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Nonlinear Equations of Lipschitzian
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Abstract: In this paper, we investigate the Ishikawa iteration process converges strongly to the unique
solution of the equation Tz = f in case T is a Lipschitzian and strongly accretive operator from X into X ,
or to the unique fixed point of T in case T is a Lipschitzian and strictly pseudocontractive mapping from a
bounded closed convex subset into itself. Our results improve and extend some recent results.
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1 Introduction

Let X be a real Banach space. In 1967, BROWDER®! and KATOR! independently introduced the
accretive operators, that is, an operator T’ with domain D(7T) and range R(T) in X is said to be
accretive if for all z,y € D(T) and r > 0, there holds the inequality

lz—yll S lz—y+ 7Tz =Ty |. (1.1

An early fundamental result in the theory of accretive operators, due to Browder, states that the
initial valued problem

du/dt + Tu = 0, u(0) = uy, (1.2

is solvable if T is locally Lipschitzian and accretive on X. See BARBUM for more details of the theory
of accretive operators.

By X* we denote the dual space of X. Let C be a nonempty subset of a Banach space X. Recall
that a mapping A:C — X is said to be strongly accretive if there exists a real number £ > 0 such that
for each z,y € C,

(Az — Ay, jy = kllz— yl? (1.3
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holds for some j € J(z — y), where

J@) =4z € X"+ {xzz*) = ||z||?= ||z || ?}, 2 € X (1. 4
is the normalized duality mapping of X and ¢+, «) denotes the duality pairing between X and X . The
class of strongly accretive mappings has been investigated by many authors( e g, [4~7. Tt is
known that T is a (strict) pseudocontraction if and only if (I —T") is an (strongly) accretivc operators
( see, e.g., [4~7D.

Recently, TAN and XU studied both the Mann and the Ishikawa iteration process in a p-
uniformly smooth Banach space X. They proved that the two processes converge strongly to the
unique solution of the equation Tz = f in case T is a Lipschitzian and strongly accretive operator from
X into X, or to the unique fixed point of T in case T is a lipschitzian pseudocontractive mapping from a
bounded closed convex subset C of X into itself. Therefore, TAN and XU™! gave affirmative answers
to problems 1 and 2 of CHIDUME!", respectively, and also extended all the results of CHIDUME
to the p-uniformly smooth Banach space setting. On the other hand, by the Ishikawa iteration
process, DENG and DING gave the iterative sequence which converges strongly to the unique fixed
point of a Lipschitzian strictly pseudocontractive mapping in a uniformly smooth Banach space X and a
related result on the problem that the Ishikawa iteration process converges strongly to a solution of the
equation Tz = fin case T is a Lipschitzian and strongly accretive operator of X into itself and thus
extended the result of CHIDUME!" to the uniformly smooth Banach space setting. Further, ZENG!
extended the result of TAN and XU to the cases of the Lipschitzian and local strongly accretive
operators, and the Lipschitzian and local strongly accretive operators, and the Lipschitzian and local
strictly pseudocontractive mappings in the p-uniformly smooth Banach space X.

In this paper, we investigate the Ishikawa iteration process in a p-uniformly smooth Banach space
X. We prove that the Ishikawa iteration process converges strongly to the unique solution of the
equation Tz = f in case T is a Lipschitzian and strongly accretive operator from X into X or to the
unique fixed point of 7" when T is a Lipschitzian and strictly pseudocontractive mapping from a
bounded closed convex subset C of X into itself. Our results improve and extend Theorems 4. 1 and 4.

2 of TAN and XU™! by removing the restriction lim8, = 0 or lime, = limB, = 0 and Theorems 1 and

n—»o0 n—=o00 n—»oo

2 of DENG and DINGI by removing the restriction Eaf, << oo (s> 1).

n=0
2 Preliminaries

Let C be a nonempty subset of a Banach space X. A mapping T:C - X is said to be strictly

pseudocontractive if there exists # > 1 such that the inequality
lz—3 Il < N A+ —y)—nt(Tz—Ty) | (2.1

holds for all =,y in C and » > 0. If, in the above definition, ¢ = 1, then T is said to be a
pseudocontractive mapping.

For 1 < p << oo, the mapping J, : X — 2% defined by

J(zx) = {z* € X" {zx;2°) = | z=* | =l = llzl|*'}, 2 € X

is called the duality mapping with gauge function ¢(¢) = t*~'. Tt is the well-known fact that J,(r) =
x| 7' J(x) for all zin X\{0} and 1 << p <{ oo. An operator T ;C — X is said to be accretive if for



http://www.cqvip.com

D000 http://iwww.cqvip.com|

F3IMW 8 1| » X B4 48 : Lipschitz 3808 4 B F AR R ¥ 77 BAR B X A0ER T 9

each z,yin C there exists j € J{(x — y) such that

(Tx — Ty, 3,5 = 0;
or equivalently, for each z,yin C there exists j, € J(z — ¥) such that

Tz — Ty, j>=0. (2.2
An operator T':C — X is said to be strongly accretive if for every x,y in C there exists j, € J, (r — )
such that

(Tz — Ty, jy=kllz— 1"’ (2.3
for some real constant £ > 0, without loss of generality, we assume that £ € (0,1).
Let X be a Banach space. The modulus of smoothness p.(+) of X is defined by
p.(0) =sup{(lz+ vyl + lz—yl)/2—1:z,y€ X, lzll =1, lyll =}, >0

and X is said to be uniformly smooth if limp, (r) = 0. Recall that for a real number 1 <Z £ < 2 a Banach
0

space X is said to be p-uniformly smooth if p,(7) << dv* for ¢ > 0, whered > 0 is a constant. It is
known that for a Hilbert space H , o () = (1 + t*)* — 1 and hence H is 2-uniformly smooth. It is
also known that if 1 << p << 2, L, (or{,) is p-uniformly smooth; while if 2 <l p < oo, L, (or/,) is 2-
uniformly smooth.

Lemma 2.1} Let X be a smooth Banach space, and p be a fixed number in (1. 2). Then X is
p-uniformly smooth if and only if there exists a constant d, > 0 such that

lz+yl*< llzll”+ 2¢y, J, ) +4d, 15" (2. 4)

for all z,y in X, where J,(z) is the subdifferentiable at x of the functional p™* .

When X is an L, (or [, ) space, the constant 4, in (2. 4) has been calculated.

Lemma 2. 2%7 LetX = L, (or!/,), 1 < p << oo and z,y belong to X. We have

(1D if1 < p<2, then

lz+yl?< lx|l?+ p<y,d, (2 +4d, Tyll?s (2.5)

7 . . .
where d, = (ll—j-:_-g:)'ﬁ, b, being the unique solution of the equation

(=20 '+ (p— Do *—1=0, 0<<b<T1;
(2) i p= 2, then
lzt+yllz<< llzll2+ 2, JE@n + G —DyIl*% (2.6)
BROWDER® proved that if 7:C — X is local Lipschitzian and accretive then T is m-accretive; i
e, the mapping (I + T) where I denotes the identity mapping of X, is subjective. This result was
subsequently generalized by MARTIN®! 1o continuous accretive operators. It can be seen that the
following lemma is an immediate consequence of Martin’s result.
Lemma 2.3 1f 7:X — X is continuous and strongly accretive, then 7" maps X onto X, that is,

for each f € X the equation Tx = f has a solution in X.

3 Main results

In this section, we discuss the Ishikawa iteration process, and prove that if X is a p-uniformly
smooth Banach space and T'; X — X is a Lipschitzian and strongly accretive mapping then the Ishikawa
iteration process converges strongly to the unique solution of the equation 7'z = f. Further we present

a related result on the problem that the Ishikawa iteration sequence converges strongly to the unique

v wrm e iR oma o ee s . s
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fixed point of T in case T is a Lipschitzian and strictly pseudocontractive mapping from a nonempty

closed convex subset C of X into itself.

Theorem 3.1 Let X be a p-uniformly smooth Banach space with1 <<p<{2and T:X — X bea

Lipschitzian and strongly accretive operator with Lipschitzian constant L. DefineS; X — XbySxr=/

— Tx + x. Let {a,}=, and {£.}:2, be two sequences of real numbers in [0,1] satisfying

(1) Da, = oo and lima, = 0,

n=0

(2) if 1 << p < 2, then
o k
0 << B, << min{¢,, 2pL, (1 + L&Y*min(2,p*)

l.fP = 2, then
kZ

Oéﬁ,.gmin{tﬁ 4PL0(1+Ilg)l/p

for each

for each n = 0;

n=>0;

where L, is the Lipschitzian constant of S with Ly <<1 + L, ¢, is the (smaller) solution of the equation

f@ =p(p— 1A — k)t — QA+ 4L+ k/p=0>0),

(3. 1)

and £ € (0,1), d, are the constants appearing in (2. 3) and (2. 4), respectively. Then for each x, in

X, the Ishikawa sequence {z,} defined by

Loy = (1 — @)z, + &Sy, and y, = (1 — Bz, + B,Sx,, n =0

converges strongly to the unique solution of the equation Tx = I

Remark 3.1

k
Z,

If p = 2, then the solution of Eq. (3.1) is

T 2(d L+ 2k — 1)

Furthermore, if X = L, (or /,) for p == 2, then X is 2-uniformly smooth andd, = p — 1 by Lemma
2.2 (2); if 1 << p<< 2, then the function (¢} in (3. 1) is strictly convex on (0,90). Also, since /(0)
= k/p > 0and f(oo) = oo, the only three possibilities for the existence of solutions of Eq. (3.1)

are, as illustrated by the figures below, (a) it has no solution so that /() >> 0 for all 2> 0; (b) it has

exactly one solution; (c) it has two solutions.

>t - ¢

Fig 1 Fig 2

The zero of the derivative f7(t) of f(t) is
1+ d,L¢

Sp = p(1 — B))/E—p

and the value of fats, is

i

Y
~

Fig 3

f(s,) =— (2 — YA A d, LY P (p(1 — k))™P™V/CD R/ p.
It follows that f(s,) << 0 (and hence Eq. (3. 1) has at least one solution) if #>> 0 is small enough.
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Throughout this paper, we always make this hypothesis without explicitly specified since otherwise,
£ > 0for allt == 0 and Theorem 3. 1 holds for any ¢, > 0.

Proof of Theorem 3.1 We first observe that the equation Tx = f has a unique solution which is
denoted by g. Indeed, the existence follows from Lemma 2. 3 and the uniqueness from the strong
accretiveness of T. We also observe that forz,y € X,

Sz — Sy, Jlz—y)=— Tz =Ty, J(z—» + |lz— "=
— lz=yll"XTz =Ty, Jz =y + lz—yl?—kllz—ylI**llz — y]*+
le—yll?=Q—Bllz—yl"*
It then follows that

l 2y —gll?= 11 QA —adlz, — ) + ¢,(Sy, — | * <<
A—e)llz,—qll?+ pa,(1 — &) Sy, — q, J,(x,. — ) +d, & | Sy, — gl "
Since
| Syn —qll*? LSy —qll 7
Sz, — g, J (., — g <A —8B|z.—ql”*,
ly. —qll?= 1A =Bz, — @)+ B.(Sz, — I 7 <
A =Bz, —qll?+ pB(1 — B Sz, —q, J(z, — @) + B | Sz, — q | =
toll z. — gl 7,

where

t, =0 — B+ 1 —BB.A — B+ 4L,
ly, =z l?=8llz. — Sz ? =B (xz. — @) + (g — Sz | <
2280l zs — gl + Il Sz, — g || *) <
22A + LOHBE Nz, —qll 7,
(Sypn — Sz J (s — g K Lol o — x| 1 zw — g 177 <2080 + LDV || 2, — g |1
and
(Sy. —q, J{z, — @)) = Sy, — Sz, J,(z, — @) + Sz, — q, J,(x. — @) <
LB+ I+ A —B)]lx. —qll?
We obtain from (3. 2)
| o1 —q | ?<<[(1—a)?+pa,(1—a, ) ' (1 —k+2L,B, (1 + LYY +d Ltalt, ] | z,—q |l *
Sincel <<p<L2, (Q—)<{]1—pt+t*,and Q1 — )P 1'<{1 — (p— Dtfor 0Lt <1, we obtain
t,= A =B+ p(0 —BB.QA — B+ d, 143 <
1— kB, —p(p — DA — BB+ (1 + d,LDE. (3.3
Since 8, < ¢t, for allz == 0, we have from (3.1)
p(p— 1A — G — (1 + d, LB =— kB./p.
Hence it follows that
t, << 1 — kB,/p for each n = 0.
On the other hand, since }irga,, = 0, there exists a positive integer N such that
0L a, < t,for each n = N.
This implies that
t,= (1 —a) + p(1 — ka1 — )" + d,Lial <1 — ka,/p for each n = N.

Therefore, we obtain for eachn > N,
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| Zos: —qll* <<
[(1—a)?+pa,(1—a)? 1 (1—k)+ pa,(1—a,)? ' 2L,B, (1 -+ L)Y 4-d Liat (1—kB,/p) | z,—q || *<<
(2, + p(a, — (p — 1)a?2L,B,(1 + LDY* — kd L5t B, /p] || z, — gl # <
[1 — ka,/p + 2pL,(1 + LOY?a,B, — 2p(p — 1)L, (1 + LV a2B, — kd LiatB,/p] |l z, — q || * <<
[1—ka,/p+ 2pLo(1 + LDV?a,B, 1|l z. —qll ? =
(1 — ka,/p + 2pLo(1 + LDV B0, ] || 2, — q || 2. (3.4
If1 < p<<C2, then (3. 4) and Condition (2) imply

o — gl 7 <<

1 — ka,/p + 2pLy(1 + LYV L1 F 1,5)5» T 2, gD |z, —qll* <<
[1- (%—ﬁé—ﬁ)’w] Iz, —qll?<

exp( — (3 — ) | 1o — el <

1
?
1 1 “

exel = [ 5 - m@) J Iz, —ql*

This immediately implies the strong convergence of {z,} to g since Ea,, diverges.

n=0

If p = 2, then (3. 4) and Condition (2) imply
” Lyl _Q||P<

kZ
— £N1/P
[1 kan/P + ZPI‘O(I + LO) 4:PL0(1 _|_ Lop)l/ﬁaﬂ] || Tn
[, (L1 _ % ESTIP
1 (P z)kan]uxn gll*=

L1 ——%(1 —k)kan] Mz, —qll?<

—qll* <

exp| — (1 — k)kan)] Iz, —qll*<
exp —%k(l—k)zaj):l |l zv, — gl 2.
L =

=

This implies the strong convergence of {x,} to ¢ since Ea,, diverges. The proof is complete.

n=0
Remark 3.2 If Condition (2) in Theorem 3. 1 is replaced by the condition “if 1 <C p <C 2, then
k
2pLo(1 + LY min (2, p?)
where N, is some positive integer; if p = 2, then
kZ
Y ipLe(l + LDV

where N, is some positive integer”, then, Theorem 3.1 is still true. From this it is easily seen that

O<ﬁn<min{tp’ }foreachn}Nl,

Ogﬁngmin{ } for each n = N,,

Theorem 3. 1 is the improvements and extension of Theorem 4.1 of TAN and XU™!, and Theorem 2
of DENG and DING,

Reviewing the proof of Theorem 3. 1, we can also obtain the result relative to the Lipschitzian and

strictly pseudocontractive mappings.
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