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ABSTRACT

This paper improves upon Krugman’s model (1979) by assuming horizontal
innovation obeys a simple discrete-time Galton-Waston branching process. Vertical
innovation is also treated simultaneously. We conclude that (1) There should be
sufficient horizontal innovative intensity in order to avoid the necessary dooming
result of complete variety expansion halt; but vertical innovation can boost the growth
of the expected real GDP per capita more effectively than horizontal innovation;(2)
Everyone’s aggregate consumption amount of both new and old products and the
trade volume are approximately fixed in both innovating and imitating countries, but
innovation has different impact in different countries;(3) The long-run economic
growth is determined in a larger degree by the difference of population growth rates
between the innovating developed country and the imitating less developed country

than by the innovation rate.

| . Introduction

In Krugman’s model (1979), there exist two countries, innovating north and
imitating south. Technological progress is only reflected as the horizontal innovation,
that is, the expansion of the products’ variety, and it is assumed to be a deterministic
process. The technology is continuously imitated by the south and the production of

the old products eventually transfers there, which results in the north-south trade: the
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north exports the new products while importing the old products from the south. Since
only the north can produce the new products, it can abstract the quasi-rent of
monopoly, therefore, the income distribution is in favor of the north. But in order to
maintain the income premium, the north has to sustain a sufficient innovation rate.

Krugman’s model gives us a very insightful and very clear picture of the global
economic growth and later stimulates a vast amount of related literatures. But for the
sake of analytical convenience, Krugman adopted several assumptions that are so
restrictive that we might reasonably suspect the conclusions may be different when
taking more realistic assumptions into account.

In our model, we assume the horizontal innovation is a stochastic process and
vertical innovation (i.e. the upgrade of the products’ quality) is also introduced into
the framework of analysis. Besides, new products and old products enter the utility
function asymmetrically. We have achieved several new conclusions, some of which
are inconsistent with Krugman’s model.

[I. TheModel

We a0 assume there exist two countries, the north and the south. The north
innovates new products both horizontally and vertically, that is to say, not only is the
brand variety of the products expanded, but also the quality of the new products is

improved. The south cannot innovate but imitate from the north. At time t, the north

innovates Q,, kinds of new products, and we assume{Q,,} is a simple

discrete-time branching process, and the state space of the stochastic process is the
whole set of nonnegative integers. It means that the number of innovated products at
time t might be zero, in which case no new products will be innovated in the future.
We call this phenomenon a complete innovation halt, and the technology progress
stops forever .\We might interpret the innovation at time t as a spontaneous byproduct
in the process of producing the time t-1 newly-innovated products a time t-1;
however, once no new products have been produced for one period, then the
innovation stops automatically. In this sense, we might see the technological progress

as an endogenous process similar to Arrow’s “learning by doing” model to some
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degree in nature, but now it’s a stochastic process.
The south cannot innovate but imitate from the north, and the time lag is assumed

to be always one period, and it is full imitation. So in the south the number of imitated

products at time t isQg, =Q,,,. To capture the idea of Schumpeter’s “creative

destruction”, we further assume every kind of products can only exist for two periods,

so at time t, the total number of the variety of products that the south can produce is

just Qg . Therefore, a any timet, thereare Qg, +Q,, kinds of productsthat can be

consumed.
Both the north and the south citizens have the same modified Dixit-Stiglitz CES
utility function as follows:

Qnt Qs
avica,. () - +Qbic, () -1

U(Cy ., Cs) == al , 0£a<l , b>1 (1)

Where c,, is the consumption vector of north products (i.e. the time t

newly-innovated products), while cg, is the consumption vector of south products.

t
I5?is the measure of quality improvement, which implies the marginal utility of one

unit of time t product is greater than that of one unit of time t-1 product ,ceteris

paribus. However, the consumption substitution elasticity among the same time

products and among the different time products arethe same s= % .
-a

For simplicity, we assume labor is the only input of production, and one unit of
labor can only produce one unit of product. Supposing the commodity market is in
perfect competition, and labor is perfectly mobile across different industries in the
domestic labor market while migration is forbidden, therefore the equilibrium price of

every kind of time t product is the same, which equals the unit cost of production,

wage w,. The wage is the only income of every consumer, so in the north the

consumer problem is to maximize the utility function (1) subject to the following

budget constraint:
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Qu ¢ Qs

alpe,, ()] +alpcs, (D £w 2
i= =
Where p,and p,_, are the prices of the time t products and the time t —1 products.

Then we have M :[L] -s (3)
s (1) b,

Now let us see the labor market, by assuming full employment to smplify this

general equilibrium model, we can conclude immediately

L_N — QN.tCN t (l) 4
LS QS,t CS,t ( J )
From (3) and (4), we get the following recursive equation:
S — S LN —S
QN.tW t b L_QS,tW t-1 (5)
S

Supposing the initial number of the north products’ veriety is Q,, =Q,, and we

normalize the time 0 wage to 1. From equation (5), we conclude:

Qu W=, =AQ, (6)

Where A © b‘S%. Note both Q,, and w = are random variables, but their

S

product obeys a deterministic time path.

After taking expectation on both sides of the equation (6), we have
E(Qu,W =) =E(Qu)EW™=,) +oov(Q,, W=,) =AQ,, (7)
If in the branching process, for every kind of time t product, the expected number

of the time t+1 product’s variety is I, which measures the horizontal innovation
intensity, then according to Weld Equation, we have E(Q,,) =Q I .

Combined with the assumption that cov(Q,,,w™,)=02%, we will have the

2 Ore possible reason for this assumption is that the wage rate is determined one period ahead by the contract, so
it isindependent from the realized number of timet innovated products, but retional expectation assumptionis

implicitly used here, that is, at timet-1 , the contract wagerate W, is such that equation (6) exactly holds when

Q, , isredized a timet.
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following important result:
s A
EW) =) (8)

Specifically, when the substitution elasticity of consumption equals unity, we can

directly derive from(6) that E(w ) :(%)‘t .In our model the wage rate can also be

interpreted as the real GDP per capita, so the above formula tells us the basic trend of

the future economic growth. There are three cases according to whether % is larger

than unity, so we get the following lemma:

Lemma. When %>1,the expected real GDP per capita will decrease at an
exponential speed; when %:1, the expected real GDP per capita will remain the

same; when A <1,then the expected real GDP per capita will increase.

We should note that even when the wage rate starts to fall, the north workers will
still produce the new products at the next period because if not, no new products are
produced, so the technology progress stops. And since every kind of products can
only exist for two periods, there will be no products left next time, and both the north
and the south people will die out. Having foreseen this, the north will produce the

newly-innovated commodities even if the wage is expected to fall.

Theorem 1. Both more horizontal innovation intensity (measured by I ) and higher

vertical innovation rate (measured by ) can increase the expected real GDP per
capita with an exponential speed. But higher vertical innovation rate can increase the

income more effectively.

Proof. Note that A Ob‘S%, and Szli =1, by the lemma, we can

s —
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immediately have the above conclusion.

This theorem tells us about the desirability of innovation. In other words, we
shall not believe that vertical innovation and horizontal innovation will boost the
economic growth equivalently, instead, we have to differentiate the nature of the
innovation, and properly encourage more vertical innovation.

But we cannot go to the opposite diametrically and erroneously believe that all
resources should be devoted to vertical innovation at the sacrifice of the horizontal
innovation, because we have to guarantee that we shall not come to the complete
innovation halt. More exactly, we can prove the following theorem:

Theorem 2. If the horizontal innovation intensity is no larger than unity, then the
complete innovation halt will take place within finite future with probability 1 ; But
even if W >1theredtill exists a positive probability that the complete innovation halt
will come, however, the larger the innovation intendty, the more probably we can
avoid this dooming result.

Proof. Thistheorem is the direct result of the G-W branching process. Here | repesat
the important steps

We define 17, =P (L, (V) <+¥), where (V) =inf{t:Q =0C}.

Let r=R(t, (V) <-+¥ then because of independence, we have 7, = r.

¥

r=R(t, (V)< =R +QR(Q =K)R.(t, (V) <79

k=1

X X
=R, +aP,h,=aR.r =F(n
k=1

k=1

Where F(r) isexactly the generating function .Hence, ris the fixed point of
the mapping F(r).We can easily prove that |, =F @) .When F@) =1, according to
the mean value theorem, e (0,1),st F(#p= ¥ Therefore, 0< Ph=1r, <1 .

WhenF @) £1, F(r) =1 isthe unique fixed point on theinterval [0,1]. Q.E.D

These two cases can be clearly seen in the following figure:
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F(n)

F(n)

0 % 1 r

This theorem suggests that we have to seek proper horizontal innovation intensity,
it cannot be too small, but it can’t be too large either if it takes too much resources
from horizontal innovation activity. The optimal choice relies on the decision maker’s
valuation of the trade-off between the risk of complete innovation halt (which also
means the north workers will have to compete with the south in the production of the
old product, and next period when the only old products disappear, all the agents
would die) and the expected economic growth rate before the innovation halt takes
place.

So far we have not said much about the real consumption of the agents, which

determines the welfare level of the agents most directly. Equation (3) decides the
instantaneous consumption decision at time t, and because Q,,and Q,, have been
realized at that time, so the consumption plan is a deterministic one given the wage
rates, and it makes no sense to make the consumption decision ahead of time.

But suppose the actual realization of the process (o, up to time t can be

approximately represented as Q,, BQ, I, . then we can derive the following

proposition:
Proposition 1. Both the north agent and the south agent’s aggregate consumption of

the newly-innovated commodities is approximately a constant which is positively

correlated with the population ratio° % , and the aggregate consumption of the
S

old commodities is also approximately fixed but adversely correlated with the

population ratio.
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Proof.
By maximizing the utility function (1) subject to the budget constraint (2), we

will have the north agent’s consumption amount of every kind of the time t

newly-innovated commodity c, (i) = é)/\é w ,
QN gt _FQS,t[ W _l]_SW_l
t t

combined with (3), (4) and Q,, BQ, I,, wederive

. 1 . 1
Cut (|)QN't B—1 and Cs, (|)QS't B—1 .
1+ 1-a f+ 1 1-a
(o i § (o mil §

Similarly, It can also be computed that the south agent’s total consumption of

new commoditiesis c*, (1)Qy, B;, and the total consumption of the
' ' kf_l l—a_l_l
LE
old commoditiesis c*g, (i)Qs, B;. Q.ED
' SRS ol Ban

This proposition implies that every north agent’s total consumption of

commodities approximately remains constant, and the same conclusion holds for

every south agent because the total output is always equal to L, +L. Moreover, we

should note the population ratio is also an index of every agent’s consumption
structure, which is defined as the consumption ratio of the new products and the old
products available. Hence, it can be easily seen that even if the tota quantity of old
products is increased, the total consumption of the old products per capita may still
decrease so long as the population ratio, or equivalently, the commodity structure
remains stable.

The proof of Propostion 1 also indicates that the higher the vertical and
horizontal innovations rate, the more the aggregate consumption quantity of both new
products and old products in the north, the less the aggregate consumption quantity in
the south.

Proposition 2.  The world trade volume is approxi mately constant as the time passes,
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however, the trade value changes approxi mately at the same exponential speed as the

economic growth rate.

Proof. We can easily derive the north’s total amount of export Ls
-1 l1-a 1
bF =+
¥
and its import #1 90 the trade volume is the sum of these two constants.
f+kf_l ‘\‘l—a

We can also see that higher innovation rate decreases the amount of the north’s export
and increases the amount of it’s import, although the net revenue from the trade is
always zero.

LS\M + I‘N Vvt -1

1 1
bF e+
1 3 o pil B

Thetrade value is

S il S

1 1
bF 2+
1 3 o pil B

B w[ ]

s Ay WO L o

1 1
b e+
LB (o i klﬁ

Next we will return to the analysis of economic growth. According to the Lemma
above, we can also resort to other means such as population growth policy besides
enhancing the innovation rate to gimulate the economic growth.

To deepen our analysis, from now on we assume the population ratio is no longer

fixed, instead, that the populations of the north and the south are changing at an

exponential speed with the growth rate m, andmy, and the initial populationL, ,

and Lg, respectively, then we will have the following result:

S\t
L, e s
E(wS, =QT=1 L (b t

Ls,o€™" K 9

m=L
The above eguation shows that in the long run, the population growth rae

9
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difference will dominate. We put it formally in the following proposition:

Theorem 3. If the south population growth rate is larger than that of the north, the
economic growth rate will accelerate in the long run, even in the absence of vertical
or horizontal innovation, and the initial population distribution is also irrelevant in
thelong run.?®

This proposition tells us that the population policy may be a more effective way to
enhance the long run economic growth. But the policy implications for the south and
the north are just opposite. For the north, the population growth should be grestly
discouraged in order to further the economic progress, while for the south the
population growth rate should exceed the north provided the full employment can
always be satisfied, otherwise no matter how hard the north is innovating, the long run
expected real GDP per capita would be falling because the south has no ability to
achieve innovation.

But population policy has its own demerits, one of which is that if the north
reduced its birth rate to keep the population growth rate smaller than that of the south,
it would be possible that in the global point of view, the portion of the developed
country’s population would be shrinking to such an ignorable degree that ultimately
there would be only the imitating south country existing in the world.

If the north doesn’t want its population portion to be shrinking while seeking the
most rapid economic growth at the same time, then the best it can do is to keep its
population growth rate at the same level with the south country. However, the south
always has the incentive to enlarge its population.

Obviously, we can also restate the first two theorems under the assumption of
variable populations. We |eave the task to the interested readers.

11 Conclusion

In our simple general equilibrium model with uncertainty, we have achieved an
important conclusion that the horizontal innovation intensity should be strong enough
although vertical innovation can more effectively boost economic growth and upgrade

the consumer’s consumption structure. We also note that the innovation activity

% Hereif the population growth obeys a geometric speed instead of an exponertial speed, the result remains.

10
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should not be blindly encouraged by the government, instead, the vertical innovation
should be given more weight when government subsidies are planned to be allocated
to the research ingtitutions.

We also explore the relationship between the innovation and trade. We find that the
trade value expands with the economic growth although the trade quantity is relatively
stable. Actually we have proved that the developed countries import more and export
less in terms of absolute quantity when innovation rate is increased, because
innovation advantage has tremendously rewarded them with higher income. This
analysis has strong policy implications for a country’s foreign trade policy, one of
which isthat what matters most is the quality instead of the quantity of the export.

This model also highlights the important role of the population policy in the long
run economic growth. We claim that the population growth in the developed countries
should be discouraged while the birth rate in the less developed countries should be
encouraged in order to boost the economic growth. The immediate outcome would be
that the relative size of the north population would come down. Although this policy
can not be persistently implemented, it can at least provide an opportunity for the
south to climb out of the poverty trap. And we expect that a wise south government
may choose to keep the population growth rate within a certain level to guarantee the
north will not retaliate by enlarge its population which may hampers economic growth
of both countries.

Last but not the least, we should note that in our model setting, the less developed
country can never surpass the developed economy except that there is a tiny
possibility of catching up with the superior country. In other words, the future of the
less developed country is entirely attached to the developed country. In order to
escape this negative fate completely, the less developed country must innovate by
itself eventually and must guarantee that its own innovation rate is larger than the
developed country. But it is obvious that in the actual world, the existence of the great
technology gap and the huge innovation cost might make the technologically inferior
country rely more heavily on the technological imitation within arather long period of
time despite the existence of the protection of the intellectual property right. However,

11
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further exploration is beyond this model and we have not follow this promising path

of analysis in this paper.
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This paper is based on Krugman’s model (1979), in which there are two
countries, innovating north and imitating south. Technological progress is only
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reflected as the horizontal innovation, that is, the expansion of the products’
variety, and it is assumed to be a deterministic process. Wang improves it by
assuming that horizontal innovation obeys a smple discrete-time Galton-Waston
branching process, which is a ssochastic process. Moreover vertical innovation
incorporated in it.

In such a general equilibrium model with uncertainty, he achieves several
new conclusions other than Krugman’s model. The most important one is
following: there should be sufficient horizontal innovative intensity in order to
avoid the necessary dooming result of complete variety expansion halt; but
vertical innovation can boost the growth of the expected real GDP per capita
more effectively than horizontal innovation. It has an obvious policy
implication---how the gover nment can subsidy the R& D more effectively.

Also, Wang reveals the relationship between the trade volume and
innovations, and that the long-run economic growth isrelated to the population
of the country. Asto the governments of south and north countries, they should
implement different population policies.

Wang has dedicated us an instructive paper, in which you will find much

insghtful ideasif you read it.
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1(0)+u(1-p)M2(0)] }
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ﬁﬁlﬂ'\/'z(o)

=uU(1)-pU’ (n2)+a[ul’ (n2)-p(1-p)U’ (n3)]

={U’(n1)-U’(n2)+a[U’(n2)-(1-p)U’ (ma)]}
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