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Abstract

Solution uniqueness is an important property for a bargaining model. Rubinstein’s
(1982) seminal 2-person alternating-offer bargaining game has a unique Subgame
Perfect Equilibrium outcome. Is it possible to obtain uniqueness results in the
much enlarged setting of multilateral bargaining with a characteristic function? In
an exploratory effort, this paper investigates a model first proposed in Okada (1993)
in which each period players have equal probabilities of being selected to make a
proposal and bargaining ends after one coalition forms. Focusing on transferable
utility environments and Stationary Subgame Perfect Equilibria (SSPE), we find
ex ante SSPE payoff uniqueness for large classes of characteristic functions. This
study includes as a special case a variant of the legislative bargaining model in Baron
and Ferejohn (1989), and our results imply (unrestricted) SSPE payoff uniqueness
in this case.
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1 Introduction

Solution uniqueness is an important property for a bargaining model. Rubin-
stein’s (1982) seminal 2-person alternating-offer bargaining game has a unique
Subgame Perfect Equilibrium outcome. A considerable literature exists that
generalizes Rubinstein (1982) to the n-person dividing-a-pie problem, produc-
ing equilibrium uniqueness results of various strengths. Noteworthy studies
include Merlo and Wilson (1995) and Krishna and Serrano (1996), and a brief
survey can be found in the introduction of Chatterjee and Sabourian (2000).
Is it possible to obtain uniqueness results in the still richer setting of bargain-
ing with a characteristic function (i.e. coalitional bargaining), which, unlike
the dividing-a-pie problem where only the grand coalition has a positive pie,
allows subsets of players to have positive pies as well? This question motivates
this exploratory study.

It turns out that there is little in the dividing-a-pie literature that we can
build upon, because in our setting, coalition formation plays an important role
in determining payoffs from bargaining. Previous studies in this setting either
seek to support all core allocations as equilibrium outcomes (see Yan (2003)
for a brief review) or focus on the efficiency properties of the proposed bar-

gaining models (Chatterjee et al. (1993), Okada (1993) and Okada (1996)).!

! Although Chatterjee et al. (1993) focuses on efficiency, one of their results shows the




This paper studies the same, one-stage stationary stochastic bargaining model
as Okada (1993), and reports strong uniqueness results regarding (ez ante)
equilibrium payoffs for a considerable range of games, including simple games,
symmetric games, convex games and strictly monotone games that admit an
efficient equilibrium. Naturally, payoff uniqueness restricts the equilibrium
pattern of coalition formation. For Okada’s (1993) model, except when players
are indifferent about which coalition to nominate, equilibrium payoff unique-
ness implies a unique profile of (possibly identical) coalitions formed with equal

probabilities.

1.1 The Model (Okada (1993))

An unusual feature of Okada’s (1993) model is that bargaining ends after
one coalition forms, and players excluded from the coalition get their autarky
payoffs. This one-stage model is worth studying as a starting point, and it is
reasonable when the one-stage property holds, that is, when no coalition and
its complement both have strictly positive worths. The multi-stage extension
of this model is studied in Okada (1996). As discussed later, the main result of
Okada (1996) has positive implication for extending our results to the multi-

stage model.

uniqueness of the cutoff values players use when responding to proposals. However, unlike

in our paper, the cutoff values typically do not correspond to equilibrium payoffs.



We now describe the model informally. We assume that the underlying
cooperative game is of transferable utility, essential, monotone, and zero-
normalized. Bargaining proceeds as follows. Each period one player is ran-
domly selected with equal probablities from all n players to make a proposal.
In her proposal the selected player nominates a coalition and announces a
feasible allocation for that coalition. The coalition members then respond se-
quentially. The proposal passes if and only if it is accepted by all the members
of the nominated coalition. If the proposal passes, the game ends, the pro-
posed allocation is realized and each player excluded from the coalition gets
zero payoff. Otherwise, the game continues into the next period with payoffs
discounted by ¢ € [0,1), and the same bargaining procedure is followed as in

the previous period. We call this game the random-proposer game.

For the rest of the paper we suppress references to the cooperative game, to
the properties of which we refer instead as those of the characteristic function,
so the term “symmetric game”, for instance, refers to random-proposer games

with symmetric characteristic functions.

1.2 SSPE Payoff Uniqueness in the Variant Baron-Ferejohn Model

This paper makes an indirect contribution to the legislative bargaining lit-

erature building on Baron and Ferejohn (1989) (henceforth BF). When the



characteristic function assigns worth 1 to all majority coalitions and 0 to the
rest the random-proposer game becomes, with nonsubstantive differences?, a
variant of the BF model, for which we obtain a stronger uniqueness result than
BF.

More precisely, BF first shows that with 5 or more players any allocation
can be supported in a Subgame Perfect Equilibrium (SPE) for high enough 6é.
This result, typical of multilateral bargaining models, has an obvious analogue
(which we omitted) in the random-proposer game. BF, as do we and most of
the literature, addresses such multiplicity by restricting attention to Stationary
Subgame Perfect Equilibria (SSPE). BF shows payoff uniqueness within the
class of SSPE restricted in the following ways: i) players do not play weakly
dominated strategies and ii) they play the “simplest” SSPE satisfying i), where
simplicity is made precise by Baron and Kalai (1993), whose result implies that
of all the SSPE in which players do not play weakly dominated strategies,

those in BF require the least number of states if executed by automata.® In

2In the original BF model, all players respond to the proposed allocation. The proposal
passes if accepted by a majority. This difference in response procedure proves nonsubstantive
as the analyses of the two models are similar and they produce identical allocations in

equilibrium.

3In fact Baron and Kalai (1993) show a stronger result: of all the SPE in which players
do not play weakly dominated strategies the BF type SSPE require the fewest automaton

states.



this paper, using simple techniques that exploit subgame perfection we show
that for every general SSPE there exists a BF type SSPE that generates the
same outcome; and this result, Proposition 2, can be easily adapted to the
original BF model.* Moreover, the proof of Proposition 2 does not depend on
the proposing probabilities, the discount factors, or on the size of the minimum
winning coalition, consequently it can be extended to obtain unrestricted SSPE

payoff uniqueness for the generalized BF model studied in Eraslan (2002).°

4The adaptation is straightforward and not included in this paper.
°In Eraslan (2002), although the SSPE is defined the same way as the general SSPE

in this paper, it is clear from the analysis that only the BF class of SSPE are considered.
For instance, an assumption is made in footnote 3 to the effect that a player is to accept
a proposal if the offer to her equals her continuation payoff. This assumption effectually
prevents a player from conditioning her response on the identity of the proposer, or on
offers made to the other players, or on prior responses made by other players. Moreover, it
is assumed implicitly that players do not play weakly dominated strategies, as the arguments
in Eraslan (2002) ignore the possibility that a player may reject (accept) an offer strictly
higher (lower) than her continuation payoff because her vote is not pivotal. Finally, no delay
is assumed implicitly, since there is no arguments ruling out those SSPE in which a proposer
finds it optimal to make a proposal that she knows will be rejected as she expects to receive

higher payoff when other players make proposals.



1.3 Results

We focus on SSPE, and we call the ex ante payoff profile generated by an

SSPE an SSPFE payoff profile.

We first demonstrate the outcome-equivalence between general SSPE and

the simple, BF type SSPE, which we call the cutoff strategy SSPE. We then

establish the existence of (mixed) SSPE in the general random-proposer game,
although pure SSPE do not always exist.

Our uniqueness results vary in strength depending on the characteristic
function. For simple games we show that all pure SSPE must be payoff equiv-
alent. For symmetric games we show that there is a unique SSPE payoff pro-

file. For convex games we focus on the inclusive SSPE, namely those SSPE in

which proposers nominate, roughly speaking, the “largest” payoff maximizing
coalitions. It is shown that all inclusive SSPE of a convex game must be pure
and payoff equivalent. Our last result concerns efficient SSPE. As shown in
Okada (1993), an efficient SSPE exists for all § € [0,1) if and only if equal
division is a core allocation. Our last result shows for strictly monotone games
that an efficient cutoff strategy SSPE, if it exists, is the unique cutoff strategy

SSPE of the game.



1.4 Organization

The rest of the paper is organized as follows: Section 2 describes the model;
Section 3 establishes the existence of SSPE and the outcome equivalence be-
tween general SSPE and cutoff strategy SSPE; Section 4 contains the main
technical results used in the uniqueness proofs; Section 5 presents the unique-
ness results; Section 6 discusses extensions; the appendix collects the long and

the purely technical proofs.

2 The Random-Proposer Game

Let N denote the set of all players, and let n = |N|. A coalition is a non-

empty subset of players. A characteristic function v maps each coalition S

to an element in R, and v(S) is called the worth of S, which may be inter-
preted as the size of the surplus available for division among members of S.

. .. . . S .
An allocation for a coalition S is an element in %L', written as w = (w;)es;

it is feasible if Y ;cgw; < v(S). w = (w;)ien is efficient if >y w; = v(N).

v is monotone if v(T) < v(S) for any T" C S, strictly monotone if the

inequality is strict; v is essential if v(S) > 0 for some S; v is O-normalized if
v({i}) = 0 for all i. We maintain throughout that v is monotone, 0-normalized
and essential, and we require v to be strictly monotone for the last result,

8



Proposition 7.

The random-proposer game is as follows. Bargaining proceeds in periods
1,2,3, ..., until an agreement is reached. At the beginning of each period, one
player is randomly selected to be the proposer. Every player has probability
% of being selected in any period. Suppose in period ¢ player ¢ is selected.
7 then makes a proposal that consists in the nomination of a coalition S —
we allow ¢ ¢ S, although ¢ € S in equilibrium — and the announcement of
a feasible allocation for S, w = (w;);jes. Let (S,w) denote the proposal. We
will sometimes abuse terminology and say that ¢ “nominates j” if j € S. The
proposal passes immediately if S = {i}. If S\{i} # 0, sequentially all the
players in S\{i} respond by accepting or rejecting the proposal. The exact
order of responses is exogenous and, as can be seen shortly, immaterial to
our model. If all in S\{i} accept, the proposal passes, the game ends, and
each j € S gets 6" 'w;, where 6 € [0,1), while each j € N\S gets v({j}),
which equals 0 due to O-normalization. If at least one player in S\{i} rejects,
bargaining proceeds into period ¢ + 1 and the same bargaining procedure is

repeated. If no agreement is ever reached, every player gets zero payoff.

Except Proposition 3 the results in the next two sections have been gen-

eralized in Yan (2003),° nevertheless we produce the proofs for the reader’s

6The results in the next two sections first appeared in the working paper version of this



convenience.

3 The SSPE

A strategy in a random proposer game is called stationary if it is independent

of the history of past periods.” A Stationary Subgame Perfect Equilibrium

(SSPE) is a Subgame Perfect Equilibrium in which players use stationary
strategies. As we will discuss later, an SSPE may be “complicated” despite
its stationarity. Fortunately, Proposition 2 shows that for every SSPE there
exists an outcome-equivalent, “simple” SSPE.® Let us first define the “simple”

stationary strategy profiles, which we call the cutoff strategy profiles because

an important feature of these strategy profiles is that each player accepts a
proposal if and only if she herself is offered at least a certain cutoff value.
Formally, let F; = {S|i € S}, let P; denote the set of probability distributions

over F;, and let P = II;cy P,. Define a (possibly mixed) cutoff strategy profile

paper, which has fallen behind Yan (2003) in the publication process. We decide to claim

credits to these results here instead of in Yan (2003).
"Here to save space we do not give a formal definition of stationarity.

8Here we refer to the complexity or simplicity of a strategy profile rather than that of
a strategy in the same spirit as Baron and Kalai (1993), who measure the complexity of
a strategy profile using the number of automaton states needed when it is executed by an

automaton.

10



o, by a pair (p,x), where p € P and x € R}, such that player i when proposing
nominates coalition S with probability p;(.5), offers z; to each j € S\{i}, and
when responding i accepts a proposal if and only if the offer to her is at least

x;. p is called the coalitional profile and = the vector of cutoff values. For

each i and S € F;, let g;(S,z) be the payoff to i of nominating S, that is,
9i(S, ) = v(S) — Xjes\iy 75 We will write g;(S) in place of g;(S,r) when x
is clear. Let m; be i’s expected payoff when selected to propose, termed her

proposer payoff , given by m; = Y sc £ 0i(5)g:(S). Let ¢/ be the probability of

1 receiving an offer from j conditional on j being selected,

¢ = pi(S)L(S)

SE]:j

where j # i, and [;(S) = 1if i € S and 0 otherwise. Let ¢; be the ex ante

probability of 7 receiving an offer from another player,

1 .
q@'Z—ZQf
T %

q; 1s called i’s nomination probability. Note that by definition ¢; < 1 — % Let

y be the ex ante payoff function that maps each strategy profile to the induced

ex_ante payoff profile, an element in 7. It is easy to see that

1
Yi = —T; + ¢iT;i. (1)
n

Note that because o is stationary, player i’s continuation payoff in any

period ¢, which is defined to be her expected payoff (discounted to period t)

11



in any subgame that begins with a proposal being rejected by some player in
period t, is 0y;.

The equilibrium conditions for a cutoff strategy SSPE are straightforward.

Proposition 1 (Okada (1993)) o. = (p,z) is an SSPE if and only if

i) © = by,

”) Di € argmaxpigpiﬂi(ﬁi, l’) for alli.

Proof: The “only if” direction is obvious. For the “if”direction, the only
nontrivial step is to verify that proposers do not prefer being rejected, that is
mi(p;) > 6y;. To see this, substitute 6y; for x; on the right hand side of (1), we

have

(2)
Because 1 — ¢;6 > %, it follows that m; > y; > dy; since we know m; > 0 as ¢

can get 0 by nominating {i}. =

Before we state Proposition 2, which shows the outcome equivalence be-
tween cutoff strategy SSPE and general SSPE, it is useful to note how the
general stationary strategy profile is more complicated than the cutoff strat-

egy profile. First, in a (mixed) general stationary strategy profile the proposing

12



behavior may be given by an arbitrary probability measure over the proposal
space Ugeanyg {5} X %'f', allowing among other things offering the same player
different values depending on the coalition nominated as well as nominating
a coalition of which the proposer is not a member. Second, our definition of
stationarity allows strategies to condition on the history within the current
period, so when responding to a proposal a player may condition her response
not only on the offer to herself but also on the identity of the proposer, on the
coalition nominated, on offers made to the other coalition members, and on re-
sponses made by players preceding her. Finally, a player when responding may
randomize between acceptance and rejection in a (mixed) general stationary

strategy profile.

We now prepare to state Proposition 2. Given a general stationary strategy
profile, consider for each player her possibly randomized proposing behavior
and focus on the induced marginal distribution over the set of coalitions 2™\ (.

We call the collection of these marginal distributions the coalitional profile,

in keeping with the terminology used for cutoff strategy profiles. For each
player i, let F; denote the set of coalitions player ¢ nominates with positive

probabilities, and let C; be the union of these coalitions.

Proposition 2 For any SSPE o with a coalitional profile p the cutoff strategy
profile 0. = (p, 6y(o)) generates the same outcome and is an SSPE.

13



Proof: See the appendix. m

From now on we only consider cutoff strategy SSPE, which we simply call
SSPE.
Next we show the existence of (mixed) SSPE for the general random-

proposer game. However, pure SSPE do not always exist.”

Proposition 3 The random-proposer game has an SSPE.

Proof: For any = € [0,v(N)]", let P*(x) = IlienP(z), where Pf(z) =

argmaxg, . p, i (Ps, ). P* is convex-valued and upper-hemicontinuous by the

Theorem of Maximum. Consider the correspondence B from [0, v(V)]",

B(x) = {blb = éy(o.(p", ), where p* € P*(x)}

9Here is an example of inexistence of pure SSPE for 6§ close enough to 1. Consider a

3-player game in which the characteristic function is zero-valued except for v ({1,2,3}) =1
and v ({1,2}) = 0.8. In pure SSPE a player when selected to propose chooses one coalition
with probability 1. It is easy to see that player 1 and 2 must include each other in their
chosen coalitions and player 3 must choose N. This leaves us 3 possibilities: both, one or
neither of 1 and 2 choose N. The first can be ruled out as follows: the payoff profile, which
can be solved for from the simultaneous equations provided by (2), is y; = 1/3 for all 4; this
implies that 3 is too “expensive” to be nominated when ¢ is high enough since 3 increases
the worth by only v({1,2,3})— v ({1,2}) = 0.2 < 1/3. In the other two possibilities player

3 is too “cheap” not to be nominated as her payoffs turn out to be less than 0.2.

14



To see B(z) € [0,v(N)]™, note that for any i € N, 0 < m;(pf,z) < v(N).
Hence, 0 < b;(z) = 6=m;(p}, ) + 6¢;(p*)z < 2v(N) + ZLv(N) = v(N).

We will show that B is convex-valued and upper-hemicontinuous. To see
convexity, consider any b',b? € B(x). By definition there exist p!, p* € P*(x)
s.t. o' = dy(o.(pt,x)),b? = 6y(o.(p? x)). Note that y is linear in p. Hence,
for any a € [0,1], ab' + (1 — a)b? = dy(o.(ap' + (1 — a)p?),z)). Since P*(x)
is convex, ap' + (1 — a)p* € P*(x). Therefore ab' + (1 — a)b? € B(x). Hence
convexity is established.

Suppose to the contrary that B is NOT upper-hemicontinuous. Then there
exists a sequence ,, — Z and a sequence b — b, s.t. b € B(x,) for all n, but
b ¢ B(z). By definition there exists a sequence {p"} s.t. p" € P*(z,) C P
for all n, and b" = éy(o.(p™, x™)). Since P is compact, {p"} has a subse-
quence {p™} that converges to a point p in P. Since the subsequence {z"*}
converges to Z, and since P* is upper-hemicontinuous, p € P*(Z). Note that
b # 6y(o.(p,)) since we assumed b ¢ B(z). Since y is continuous, for large
k, b™ # dy(o.(p™,x™)), a contradiction.

By Katutani’s Fixed Point Theorem, z € B(x) for some z € [0,v(N)]|™.
Therefore, there exists p* € P*(x) s.t. z = dy(o.(p*,z)). Then o.(p*, x) is an

SSPE. m
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4 Intermediate Results

The fact that we prove the existence of SSPE for general random-proposer
games using Katutani’s fixed-point theorem might suggest that uniqueness
may also be demonstrated through familiar theorems such as the contraction
theorem. Instead we find it more fruitful to use tactics often seen in the discrete
branch of mathematics. The overall structure of our demonstration is that we
first exhibit the pattern that must be obeyed by two payoff-nonequivalent
SSPE in a general random-proposer game, then we exploit the different traits
of different classes of characteristic functions and show how in each case the
afore-mentioned pattern cannot hold true.

Lemma 1 below describes the pattern followed by two payoff-nonequivalent
SSPE. Note from (2) that a player’s SSPE payoff is determined by, and in-
creasing in, her proposer payoff and her nomination probability. Informally,
Lemma 1 i) states that players’ payoffs and nomination probabilities change
from one SSPE to the other in (weakly) opposite directions on the whole.
The intuition for this is that if a player has a payoff increase (decrease), she
raises (lowers) her cutoff value and hence, other things equal, makes herself
less (more) attractive to the proposers. Lemma 1 ii) considers those players

whose only source of payoff increase is the increase in their proposer payoffs.

16



Roughly speaking, it states that their payoff increases do not exceed the payoff
decreases of their coalition members, because the increases in their proposer
payoffs come from the coalition members’ lowering the cutoff values. Lemma
1 iii) is similar to Lemma 1 i) in spirit: for at least one player, her payoff and
nomination probability must change in strictly opposite directions.

The following notation scheme is adopted for the rest of the paper when
comparing two SSPE o and o’: let y = y(0), ¥ = y(o’), Ay = ¢ — y, and
similarly for the other variables, and we also find it useful to define Y, , =
{ilAy; > 0}, Y__ = {i|Ay; < 0}, and Q_ = {i|]Ag; < 0}.

To see what contributes to a payoff change, we obtain from (2)

One can see that a player’s payoff change has two sources: one is the change
in her proposer payoff, Am;, and the other is the change in her nomination

probability, Ag;.
Lemma 1 If two SSPE o. and o', are such that y # ', we have
i) Yien AgiAy; < 0;
i) if Yo NQ_ # 0, then for any nonempty T C Yo NQ_, we have T # 0,

where T = (UjerCH NY__, and

> Ay < Y (—Ay;);

€T jeb

17



iii) AgjAy; <0 for some j.

Proof: See the appendix. m

Corollary For any coalitional profile p € P, there is at most one y € R"

such that the cutoff strategy profile (p,dy) is an SSPE.

Proof: Suppose to the contrary that (p, 6y) is an SSPE for two different values
of y, then we have two payoff-nonequivalent SSPE and Lemma 1 iii) implies
Ag; # 0 for some 7, which is impossible since the two SSPE have a common

coalitional profile. m

Next we define, for want of a better term, the proposer surplus, denoted by

7;, which as we shall see is equal to the proposer payoff minus the proposer’s
own cutoff value. Formally, define g(S) = v(S) — X ;cs7;, and define 7; =
Yser Di(5)g(S). It is easy to see that g(S) = ¢:;(S) — x;, and 7; = m; — 2.

We can express y; in terms of 7,

More importantly,

Lemma 2 If o, = (p,6y) is an SSPE,

i) p; € argmax, . p7;(Ps, 0y) for all i;

18



i) m < 7w if jeCy;
iii) w; < m; for any i and j.
Proof:
i) This follows directly from the fact that m; is maximized in equilibrium.

ii) j € C; means that for some S € F;;, j € S. So just like 4, j could also

nominate S, hence 7; > g(S) = ;.

iii) Pick any S € F;;, we have 7; > g(S U {j}) since j could nominate

SU{j}. Since v(SU{j}) > v(S) by monotonicity, we have g(SU{j}) >

g(S) — éy; = m; — 6y;. Hence 7; > 7; — by;, or m; > ;.

5 Uniqueness Results

In this section we present the uniqueness results for simple games, symmet-
ric games, convex games and strictly monotone games that admit efficient
equilibria.

Call a random-proposer game simple if for any S C N, either v(S) =1 or

v(S) =0.

19



Proposition 4 The pure SSPE of a simple game, if they exist, must be payoff

equivalent.

Proof: We first assert that in a simple game the ex post SSPE payoffs always
add up to 1. This is because the proposer always nominates a coalition of
worth 1, since otherwise she gets zero proposer payoff and hence by (2) zero
ex_ante payoff, contradicting Claim 3 in the proof of Proposition 2, which
states that y; > 0 for all 7. It then follows that the ex ante payoffs which
are simply averages of the ex post payoffs must add up to 1 as well. We now
invoke a technical result, which, shown in two steps, Claim 1 and Claim 2,
states that if two pure SSPE produce different ex ante payoff profiles, then
the two payoff profiles must add up to different sums. Incidentally, Claim 1
and 2 are valid for general random-proposer games and their proofs below do

not use properties of simple games.

Claim 1 Given two pure SSPE o, and o', such that y(o.) # y(o.), if Yo+ N

Q__ # 0, we must have D ieN yi(“c) < YieN yi(Uf:).

Proof of Claim 1: See the appendix. m

Claim 2 If y(o.) # y(o.) for two pure SSPE o. and o', we must have

Yien¥iloe) # Xien yilor).

20



Proof of Claim 2: Recall Lemma 2iii): Ay;Ag; < 0 for some i. So either Y, , N
Q__#DorY _NQ,, # 0. In the first case, Claim 1 applies immediately. In
the second case, if we reverse the labelings of o. and ¢/, (so that Y__ becomes

Y, and @, becomes @__), Claim 1 still applies. =

The proposition then follows immediately. =

Next we turn to symmetric games. Call two players ¢ and j symmetric if
for any S C N\{i,7}, v(SU{i}) = v(SU{j}); call the random-proposer game
symmetric if all players are pairwise symmetric. It follows from the definition

that in a symmetric game v(S) = v(5’) if |S| = |9'|.

Proposition 5

i) If players i and j are symmetric, y;(o.) = y;(o.) in any SSPE o.;

i) if the random-proposer game is symmetric, there exists a unique SSPE

payoff profile.

Proof:

i) Suppose to the contrary y; > y;, then

Claim 1 ﬁj Z T

21



ii)

Proof of Claim 1: This follows directly from Lemma 2 ii) if j € C;. If

j & C;, then fix any S € F; . By Lemma 2 i) and the symmetry of i and

jy we have 7; > g(S\{i}) U {j}) = 3(S) + by — 8y, > §(S) = 7. m

Claim 2 q; > g;

Proof of Claim 2: First, consider any k # i,j. For any S € Fj ,i € S
implies j € S because ¢ and j are symmetric and 6y, > d0y;. Hence
¢} > q . Next we will show that ¢} > /. Suppose to the contrary that
q; < ¢’. Then ¢; < 1and ¢/ > 0. So there exist S; € Fiy, S; € Fj, such
that ¢ € S; but j ¢ S;. We have g;(S;) > ¢:(S;) = g;(5;) — dy; + dy; >
g;(S;). On the other hand, g;(S;) > g;[(S;\{i})U{s}] and the symmetry
of i and j implies that g;[(S;\{i}) U {j}] = 4:(Si), s0 g;(5;) = 4:(5), a

contradiction. Hence q; > qf . It follows that ¢; > ¢;. =

Claims 1 and 2 together imply that y; < y; , contradicting our assump-

tion. Therefore y; = y;.

Suppose to the contrary that o. and o/, are two payoff-nonequivalent
SSPE. Since the game is symmetric, it follows from i) that payoffs are
symmetric for all players in either SSPE. Assume w.l.g. y} > y; for all
i. Fix any i. We have Am; < ¥, q5 (—6Ay;) < 0, where the first

22



inequality is by (7) in the appendix. Since Ay; > 0, by (3) we must have
Ag; > 0. So Ag;Ay; > 0. Since this is true for all 7, Lemma 1 iii) is

violated. The proof is then complete by contraposition.

Proposition 5 has implication for the uniqueness of equilibrium coalition
size in symmetric games. Call an SSPE inclusive if for any ¢ and S € F;.,
S C T implies ¢;(T) < ¢;(S). Intuitively, in inclusive SSPE players when
proposing nominate, roughly speaking in general but literally for symmetric
games, the largest payoff-maximizing coalitions. If we restrict attention to
inclusive SSPE, then, since the equilibrium payoff profile is unique and sym-
metric by Proposition 5 and hence so is the cutoff value profile, the equilibrium
coalition size must also be unique.

Next we consider convex games, for which we focus on inclusive SSPE.
Formally, the random-proposer game is convez if for any S,7 C N, v(SUT)+
v(SNT) > v(S)+v(T). Asshown below, convexity together with inclusiveness
induces structure in the equilibrium coalitional profile, which we exploit to
show payoff uniqueness. However, inclusive SSPE do not always exist: an
inclusive SSPE must be pure for a convex game and as mentioned before pure

SSPE may not exist.
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Proposition 6 In a convexr game, if 0. is an inclusive SSPE,
i) o is pure;

it) for each player i let S; denote the coalition nominated by i when i pro-

poses,

a. for any i and j such that j € S;, we have S; C S; and y; > v;;

b. NienSi # 0, and for any j € NienSi, Sj = NienSi;
iii) if ol is another inclusive SSPE, y(o.) = y(ol).

Proof: First note that convexity implies that for any S, 7 C N, g(SUT) +

g(5NT) = g(S) +g(T).

i) 0. being pure means that F;, is a singleton for all i. Suppose to the
contrary {S!,5?} C F,, for some i. Assume w.l.g. S? ¢ S'. Since
g(S* U S?) + g(St N S%) > g(St) + g(S?), it follows that g(S' U S?) —
g(St) > g(5?%) — g(S* N S?) > 0, where the second “>" follows from the
optimality of nominating S2. On the other hand, g(S* U S?) — g(S?!) =
gi(STU S?) — g;(S1) < 0, where the inequality follows from S c St U S?

and the inclusiveness of o., a contradiction. Therefore o, must be pure.

ii) a. First, fix any j € S;, we will show S; C S; by an argument similar
to that in i). Suppose to the contrary S; Z S;. Since g(S; U
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S;5) +9(5: N 5;) = g(Si) + §(S;), we have g(S; U S;) — g(S;) >
g(S;) — g(SiN'S;) > 0, where the second inequality follows from
the optimality of nominating S;. On the other hand, §(S; U S;) —
g(S;) = g:(S; US;) — ¢:(S;) <0, where the inequality follows from
S; C S5; US; and the inclusiveness of o., a contradiction. So we

must have S; C S;.

It follows that for any 7 and j such that j € S;, i € Sy implies
j € Sk for any k. Therefore g; > ¢;. Since in addition 7; > 7; by

Lemma 2 ii), we must have, recalling (4), y; > v;.

. We will show N;cnS; # 0 first.

Note first that for any ¢, y; > 0 by Claim 3 in the proof of Propo-
sition 2, and hence g(S;) = m; > 0.

To show N;enS; # 0, we do induction on the number of players.
Suppose to the contrary that for some ¢ and j, S; N.S; = 0, then
g(S;US;) > g(S;)+g(S;) > g(S;), which contradicts the optimality
of S;. Hence we conclude for any two players ¢ and j, S; N S; # 0.
Suppose we have shown for any m-players iy, s, . .., im, (7S, #
0. Consider any m + 1 players Iy, la,...,lmy1. NS, # 0 by
assumption. Fix any k € ﬂ’]”:lSlj. By Statement a., S, C ﬂTzlSlj.

Since S; ., N Sk # 0, we have ﬂm+1Slj # (). Therefore N;cnS; # 0.

m+1 Jj=1
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To see the second part of Statement b., note that for any k €
NienSi, Sk € NienS; by Statement a. Since obviously N;enS; C Sk,

we have Sk = ﬂiENSi-

iii) Suppose to the contrary y(o.) # y(o..) and apply the notation scheme
introduced in Section 4, that is, let Ay =y’ —y, Y. = {i|Ay; > 0} and

so on. By Lemma 1 iii), Ay;Ag; < 0 for some ¢ € N. Assume w.l.g. that

Ay; > 0 and Ag; < 0. Note for later use that Ag; < 0 implies Ag; < —1

n

due to the pureness of the two SSPE. Consider any j € Nken Sy, we will

show A7; > 0 and Ay; > 0. By definition j € S/, hence 7, < 7 b

/
J

>

Lemma 2 ii). It follows that A7; — AT = (7, —75) +(7;—7;) < T — 7

IN

m; — m; = 0y;, where the last inequality is due to Lemma 2 iii). Hence
Am; < Am; + 0y;. Now we want to show Am; > 6y;. To see this, note

first for any & € N we can derive from (3)!°,

%Aﬁ'k + Aqroyx

Ay = 5t
S PP 5)
AR AAGSy . AAmi—ley ..
It follows that Ay; = n?_;{;qugyz < nﬁqzé_’f . Since Ay; > 0 by as-

sumption, %Aﬁi — %6% > 0, hence Am; > 0y;, as desired. Since we
proved earlier that Am; < Aw; + 6y;, we must have A7; > 0. Note

in addition j € NkgenS), implies Ag; > 0. Hence Ay; > 0 by (5). So

10This step uses the fact that A7, = Amp — §Ay, and that d = ¢ implies d = abiccd for

any a, b, ¢, d such that b+ ¢ # 0.
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we have shown A7; > 0 and Ay; > 0 for all j € NgenS;, . Fix some
J € MienS;. Note that Si = MpenS), by Statement b. of ii). Hence
ATy = Am; — 6Ay; < Zkes;(—éAyk) < 0, where the first inequality
follows from (7) in the appendix, a contradiction. The proof is then

complete by contraposition.

Our last result concerns efficient SSPE in strictly monotone games. An
SSPE o, is efficient if >;cnvyi(0.) = v(N). We show that in a strictly
monotone game, an efficient cutoft strategy SSPE, if it exists, is the unique
cutoff strategy SSPE of the game. Note that uniqueness of the cutoff strat-
egy SSPE implies that the general SSPE is unique up to off-equilibrium-path

response behavior.

Proposition 7 In a strictly monotone game, an efficient cutoff strateqy SSPE,

iof it exists, is the unique cutoff strategy SSPE of the game.

Proof: Let 0. denote the efficient SSPE. Since the game is strictly monotone,
efficiency implies that every player when proposing nominates N with prob-
ability 1, because otherwise the ex ante payoffs, being averages of exr post
payoffs, would not add up to v(N). Hence by (4) we have y; = %l for all
i. It follows that y; = @ for all . Next we will show that if ¢/, is also an
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SSPE, we must have y(o’) = y(o.). Suppose to the contrary y(o.) # y(c’.) and
apply the notation scheme introduced in Section 4, that is, let Ay =1y’ — vy,
Y., = {ilAy; > 0} and so on. We will show that >,cy Ag;Ay; > 0, which
contradicts Lemma 1 i). Since obviously Ag; < 0 for all i, we only need to
show Yy, . [Aq||Ayi| < Xy |Agsl|Ay;|.  For this we need the following

technical observation:

Claim 1 We have 3-;c; aib; < Xjcyazb;, where I, J are finite sets and a;, b;, a;, b;
are nonnegative for all v € I and j € J, if there exists a correspondence

B : 1 — J such that:

a) a; < a; for any j € B(i);

b) Yrbi < Xy by for any T C 1.

Proof of Claim 1: See the appendix. m

Note that since Ag; < 0 for all 4, by Lemma 1 iii) Y, # (). Let B be a
correspondence from Y., to Y__ such that B(i) = C/NY__. B(i) # 0 by

Lemma 1 ii).
Claim 2

i) |Agi| < |Agj| for any i and j such that j € B(i);
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i) Yoo |Ay| < Xy |Ay;| for any T C Y, .

Proof of Claim 2: See the appendix. m

It follows immediately >y, . |Ag|[Ay;| < Xy |Ag;||Ay;|, contradicting
Lemma 1 1i). So y(0.) = y(o.) by contraposition. Hence ¢, is also efficient.
Hence in ¢/, every player when proposing must also nominate N. So ¢/, and

0. have the same cutoff values and coalitional profile. Therefore o/, =o.. m

As shown in Okada (1993), the payoff profile generated by an efficient SSPE
is equal division, namely that each player gets %U(N ), and an efficient SSPE
exists for all 6 € [0, 1) if and only if equal division is in the core, or equivalently

if and only if ”l(g‘) <2 711\7) for all S ¢ N.1

1Tt may be interesting to note the efficiency conditions obtained in Okada (1996) and

Chatterjee et al. (1993), both studying multi-stage bargaining models in which after the
first coalition forms and leaves bargaining continues until at most one player is left. Okada
(1996) studies the multi-stage random-proposer game, for which equal division being in the
core is still necessary but no longer sufficient for the existence of efficient SSPE. Okada
(1996) provides a sufficient condition: there exists an SSPE for all 6 € [0,1) in which at
every stage of the game all remaining players form a single coalition without delay if and
only if for every subset of players S equal division of v(S) cannot be blocked by any subset
of S. In Chatterjee et al. (1993), players follow a deterministic order in making proposals
and counterproposals, and it is shown that there exists an efficient SSPE for all § € [0,1)

and regardless of the order of proposal making if and only if equal division is in the core.
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6 Extension

Naturally one would like to extend the uniqueness results in this paper to
the multi-stage random-proposer game. Okada (1996) shows for superaddi-
tive characteristic functions that in an SSPE of the multi-stage game there
is no delay in any subgame. In the literature, delay is often associated with

multiplicity, in view of which Okada’s (1996) result is encouraging.

Another direction for extension is to allow asymmetric proposing prob-
abilities. Yan (2003) explores this direction and shows, interestingly, that
each core allocation can be realized as the unique SSPE payoff profile of the

random-proposer game with the proportionate proposing probabilities.

7 Appendix
Proof of Proposition 2: We proceed by proving a few claims about o.

Claim 1 Following any history that ends with a proposal (S,w) being made

by player 7, the outcome prescribed by o is such that
a) the proposal passes if w; > 6y;(o) for alli € S\ {j};

b) the proposal is rejected if w; < dy;(o) for some i € S\ {j}.
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Proof of Claim 1:

a) Given such a proposal, following a history in which all but the last player
in S\ {7} have responded and all responses were acceptances, the last
player will accept. Suppose we have shown that following a history in
which all but the last m players in S\ {j} have accepted the proposal,
the last m players will all accept. Then following a history in which all
but the last m + 1 players have accepted, the first of the last m + 1
players will accept. By mathematical induction, in the subgame where

no one has responded, all in S\ {;} will accept.

b) If in the subgame that begins with i accepting the proposal there is a
positive probability according to o of the proposal being passed, then
1’s strategy must prescribe that ¢ reject the proposal. So if ¢ accepts the

proposal, with probability 1 some subsequent player must reject it.

Claim 2

a) Any proposal that passes with positive probability must offer to all the

nominated players except the proposer exactly their continuation payoffs;
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b) if y;(o) > 0, there is no delay in the subgame where i is selected to

propose; moreover, i € S for any S € F;,.

Proof of Claim 2:

a) It follows directly from Claim 1.

b) Let y! denote i’s expected payoff conditional on her being selected. It
follows from a) that player i’s expected payoff conditional on her not
being selected is no greater than 6y;. Hence, y; < Ly + (1 — 1)dy; =

L(yr — by;) + by;, or

%(yf - 5%‘)

T (6)

Yi <
Since y; > 0, yI' > 6y;. This implies that any proposal ¢ makes with
positive probability brings her strictly higher payoff than dy;. This in
turn implies that any proposal ¢ makes with positive probability must
pass, because 6y; would be what she gets if her proposal were rejected.
It follows that i € S for any S € F;, because otherwise i gets v({i}) =0

implying y; = 0 < dy;, a contradiction.

Claim 3 y;(o) > 0 for all i.
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Proof of Claim 8: Obviously Y ,cn yi(0) < v(N). Hence Y ;cn 0yi(0) < v(N),
so any player can get a positive payoff by nominating N and offering each

player € more than her continuation payoff. m

It follows from Claims 2 and Claim 3 that in ¢ a proposer always includes
herself in the nominated coalition and offers the other coalition members their
continuation payoffs, and that her proposal always passes. Hence o produces
the same outcome as o, = (p,éy(o)). To see that o. is an SSPE, note that
condition i) of Proposition 1 holds obviously and it follows from Claims 1, 2
and 3 that p must be optimal with respect to the cutoff values éy(o) and hence

condition ii) of Proposition 1 is also satisfied. This completes the proof. m
Proof of Lemma 1:

i) For any S € Fiy, ' € Fi,, we have g;(S,0y) = m; > ¢:(5,6y) and
g:(S',6y") = 7, > g:(S, 6y'). Tt follows that Am; > ¢:(S,6y") — g:(S, by) =
2 1j(S)(—6Ay;).  Since this is true for all S € Fy, Am >

ZSG]:H— pl(‘g) ijéi IJ(S)(_éAy]) = Zj;éi q;(—(SAy]) Similarly,
Am; <3¢l (—6Ay;) (7)
J#i

SO >z q§'(—5ij) > iz 4G (—6Ay;), or 3, Agi(—6Ay;) > 0. Since
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this is true for all 7,

0 < _ZZAQJ (5ij :ZZ qu 5ij)

i=1 j#1i j=1 2;&]
= Z( 5ij Z qu Z( 5A?JJ AQJ < Z Ay] AQJ
Jj=1 it Jj=1 Jj=1

therefore 3°7_; Ay;Ag; < 0.

ii) It follows from (3) that for any i € T, since Ag; < 0 by assumption, we
have 0 < Ay; < zAm . It follows that'?

S AT+ (ZjET\{i} %qg,) 0Ay;

Ay; < 4,
1 —qi6+ (EjGT\{i} Lq! ) 6

Note that

1 — g+ (ZjeT\{i} %qf,) 6=1- (ZjeN\{i} %%jl) 6+ (ZjeT\{i} %qfl) 6
= 1— (Sjertql )6 > 1= (Sjers) = 2. Together with (7) this
implies that

Ay; < w Yz @) (Z60Y;) + ey 500 8Ay:
T ]

n

Summing this over all 1 € T',

Sier Xjti 20 (—6AY;) + Yier Xjergiy Lgl 6 Ay

ntj
Z Ay; < T
€T o
L Nier S nqh (—6Ay;) + Yier Xjer iy 4; 6Ay;
N 1T

2ieT Zj¢T Q;'/(—(SA?JJ‘)
T

12This step uses the following fact: d < ¢ implies d < ‘“LCd for any nonnegative a, b, ¢

and d.
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iii)

./
ZiET ngT 4 (=6Ay;)

T

Note that >, Ay; > 0 implies that is strictly posi-
tive. This term can be positive only if T is non-empty, because T consists

precisely of those j for which qé/(—éij) is positive. Having thus estab-

lished that 7" is non-empty,

dieT 2jedt Q;/ (—6Ay;)

ieZTAyz < 7
< Yier Zje’f“(_éAyJ’)
B T
T3 jer(—0Ay;)
T
< > (-Ay)

jeT
First we claim that Ag;Ay; > 0 for some i. Suppose to the contrary
Ag;Ay; <0 for all . Assume w.l.g. that Y, # (). We have
> Ayi= > Ayi< 2 (—Ay;) < Z —Ay;)

€Yyt €Y1 1NQ- j€(Uiey, ,na_ CI)NY-— S

where the strict inequality is by ii). From this we draw two conclusions:
Y__ #0, and >,y Ay; < 0 or equivalently >,cn ¥ < Yien ¥i- Since
Y__ # (), by a symmetric argument (through redefining Ay, = y; — v,
Ag; = g; —q; and so on) we can show > ,cn Ui < Yicn Ui, a contradiction.

Therefore, the claim is true. Then iii) follows from i).
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Proof of Claim 1 in the proof of Proposition 4: We focus on pure
SSPE in this proof and need some notation to utilize this fact. Given a pure
SSPE, let S; denote the coalition player 7 nominates with probability 1 when
proposing and let ¢; be the number of other players nominating . Note that
di = 2jeN\{i} ¢ = ng;.

Using ¢; instead of ¢; we rewrite two previous results. (4) is rewritten as

T n—gio—o

(8)

Yi

Note for later use that for any i € N, n — ¢;6 — 6 > 0 since §; < n — 1 by
definition, and hence 7; > 0 since y; > 0 by Claim 3 in the proof of Proposition

2.

Next, equation (3) is rewritten and used in three equivalent forms,

AT+ AGoy; AT+ AGioy; AT+ AGioy;

Ay n—gs = n—§gsi—>6  n—§é—>=o (©)

We prove Claim 1 in three steps.

Step 1 Assume w.l.g. that 1 € Y., NQ__. Then Ag < —1.

Obvious, since ¢; and ¢, are integers for all 7.

Step 2 Ay; <0 implies Ag; < 0 for anyi € N, and Ay; < 0 implies Ag; <0

ifi € S} for somej €Y, NQ__.
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To show the first part of the statement, consider any j € Y, , N Q__. We

have 0 < Ay, = 25200y < STi—8u; Ty follows that
i n-q6-6 = n-go-o"

By Lemma 2 iii), for all i # j, Am; = 7} — 7; < (7 + 6y;) — (7 — 6y;) =

AT; + oy; + 0y;. Hence,

So Am; + 6y, > 0. Hence, recalling (9), Ag; > 1 implies Ay; > 0, or equiv-
alently, Ay; < 0 implies Ag; < 0. To see Ag; < 0 for i € S}, note that
< 7, by Lemma 2 ii) and 7; = w; — dy; > T; — éy; by Lemma 2 iii). Then
A7y <7, — (m; — by;) = Am; + dy;. So Aw; > Aw; — dy; > 0. Hence Ag; >0

implies Ay; > 0; or equivalently, Ay; < 0 implies Ag; < 0.
Step 3 Y ien Ay < 0.
We will first show

> AGy; <0

iEN
We proceed as follows. Since 1 € Y, NQ__ by assumption, S;NY__ # ()

by Lemma 1 ii). For any j € S| NY__, j € Q__ by Step 2. Hence,
Y__NQ__#10 (12)
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Since in addition Y__N@); is empty by Step 2, it follows that >,y Ag;Ay; >

0. Recalling Lemma 1 i), which implies > ;cy Ag;Ay; < 0, we have

Z Ag;Ay; = Z AgiAy; — Z AgiAy; <0 (13)

€Y iEN €Y _

From this we will show >y, Agy; < 0. Note from (9) that A7m; +

AG;idy; = (n — @l6 — 6)Ay; for any i € N. Pick
k € argmax;cy, o AT + Agidy;

Then for any 1 € Y, NQ__,

n—q.0—9o

Ay;
VTR TG -6 S n—qo—06  n—qo—o6 =T g6

Ay,
(14)
where the second inequality follows from the obvious fact that ¢} < ¢; —1 since
1€Q__.

IfY,, NQ4y =0, obviously Yey,, Adiys < 0. So suppose Y, NQ 11 # 0.

For any i € Y., NQ,y, Ag > 1, and hence by (11) and (9)
AT+ AGy, > AT + 6y > ATy, — dyx > ATt + Adrdyr = (n — G0 — 6) Ayy.

Therefore,

Ay — AT; + Ag;0y; S n—q.0—9o

A 1
n—Go—06 ~m—go—56 " (15)

Then it follows from (13), (14), and (15) that
0 > Z AgiAy; = Z AgiAy; + Z AgiAy;
€Y, 1€Y1 NQ—— 1€Y1 NQ 4+
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Ag;

> ) — (1= G0 — 6)Ayx +
€Y 4NQ_— n— g6
Ag; .
——l—(n— G5 — )2y,
iy nQyy 1t 40T
Ag; Ag; .
R T e v S D d SO LB
ey @ T 40 ey, ngy, T 40 T
Since both (n — .6 — 6) and Ay are positive,
A A/L' A Ai
) o4 S S (16)
1€Y1 NQ_— n-— ql(s 1€Y1 NQ++ n-— ql& o 6

g Tm

o e

Consider m € argmax,;.y{7;}. For any j € N, y; =
Note also 7; > 7, by Lemma 2 iii), hence y; = n—fq'jLé > ni—gjé. Then mul-

tiplying both sides of (16) by 7,,, which must be positive as argued at the

beginning of the proof of Claim 1, we have

Agq; Aq;
0 > Gz, + — = A
jevinQ- - T q;0 JEY nQey VT gjo — 0
> ) Agyt Y Adyi= ) Ay,
JEY 1 NQ—— JEY 1 NQy+ JEY 1y

Since Y_ =Y_NQ_ by Step 2, >jcn AGiyi = Zz‘EY++ AGiyi + Yiey. Agiyi <0,
which ends the first part of Step 3.
To complete Step 3 we will show that n " ,cny Ay < 6> ien AGiy;.

Note that for any ¢ € N,
9i(S:, 6y) = m > g:(S;, 6y)

It follows that

> by > v(S) —v(Si) (17)
JESI\S;
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Summing (17) over all 4,
Yoo by =Y (S = > (S (18)
€N jeSI\S; iEN iEN

The left hand side of (18) equals 6 Y ;cn AGiyi, which is negative since we
showed > ;cy Agiy; < 0, and the right hand side equals n Y, cn Yl —n > v ¥i =

n Y en Ay;. Thus we conclude Y ey Ay; < 0. m

Proof of Claim 1 in the proof of Proposition 7: Assume w.l.g. that
I ={1,2,...,]I]} and for any m,n € I, a,, > a, if m > n. For notational
convenience let ag = 0. If ap = aj, the claim holds obviously. Suppose

ap < ayy). It follows from condition ii) that

] ] ]

Z(ai — (17;71) hz_:bh < ;((1@ — ai,l) Z bj (19)

i=1 jeB({hlh>i})
The left hand side of (19) may be rewritten as

1l LI ] h ]

ZZ(CM - G¢f1)bh = Z Z(Gi - Clzel)bh = Z by, Z(ai - Gz’f1) = ; bra,

i=1 h=1 h=11i=1 h=1 =1

For notational convenience, let amax@ = 0. The right hand side of (19) may

be rewritten as

1| max(B~*(3))

Z Z (CLZ‘ — ai_l)bj = (CLZ‘ — ai_l)bj

i=1 je B({h|h>i}) jeJ =1
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where the last inequality is due to condition i). m

Proof of Claim 2 in the proof of Proposition 7:

i) Since B is defined on Y, Ay; > 0, which implies +A7; + Ag;éy; > 0
by (5) in the proof of Proposition 6. It follows that, since y; = 1v(N),

Am

|Agi| < . Similarly, one can show |Ag;| > 3 ( ) since by assumption

Ay; < 0. Note that 7; = g(N) = 7; and that j € C; implies 7; > 7] by

)

Lemma 2 ii). It follows that A7; > A7,;. Therefore |Ag;| < |Ag;l.

ii) It follows directly from Lemma 1 ii).
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