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1 Introduction 

I et X be a rea1 Banach space．1n 1 9 67，BROW DER[3]and KATO[ ]independently introduced the 

accretive operators，that is，an operator T with domain D (丁)and range尺(丁)in X is said t。 be 

accretive if for a11 z， ∈ D (丁)and r> 0，there holds the inequality 

II z— Y II≤ l1 z— Y+r(Tx—Ty)I1． (1·1) 

An earlv fundamentalresult in the theory of accretive operators，d ue to Browder， states that the 

initial valued problem 

du／dt+ Tu一 0， (O)一 。， (1·2) 

is solvable if T is locally n psch tz an and accretive on X．See BARBU[ ]for more details of the theory 

of accretive operators． 

Bv X *we denote the dual space of X．Let C be a nonempty subset of a Banach space X·Recall 

that a mapping A ：C X is said to be strongly accretive if there exists a real number走> 0 SU。h that 

for each z，Y ∈ C ， 

< z— ， >≥ 志ll z— Y ll。 (1·3) 
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holds for some J∈ J(z 一 ．)，)，where 

(z)一 {z ∈X ：(z；z )一 ll z ll 一 ll z ll )，z∈ X (1．4) 

is the normalized duality mapping of X and(·，·)denotes the duality pairing between X and X ．The 

class of strongly accretive mappings has been investigated by many authors(e g，[4～7])．It is 

known that T is a (strict)pseudocontraction if and only if(I一 丁)is an (strongly)accretive operators 

(see，e．g．，[4～7])． 

Recently，TAN and XU [ ]studied both the M ann and the Ishikawa iteration process in a P— 

uniformly smooth Banach space X．They proved that the two processes converge strongly to the 

unique solution of the equation Tx— f in case T is a Lipschitzian and strongly accretive operator from 

X into X ，or to the unique fixed point of T in case T is a lipschitzian pseudocontractive mapping from a 

bounded closed convex subset C of X into itself．Therefore，TAN and XU L gave affirmative answers 

to Droblems 1 and 2 of CHIDUM EE ，respectively，and also extended all the results of CHIDUM E[ ] 

to the p-uniformly smooth Banach space setting． On the other hand， by the Ishikawa iteration 

process，DENG and DING[ ]gave the iterative sequence which converges strongly to the unique fixed 

point of a Lipschitzian strictly pseudocontractive mapping in a uniformly smooth Banach space X and a 

related result on the problem that the Ishikawa iteration process converges strongly to a solution of the 

equation Tx— f in case T is a I ipschitzian and strongly accretive operator of X into itself and thus 

extended the result of CHIDUM EE to the uniformly smooth Banach space setting．Further，ZENG[ ] 

extended the result of TAN and XU E ]to the cases of the Lipschitzian and local strongly accretive 

operators，and the Lipschitzian and local strongly accretive operators，and the Lipschitzian and local 

strictly pseudocontractlve mappings in the p-uniformly smooth Banach space X． 

In this paper，we investigate the Ishikawa iteration process in a p-uniformly smooth Banach space 

X． W e prove that the Ishikawa iteration process converges strongly to the unique solution of the 

equation Tx==f in case T is a Lipschitzian and strongly accretive operator from X into X or to the 

uniaue fixed point of T when T is a Lipschitzian and strictly pseudocontractive mapping from a 

bounded closed convex subset C of X into itself．Our results improve and extend Theorems 4．1 and 4． 

2 of TAN and XUc ]by removing the restriction lim 一 0 or lim~n— lim 一 0 and Theorems 1 and 

2 of DENG and DINGE5 by removing the restriction∑口：<∞(s>1) 
H= 0 

2 Preliminaries 

Let C be a nonempty subset of a Banach space X．A mapping T ：C X is said to be strictly 

Dseudocontractive if there exists t：> 1 such that the inequality 

ll z一 ．)，ll≤ ll(1+r)(z一．)，)一rt(Tx—Ty)ll (2．1) 

holds for all z，y in C and r > 0． If， in the above definition，t一 1，then T is said to be a 

pseudoc0ntractiVe mapping． 

For 1< P < o。，the mapping Jp：X 2 defined by 

J (z)一 {z ∈X ：(z；z )一 ll z ll·ll z ll； ll z。ll： ll z ll户一 )，z∈X 

is called the duality mapping with gauge function f)一 t _。．It is the well—known fact that ， (，r)一 

I1 x I1 p-1J(z)for all x in x＼{o)and 1< P< ∞．An operator T：C X is said to be accretive if for 
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each z，y in C there exists J∈ J(．z一 ．)')such that 

<Tx— Ty， )≥ 0； 

or equivalently，for each z，y in C there exists J户E J(x— )，such that 

<Tx一 丁 ，J>≥ 0． 

An oDerator T ：C —+ X is said to be strongly accretive if for every z，Y in C there 

si】ch that 

(2．2) 

exists 3，∈ 3 b 一 

<Tx—Ty， )≥ 是II z—Y 

for some rea1 constant是> 0，without loss of generality，we assume that k E (O，1)． 

Let X be a Banach space．The modulus of smoothness (·)of X is defined by 

(r)： sup{(1l z+ y ll+ ll z—y l1)／2— 1：z，y E X，ll z ll一 1，ll y ll— r}， 

and X is said to be uniformly smooth if limpx(r)一 0．Recall that for a real number 1< P≤ 2 
f一 0 

(2．3) 

1-> 0 

a Banach 

space X is said to be p-uniformly smooth if (r)≤  for r> 0，where d> 0 is a constant．It is 

known that for a Hilbert space H ，PH(r)一 (1+ l-2) 一 1 and hence H  is 2-uniformly smooth．It is 

a1so known that if 1< P< 2，Lp(or lp)is p-uniformly smooth；while if 2< P< 。。， (or )is 2 

uniformly smooth． 

Lemma 2．1Cq Let X be a smooth Banach space，and户be a fixed number in (1．2)．Then X is 

p-uniformly smooth if and only if there exists a constant dp> 0 such that 

ll z+y ll ≤ ll z ll + P<Y，Jp(z)>+dp ll Y ll (2．4) 

for a11 z， in X，where J (z)is the subdifferentiable at z of the functional P一 l】l】． 

W hen X is an Lp(or p)space，the constant dp in (2．4)has been calculated． 

Lemma 2．2[43 Let X — L (or lp)，1< P < ∞ and z，y belong to X．W e have 

(1)if 1< P < 2，then 

ll z+ Y ll ≤ ll z ll + P<Y，Jp(z)>+d l】Y ll ， (2．5) 

wheredp一 1+ 
干 ’ bp being the unique solution of the equation 

(户 一 2)b 一 + (户 一 1)b 一 一 1= 0，0< b< 1； 

(2)if P≥ 2，then 

Il z+ y lI ≤ ll z l{ + 2<y，I，(z)>+ (户一 1)lj y I1 (2．6) 

BROW DEREaJ proved that if T：C X is local Lipschitzian and accretive then T is m—accretive；i 

e，the mapping( + 丁)where I denotes the identity mapping of X，is subjective．This result was 

subsequently generalized by M ARTIN~ ]to continuous accretive operators． It can be seen that the 

following lemma is an immediate consequence of M artin’s result． 

Lemma 2．3 If T ：X — X is continuous and strongly accretive，then T maps onto X ，that is， 

for each f E X the equation Tx— f has a solution in X． 

3 M ain results 

In this section， 

smooth Banach space 

iteration process cony 

a related result on th 

we discuss the Ishikawa iteration process，and prove that if X is a p-uniformly 

and T ：X X is a Lipschitzian and strongly accretive mapping then the Ishikaw a 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


10 上海师范大学学报 (自然科学版) 2002年 

fixed p0int 0f T in case T is a LipschitzJan and strictly pseudocontractive mapping from a nonemptY 

closed convex subset C of X into itself． 

Theorem 3．1 Let X be a p-uniformly smooth Banach space with 1< P≤ 2 and T：X — X be a 

Lipschitzian and strongly accretive operator with Lipschitzian constant ．Define 5：X — X by Sx一 厂 

一 丁z+ z．Let{ } 。and{ } 。be two sequences of real numbers in E0，11 satisfying 

(1) 一 啪 na
⋯

limq- ， 

(2)if 1< P < 2，then 

0≤ ≤ min{tp， 

if P 一 2．then 

0≤ 。≤ min{tp， 

—  —

k
2pL 1 L0p) m—in P f。r each ，2≥ o； 

0
( + (2， 。) ⋯ ⋯ 一 

4pL。(1+ Lt) for each n≥ 0； 

where L。is the Lipschitzian constant of S with厶 ≤ 1+ ，tp is the(smaller)solution of the equation 

厂(￡)： P(P一 1)(1一 k)t一 (1+ dpLPo)t + k／p一 0(￡> O)， (3．1) 

and k ∈ (O，1)，d are the constants appearing in (2．3)and (2．4)，respectively．Then for each 37o in 

X 。the Ishikawa sequence{z }defined by 

z计】= (1一 )z + a．Sy and Y 一 (1一 )z + &Sx，I，72≥ 0 

converges strongly to the unique solution of the equation Tx一 ／’． 

Remark 3．1 IfP 一 2，then the solution of Eq． (3．1)is 

t === 2( 
2 + 2k一 1) 

Furthermore，if X ： p(or lp)for P≥ 2，then X is 2-uniformly smooth and dz— P一 1 by I．emma 

2．2(2)；if 1< P< 2，then the function厂(f)in(3．1)is strictly convex on(O，co)．Also，since／’(O) 

一 k／p> 0 and f(oo)一 oo，the only three possibilities for the existence of solutions of Eq·(3．1) 

are，as illustrated by the figures below，(a)it has no solution SO that厂(￡)> 0 for all t≥ 0；(b)it has 

exactly one solution；(c)it has two solutions． 

Fig 1 Fig 2 

The zerO of the derivative厂 (￡)of厂(￡)is 

Sp ：== 

1+ dpLt 

(户(1一 点)) ‘。一 

Fig 3 

and the value of{at S is 

f(sp)一一 (2一 户)(1+ dpLop) ‘ 一 (户(1一 点))一‘ 一 ’ ‘ 一 ’+ k／p． 

It follows that f(sp)≤ 0(and hence Eq．(3．1)has at least one solution)if正> 0 is small enough 
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Throughout this paper，we always make this hypothesis without explicitly specified since otherwise， 

厂( )> 0 for all t≥ 0 and Theorem 3．1 holds for any tp> 0． 

Proof of Theorem 3．1 We first observe that the equation Tx一 厂has a unique solution which is 

denoted by g．Indeed，the existence follows from Lemma 2．3 and the uniqueness from the strong 

accretiveness of T．W e also observe that for z，Y ∈ X ， 

<Sx— ， p(z— ))=一 <Tx一 71 ， p(z— ))+ ll a2一 Y ll 一 

一 ll 32一 Y ll P (71z一 71 ，J(x— ))+ l1．27一 Y ll P—k ll z— Y ll l1．27一 Y ll + 

l1．27一 Y ll P一 (1一 是)l1．27一 Y ll P． 

It then follows that 

l1．72 + 一 g ll P— ll(1一 )(z 一 g)+ a．(Sy 一 g)ll ≤ 

(1一 ) l1．72 一 g ll + pot,,(1一 an) _。<Sy，。一 g，Jp(z，。一 g))+ dp ll Sy 一 q ll ． 

Since 

ll Sy 一 g ll ≤ L0 ll y 一 g ll P， 

(Sx 一 g，J (z 一 g))≤ (1一 是)ll-z 一 g ll ， 

ll Y 一 g ll P— ll(1一 )( 一 g)+ (Sx 一g)ll P≤ 

(1一 ) ll 32 一 g ll + 户 (1一 ) _。<Sx 一 g，Jp(z 一 g))+dp ll ．z 一 g ll 一 

t l1．27 一 g ll P， 

where 

t 一 (1一 ) + 户(1一 是) (1一 ) + d Lt ， 

Il Y 一 ,22 II一一 fl, II,22 一Sx Il一一 fit,II( 一 q)+ (q— sx )II一≤ 

2一 (1l a2 一 g ll P+ ll Sx， 一 g ll一)≤ 

2 (1+ Lt) l1．72 一 g ll P， 

<Sy 一 Sx ，Jp(z 一 g))≤ L。ll Y 一,32 ll ll,32 一 g ll ≤ 2 。 (1+Lt)：／p ll 一 g ll 

and 

<Sy，。一 g，Jp(z 一 g))一 <Sy 一 Sx ，Jp(z 一 g))+ (Sx 一 g，Jp(z，，一 g))≤ 

[2L。 (1+Lt)“ + (1一是)]ll,32， 一 g ll P 

W e obtain from (3．2) 

ll 22 +1一g ll ≤[(1一 ) +户 (1一 ) _1(1一是+2L。 (1+LPo) ，户)+ pLp。u P ]ll 一口ll 

Since 1< P≤ 2，(1一 ) ≤ 1一 十 t ，and(1一 ) ≤ 1一 (户一 1) for 0≤ t≤ 1，we obtain 

t 一 (1一 J9 ) + p(1一 是) (1一 J9 ) + d ≤ 

1一 pkfl,，一 P(P一 1)(1一 是) + (1+ d Lop) ． (3．3) 

Since ≤ t for all n≥ 0，we have from (3．1) 

P(P一 1)(1一 k)fl：一 (1+ dpLg) ≥ 一 是 ／p． 

Henee it follows that 

t， ≤ 1一 是 ／p for each n≥ 0． 

On the other hand，since lim a, 一 0，there exists a positive integer N  such that 

0≤ ≤ t for each n≥ N． 

This implies that 

t 一 (1一 an) + 户(1一 是) (1一 ) _1+ dpL ≤ 1一 ka,,／p for each，z≥ N 

Therefore，we obtain for each n≥ N ， 
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ll + 一 q ≤ 

I-(1一 ) +户 (1一 ) 一 (1--k)@pot，，(1--a．)p--12L。 (1+ ) ，户+ p⋯T Po：P(、1．--kS ／P)]ll z 一g II ≤ 

[ + p(a 一 (户一 1)a~)2L。J8 (1+Lg) 一 kd LS 卢 ／P3 ll 一 q ll ≤ 

[1一 志 ／户+ 2pL。(1+Lg)“PO： 一 2p(p一 1)L。(1+Lg) ，户 一 kdp⋯TpO：P．I"4 ／p3 ll 一q ll ≤ 

[1一 ka．／p+ 2pL。(1+ Lop)“ ]ll 一 q ll 一 

[1一 志 ／户+ 2pL。(1+ Lop) fina,，]ll 一 q ll ． (3．4) 

If 1< P < 2，then (3．4)and Condition (2)imply 

II z + 一 q ≤ 

1一 ka ／p+ 2pL。(1+ Lg)1／p 2
pL0(1+ Lop) ·min(2，P ) 

[ 一(吉一 II— gll ≤ 

(专一 ⋯ 一g IIexp[ II II ≤ 一【 一 意 』』 ‘I—g 
唧  

1

一而 志骞 ))11 x．o--q 
This immediately implies the strong convergence of{ }to q since 

IfP 一 2，then (3．4)and Condition (2)imply 

[ 一(吉一 ] 

[ 一丢( 一k)ka．]II 

ll 一 

n

—  

I p 一  

≤ 

] 

[exp(—— c 一志 志 )]ll 一g ll ≤ 

Eexp(一 善n )][[XNo--q · 

一 q ≤ 

ll 一 q ≤ 

This implies the strong convergence of }to q since∑ diverges．The proof is complete． 
n 0 

Remark 3．2 If Condition (2)in Theorem 3．1 is replaced by the condition“if 1< P< 2，then 

0≤ ≤ min 2pL
。(1+ Lg) min(2，P ) 

where N 1 is some positive integer；if P 一 2，then 

0≤ ≤min{ 4pL
。(1+ Lg) 

}for each ≥ N1， 

＼ }for each ≥ N
2 ， 

， 

where N 2 is some positive integer”，then，Theorem 3．1 is still true．From this it is easily seen that 

TheOrem 3．1 is the improvements and extension of Theorem 4．1 of TAN and XU[ ，and Theorem 2 

of DENG and DING[ ． · 

Reviewing the proof of Theorem 3．1，we can also obtain the result relative to the Lipschitzian and 

strictly pseudocontractiVe mappings． 

S 
e 
g  

r 
e 
V 

d  

∑ 一 

一 

g  

一 

H 2  
+ 

一 

口 

g  q  
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Lipschitz强增生算子的非线性方程解的迭代逼近 

曾六川 ，刘瑞娟 

(上海师范大学 数理信息学院，上海 200234) 

摘要：研究了 P一致光滑 Banach空间中 Lipschitz强增生算子方程解的 Ishikawa的迭代过程的收敛性 ，改进与推 

广 了一些最近结果． 

关键词 ：Ishikawa迭代 ；Lipschitz强增生算子 ；伪压缩映像 
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