φ)

( ∑
0<‖m‖<R

|cm(Sα
R(f))|2

) 1
2

≤CR
q
2 ω2(φ, 1

R′ )p,Qq

Φ∗,α
R,R′(φ)

‖Sα
R(f)‖2,Qq

≤ CRσ ω2(φ, 1
R′ )p,Qq

Φ∗,α
R,R′(φ)

‖Sα
R(f)‖p,Qq ≤ CRσ‖f‖p,Qq

Φ∗,α
R,R′(φ)

ω2

(
φ,

1
R′

)
p,Qq

,
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�U σ = q/min(p, 2). anYD�%-{}IMN� Nikolskii ÆtN [25]

‖T‖p,Qq ≤ cn
q( 1

p′ − 1
p )+‖T‖p′,Qq , 1 ≤ p, p′ ≤ +∞,

�U(a)+= max(a, 0). ��] 4, V

‖S∗,α
R,φ(f)−f‖p,Qq≤C

[
ω2

(
f,

1
R

)
p,Qq

+
Rσ‖f‖p,Qq

Φ∗,α
R,R′(φ)

ω2

(
φ,

1
R′

)
p,Qq

]
.

3}cC (6) N.
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