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1 tvuvwvxvy{z{|}�~����������R���R���
Coifman, Rochberg � Weiss � [1] �R����� }�~�� Tbf(x) =

∫

Rn(b(x)−b(y))K(x, y)f(y)dy, ��� K ��������� Calderon-Zygmund ��� ����� b ∈ BMO(Rn).

[1] ������ �¡���¢�£�� Tb � Lp(Rn)(1 < p < ∞) ¤�¥ ��¦X}�~�����§�¨�©�ª�«�¬�­ ��®¯�}�~��
[2], T m

b =
∫

Rn(b(x) − b(y))mK(x, y)f(y)dy. Perez � [2] �R¢�£R��°�±�² � 0 < p <

∞, ω ∈ A∞, ³�� §�¨�´�µ C, ¶�· ∫

Rn |T m
b f(x)|pω(x)dx ≤ C‖b‖mp

BMO

∫

Rn(Mm+1f(x))pω(x)dx.

2002 ¸ � Perez � Trujillo-Gonealee � [3] ���¹�¹� §¹º¹»¹¼ ® ¯¹}½~½�¹�¹¾¹¿¹À¹}½~��¦XÁ
~b = (b1, b2, · · · , bm) Â�Ã ¾�¿�À�}�~�� T~b

f(x) =
∫

Rn

m
∏

j=1

(bj(x) − bj(y))K(x, y)f(y)dy.Ä ¡ bi ∈ BMO(Rn), i = 1, 2, · · · , m. Perez � Trujillo-Gonealee � [3] �Å¢Æ£Å� T~b Ç �
Lp(Rn)(1 < p < ∞) ¤?¥ �?¦È

[3]
�ÊÉÊËÊ�ÍÌÊÎÊ�ÊÏÊÐ � [4] �Ñ�Ê�Ê�ÊÒ µÊÓÊ¾Ê¿ÊÀÊ}Ô~Ô�Ê¦ÍÁ Ilf(x) =

∫

Rn

f(y)
|x−y|n−l dy�Ô�Ô� � Ò µÔÓÔÕ ÒÔÖ �Ô�Ø× � 0 < l < n,

Á
~b = (b1, b2, · · · , bm), ÂÔÃ � ~b � Il ÙÔÚ �Ô¾Ô¿ÔÀ

}Ê~Ê�
[~b, Il]f(x) =

∫

Rn

m
∏

j=1

(bj(x)−bj(y))f(y)

|x−y|n−l dy.
Ì�Î���Ï�Ð � [4] �Û¢¹£Û��Ü bi ∈ BMO(Rn), i =

1, 2, · · · , m. Ý [~b, Il] � Lp(Rn) Þ Lq(Rn) ¤?¥ �?� 1
q

= 1
p
− l

n
, 1 < p < l

n
.
§?¨ß©5ª?�?à?á?â

* ����ã�ä�å�æ�ç�è�é�ê&ëXì (02C067) ç�è�í�î�ïð�ñÑòôó�õ
2003-04-15.
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�?ü?ý �  ?þ?�?ÿ?� Herz ���?ü Ú�� ¦���� ���?Â �?¦���	 ü � ° §?º?»?¼ [~b, Il]
�?¾?¿?À}�~�����

� ¢�£R��ü
�� �þ�� Ú
� ��¦ Herz �
� �������R���R� [5], �
��¸ �
� ��� §

��� �?�?������� [6–9] ��� ( ������� Ì?Î ¤�� �?Î�� ).Ì?Î����
[9,10]

���� ?�"! ¢ß£5� §?¨$#&%�'?¾?¿?À?}?~?�?�  ?¡ �"(ß�&) ¢ß£5�?Ò µÓ
*
+�¾�¿�À�}�~�� � Lp � Herz �
��ü � ¤�¥ À���,��.-�Ð ¢�£R��Ò µ�Ó�¾�¿�À�}�~��� Herz ���?ü � ¤?¥ À?¦ ��/�� 
��?�  ?¡�0�1 ��
��
!�2 � § ��Â?Ã ¦Á
Bk = {x ∈ R

n : |x| ≤ 2k}, Ak = Bk\Bk−1, k ∈ Z, χk = χAk
, k ∈ Z,

× � χE �
3
4 E��5�6�7?µ?¦
8�9

1
Á

α ∈ R, 0 < p < ∞, 0 < q < ∞, Â?Ã�: Ó Herz ��� K̇α,p
q (Rn) ;

K̇α,p
q =

{

f ∈ Lq
loc(R

n\{0}) : ‖f‖K̇
α,p
q

=
{

∞
∑

k=−∞

2kαp‖fχk‖
p

Lq(Rn)

}
1
p

< ∞
}

.

< ª?�
K̇0,p

p (Rn) = Lp(Rn) °?±?² � 0 < p < ∞.8�9
2

���=�	?µ

R ü �?§?¨�>�? Banach ��� F � §?¨ Banach @ �XÄ ¡
(i) x ≤ y ⇒ x + z ≤ y + z, ∀x, y, z ∈ F,

(ii) ax ≥ 0, °�A ¨ x ≥ 0, x ∈ F � a ≥ 0, a ∈ R,

(iii) °�A §?¨ x, y ∈ F, ³?��B�C?ü?¥ (l.u.b.) ��B +�D ¥ (g.l.b.).Â?Ã |x| = l.u.b.{x,−x},
Ä ¡ |x| ≤ |y|, Ý ‖x‖ ≤ ‖y‖.8
9

3
Á

ν � §�¨
E
FG7�µ���=
7�µ b ∈ BMO(ν)
Ä ¡�°�±�² �
H Q, 1

|Q|

∫

Rn |b(y) −

bQ|dy < C
∫

Q
ν(x)dx, �Ô� bQ = 1

|Q|

∫

Q
b(y)dy ; b � Q ü �JIJKÔ¦L5JMÔ� Ü ν ≡ 1, Ý BMO(ν)

; BMO(Rn), N?¤?¥ I�K�O�P�7?µ ��� ¦8�9
4
Á

α(x) � §?¨�E�F�7?µ?��
���= α ∈ A(p, q), 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞,
Ä ¡

( 1

|Q|

∫

Q

α(x)−p
′

dx
)

1

p
′
( 1

|Q|

∫

Q

α(x)q
)

1
q

≤ C < ∞.

°?±?² ��H Q Ú�� �X× � C Q�R�S Q.

�
T
U � § �
V
W �
*
+ Ö � (
��Î
�

[3,8]), X M ; Hardy-Littlewood
*
+
7�µ��

° δ > 0,

�� X

Mδf(x) = (M(|f |δ)(x))
1
δ = (sup

x∈Q

1

|Q|

∫

Q

|f(y)|δdy)
1
δ ,

f#(x) = sup
x∈Q

1

|Q|

∫

Q

|f(y) − fQ|dy

;�Y�Z *�+ Ö �?� �?� fQ = 1
|Q|

∫

Q
f(x)dx ; f � Q ü ��I�K?¦Â?Ã *�+�7?µ f∗

α,r(x) = sup
x∈Q

( 1

|Q|1−
αr
n

∫

Q
|f(y)|rdy)

1
r = sup

x∈Q

|Q|
α
n ( 1

|Q|

∫

Q
|f(y)|rdy)

1
r .

° ± ²\[\] µ m, ^ 1 ≤ j ≤ m,

\� X � Cm

j = {σ : σ = {σ(1), σ(2), · · · , σ(j)} ;
{1, 2, · · · , m} � ¼ j

¨ Q`_babc � 3b4 }. ° σ ∈ Cm
j ,

b� X σ

′

= {1, 2, · · · , m}\σ. ° 1 ≤ j ≤ m� σ = {σ(1), σ(2), · · · , σ(j)} ∈ Cm
j ,

`� X ~bσ = (bσ(1), bσ(2), · · · , bσ(j)), bσ = bσ(1)bσ(2) · · · bσ(j).X

‖~bσ‖BMO = ‖bσ(1)‖BMO · · · ‖bσ(j)‖BMO.
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� Ì Î �kj\l C m\n\[ ´ µ ��o �\Qp_ �\q\�\)\�\r �\Qp_ � ¦XÌ Î � ��
\�\� Á

‖bi‖BMO = 1, i = 1.2, · · · , m. p′ m�n p
��s�t�u � � N 1

p
+ 1

p
′ = 1,

D ý?� 
��?� �?�? ?¡ ¦8�v
1
Á

F � §?¨ Banach @ � W (f) � Lp Þ Lq
F ¤?¥ �?¿?À Ö �?� 1 < p < λ = n

l
,

0 < l < n, 1
q

= 1
p
− 1

λ
= 1

p
− l

n
, 1 ≤ r < p < λ, w Á ³?� §?¨ F

'?�
w(x, y) �?�

(i) °�A §?¨ f ∈ C∞
0 , W (f)(x) =

∫

Rn w(x, y)f(y)dy Ú�� �
(ii) °?±?² � x, y ∈ R

n, w(x, y) ≥ 0;

(iii) (
∫

R<|y−y0|<2R
‖w(x, y) − w(z, y)‖r

′

dy)
1

r
′ ≤ CR

− n

r( λ
r

)
′ |x−z|

R
;
Á

bi ∈ BMO(Rn), i =

1, 2, · · · , m. ° f ∈ C∞
0 , Â?Ã ¾?¿?À?}?~?�
W~b

(f)(x) =

∫

Rn

w(x, y)|

m
∏

j=1

(bj(x) − bj(y))||f(y)|dy,

Ý W~b
��x Lp Þ Lq

F ¤?¥ ¦8�v
2
Á

~b = (b1, b2, · · · , bm), bi ∈ BMO(Rn), i = 1, 2, · · · , m. Â?Ã
M~b

f(x) = sup
x∈Q

|Q|
− 1

λ
′

∫

Q

m
∏

j=1

|bj(x) − bj(y)||f(y)|dy,

× � 1 < p < λ = n
l
, 0 < l < n, 1

q
= 1

p
− 1

λ
= 1

p
− l

n
, Ý M~b

��x Lp Þ Lq ¤?¥ ¦8yv
3
Á

~b, M~b
� Âyz 2 � �y{ _ � 1 < q1 < λ = n

l
, 0 < l < n, 1

q2
= 1

q1
− 1

λ
=

1
q1

− l
n
,− n

q1
+ n

λ
< α < n(1 − 1

q1
), 0 < p1 ≤ p2 ≤ ∞, Ý M~b

��x K̇α,p1
q1
Þ K̇α,p2

q2
¤?¥ ¦8�v

4
Á

bi ∈ BMO(Rn), i = 1, 2, · · · , m. w Á?¿?À Ö � Tl �?�
(i) |Tlf(x)| ≤ C|x|−(n−l)‖f‖L1 , ^ f ∈ L1, supp f ⊂ Ak, | |x| ≥ 2k+1, k ∈ Z.

(ii) |Tlf(x)| ≤ C2−k(n−l)‖f‖L1 , ^ f ∈ L1, supp f ⊂ Ak | |x| ≤ 2k−2, k ∈ Z.

1 < q1 < λ = n
l
, 0 < l < n, 1

q2
= 1

q1
− 1

λ
= 1

q1
− l

n
,− n

q1
+ n

λ
< α < n(1− 1

q1
), 0 < p1 ≤ p2 ≤ ∞,Â?Ã ¾?¿?À?}?~?� T

l~b
(x) =

∫

Rn

m
∏

j=1

(bj(x)− bj(y))k(x, y)f(y)dy,
× � k(x, y) � Tl

�?Õ Ò �?¦
Ü T

l,~b
��x Lq1 Þ Lq2 ¤?¥ � Ý T

l,~b
��x K̇α,p1

q1
Þ K̇α,p2

q2
¤?¥ ¦Ì?Î�} ��~ 2 �?¢ß£5Â�z 1, Â�z 2, ~ 3 �?¢ß£5Â�z 3, Â�z 4.

2 ��� 1, ��� 2 �����
;?¢ß£5Â�z 1,


���!�� ��� ¨ ��z ¦�D ý � ��z 2.1, 2.2
�ß©

[10].��v
2.1( ���?Â�z )

Á
T � §?¨?Ó?¿?À Ö �?� 1 ≤ v < ∞, 1 < r < ∞, r < p < λ ≤ ∞,

v <
( q

r
)

( λ
r
)′

, 1
q

= 1
p
− 1

λ
,
Á

ν(x) ≥ 0,
(�� w Á °?±?² � ω, νω ∈ A(((λ

r
)
′

v)
′

,∞),
K ¤ ‖ωTf‖∞ ≤

Cω‖ωf‖λ. Ý Ä ¡ ωr, (νω)r ∈ A((( p
r
)
′

t)
′

, q
r
), ��� t ��� ( q

r
)−1 = (v(λ

r
)
′

)−1 − (t(p
r
)
′

)−1, ¤
‖ωTf‖q ≤ Cω‖ω‖p.��v

2.2
Á

w(x, y) �?Â�z 1 � ��{ _ � Q � §?¨���H?� suppf ⊂ R
n\4Q,

Á
αr, βr ∈

A(λ
r
,∞), a ∈ BMO(ν), αβ−1 = νm, 1 ≤ r < λ < ∞, Ü x, z ∈ Q, ¤

∫

Rn

‖w(x, y) − w(z, y)‖|a(y) − aQ|
m|f(y)|dy ≤ C inf

Q
β−1

(

∫

Rn

|f |λαλdx
)

1
λ

.
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��v
2.3[9]

Á
r < p < n

α
, 1

q
= 1

p
− α

n
, Ý ‖f∗

α,r‖q ≤ C‖f‖p.8�v
1 ����� 
��?� ¢ß£ } Ò���� ¦

(i)
Á

x0 ∈ Q, f ≥ 0, �?� W~b
f#(x0),

W~b
f(x) =

∫

Rn

w(x, y)
∣

∣

∣

m
∏

j=1

(bj(x) − λj + λj − bj(y))
∣

∣

∣
f(y)dy

=

∫

Rn

w(x, y)
∣

∣

∣

m
∑

j=0

∑

σ∈Cm
j

(−1)m−j(b(x) − ~λ)σ(b(y) − ~λ)σ
′

∣

∣

∣
f(y)dy

=

∫

Rn

w(x, y)
∣

∣

∣

m
∏

j=1

(bj(x) − λj) + (−1)m

m
∏

j=1

(bj(y) − λj)

+

m−1
∑

j=1

∑

σ∈Cm
j

Cm,j(b(x) − ~λ)σ(b(y) − ~λ)σ
′

∣

∣

∣
f(y)dy,

Ý
1

|Q|

∫

Q

‖W~b
f(x) − CQ‖dx ≤ C

1

|Q|

∫

Q

∣

∣

∣

m
∏

j=1

(bj(x) − λj)
∣

∣

∣
‖Wf(x)‖dx

+ C
1

|Q|

∫

Q

∥

∥

∥
W

m
∏

j=1

(bj(x) − λj)f(x) − CQ

∥

∥

∥
dx

+ C
m−1
∑

j=1

∑

σ∈Cm
j

1

|Q|

∫

Q

|(b(x) − ~λ)σ |‖W~b
σ
′
f(x)‖dx

= I + II + III.

�
λi = (bi)Q, i = 1, 2, · · · , m, � � 1 < r1 < q, Ý

I ≤ C
( 1

|Q|

∫

Q

∣

∣

∣

m
∏

j=1

(bj(x) − λj)
∣

∣

∣

r
′

1

dx
)

1

r
′
1

( 1

|Q|

∫

Q

‖Wf(x)‖r1dx
)

1
r1

≤ C
m
∏

j=1

( 1

|Q|

∫

Q

|(bj(x) − λj)|
mr

′

1dx
)

1

mr
′
1 Mr1(‖Wf(x)‖)(x0)

≤ CMr1(‖Wf(x)‖)(x0),

III ≤ C

m−1
∑

j=1

∑

σ∈Cm
j

( 1

|Q|

∫

Q

|(b(x) − ~λ)σ |
r
′

1dx
)

1

r
′

1

( 1

|Q|

∫

Q

‖W~b
σ
′
f(x)‖r1dx

)
1

r1

≤ C

m
∑

j=1

∑

σ∈Cm
j

Mr1(‖W~b
σ
′
f‖)(x0),
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° II , � f = f1 + f2, f1 = fχ4Q, Ý

II ≤ C
( 1

|Q|

∫

Q

∥

∥

∥
W

m
∏

j=1

(bj(x) − λj)|f1(x)
∥

∥

∥
dx

)

+ C
( 1

|Q|

∫

Q

∥

∥

∥
W

m
∏

j=1

(bj(x) − λj)f2(x) − CQ

∥

∥

∥
dx

)

= IV + V.° IV , � � p1 < p2 < p, 1
qi

= 1
pi

− l
n
, i = 1, 2, Ý � Hölder Q�����| W

� ¤?¥ À?� ¤
IV ≤ C

( 1

|Q|

∫

Q

∥

∥

∥
W

m
∏

j=1

(bj(x) − λj)f1(x)
∥

∥

∥

q1

dx
)

1
q1

≤ C|Q|−
1

q1

(

∫

4Q

∣

∣

∣

m
∏

j=1

(bj(x) − λj)f1(x)
∣

∣

∣

p1

dx
)

1
p1

≤ C|Q|
− 1

q1
+ 1

p1

( 1

|4Q|

∫

4Q

∣

∣

∣

m
∏

j=1

(bj(x) − λj)f1(x)
∣

∣

∣

p1

dx
)

1
p1

≤ C|Q|
l
n

( 1

|4Q|

∫

4Q

∣

∣

∣

m
∏

j=1

(bj(x) − λj)
∣

∣

∣

p1(
p2
p1

)
′

dx
)(1−

p1
p2

) 1
p1

( 1

|4Q|

∫

4Q

|f(x)|p2dx
)

1
p2

≤ C|Q|
l
n

( 1

|4Q|

∫

4Q

f(x)p2dx
)

1
p2

≤ Cf∗
α,p2

(x0).� ü?�?� ��
��ß� V?¢ß£5�?³?� 1 < r1 < q, 1 < p2 < p, ¶?·
W~b

f#(x0) ≤ C

m
∑

j=1

∑

σ∈Cm
j

Mr1(‖W~b
σ
′
f‖)(x0) + Cf∗

α,p2
(x0) + Tf(x0).

× � Tf(x0) = C sup
x0∈Q

( 1
|Q|

∫

Q
‖W (

m
∏

j=1

(bj − λj)f2)(x) − CQ‖dx).

(ii)

J� �J� �J� �J�ÔÂJzJ�Jz Tf(x0), ;J� ��
J�J!ÔÁ αβ−1 = νm, bi ∈ BMO(ν), i =

1, 2, · · · , m, αr, βr ∈ A(((λ
r
)
′

v)
′

,∞), v > 1,
�

CQ = 1
|Q|

∫

Q
(
∫

Rn w(z, y)
m
∏

j=1

(bj −λj)|f2(y)dy)dz.�
Hölder Q�����|?��z 2.2, ¤

V ≤ C
1

|Q|

∫

Q

[ 1

|Q|

∫

Q

(

∫

Rn

‖w(x, y) − w(z, y)‖

m
∏

j=1

(bj(y) − λj)f2(y)dy
)

dz
]

dx

≤ C
1

|Q|

∫

Q

[ 1

|Q|

∫

Q

(

∫

Rn

‖w(x, y) − w(z, y)‖
m
∏

j=1

(bj(y) − λj)f2(y)dy
)m

dz
]

1
m

dx

≤ C
1

|Q|

∫

Q

[
1

|Q|

∫

Q

m
∏

j=1

(

∫

Rn

‖w(x, y) − w(z, y)‖|(bj(y) − λj)|
mf2(y)dy

)

dz
]

1
m

dx

≤ C inf
Q

β−1
(

∫

Rn

|f(x)|λα(x)λdx
)

1
λ

.
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�b� ¤ ‖βT (f)‖∞ ≤ C(
∫

Rn fλαλdx)
1
λ . � T0(f) = T (fν−m), Ýb^ βr , (νmβ)r ∈ A(((λ

r
)
′

v)
′

,∞),­ ¤
‖βT0(f)‖∞ = ‖βT (fν−m)‖∞ ≤ C

(

∫

Rn

fλν−mλdx
)

1
λ

≤ C
(

∫

Rn

fλβλdx
)

1
λ

.� ��z 2.1,
�

ν ≡ α ≡ β ≡ 1,
­ ¤
‖T0(f)‖q = ‖T (f)‖q ≤ C‖f‖p.

� ������ ¢ß£ ‖W~b
(f)#‖q ≤ C‖f‖p . ° m = 1,

�
W~b

(f)#
� �?� � | W

� ¤?¥ À �?��z
2.3, ¤

‖W~b
(f)#‖q ≤ C‖f∗

α,p2
‖q + ‖Tf‖q + ‖Mr1(‖Wf‖)‖q

≤ C‖f‖p + C‖Wf‖q ≤ C‖f‖p.

w Á�
�� �?¢ �  ?þ?° m − 1 Ú�� � Ý � W~b
f#
� �?� � ¤

‖W~b
(f)#‖q ≤ C‖f‖p + C

m
∑

j=1

∑

σ∈Cm
j

‖Mr1(‖W~b
σ
′
f‖)‖q ≤ C‖f‖p.

(iii)

`�`�J� YJZ *J+J7Ôµ zÔþÔ¢½£XÂJz 1, ;J� 
`�`�JU ¢½£ � ° f ∈ C∞

0 , suppf ⊂ Q,³?� §?¨�  Ò�C � [ µ ε > 0, ¶?· ∫

Q
‖W~b

f(x)‖1+εdx < ∞ .
G�G� ¢�£ m = 1 ¡ � ü� �þ ÚG� � ° m > 1,
�G�G�G�G ¢�· ¦ ^ m = 1 ¡ 
G� X

~b = b, Ý
‖Wbf(x)‖ ≤ C|b(x) − λ|‖Wf(x)‖ + ‖W ((b − λ)f)(x)‖.�

λ = bQ, Ý � Hölder Q����
∫

Q

‖Wbf(x)‖1+εdx ≤ C
(

∫

Q

|b(x) − λ|(1+ε)sdx
)

1
s
(

∫

Q

‖Wf(x)‖(1+ε)s
′

dx
)

1

s
′

+ |Q|
1
s (

∫

Q

‖W (b − λ)f(x)‖(1+ε)s
′

dx
)

1

s
′

= A1 + A2.
�� � � ε, s, ¶?· 1
(1+ε)s′ = 1

1+ε
− l

n
, Ý � W

� ¤?¥ À?� ¤
A1 ≤ C|Q|

1
s

∫

Q

|f(x)|1+εdx < ∞.

A2 ≤ C|Q|
1
s

(

∫

Q

|(b(x) − λ)f(x)|(1+ε)dx
)

≤ C|Q|
1
s
+1

(

∫

Q

|(b(x) − λ)|(1+ε)s
′

1dx
)

1

s
′
1 |Q|−

1
s1

(

∫

Q

|f(x)|(1+ε)s1dx
)

1
s1

.

� � s1, ε, ¶?· (1 + ε)s1

  Ò�¢�� 1, Ý A2 < ∞,
� Y�Z *�+�7?µ z?þ ��
�� ¤

∫

Q

‖W~b
f(x)‖qdx ≤ C

∫

Q

‖W~b
f#(x)‖qdx ≤ C

∫

Rn

‖W~b
f#(x)‖qdx ≤ C‖f‖q

p.
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� Q → R

n,
­ ¢ß£5�?Â�z 1.8�v

2 ����� Á
0 ≤ ϕ ∈ C1(Rn), �?� |ϕ(x − y) − ϕ(x)| ≤ C|y|

|x|n+1 , ^ |x| > 2|y| ¡ � �
ϕε(x) = ε

− n

λ
′ ϕ(x

ε
), ��� λ = n

l
. Ý�Ö � Mϕ(f)(x) = (f ∗ ϕε(x))ε>0 � Lp Þ Lq

� ¤�¥ ¿�ÀÖ � (
�

[12]), £?¢ w(x, y) = ϕε(|x − y|) �?�?Â�z 1
� w Á [10], Ý Ä ¡ bi ∈ BMO(Rn), i =

1, 2, · · · , m Â?Ã
M

ϕ,~b
f(x) =

(

∫

Rn

m
∏

j=1

|bj(x) − bj(y)|ϕε(|x − y|)f(y)dy
)

ε>0
.

Ý � Â`z 1, M
ϕ,~b
�`x Lp Þ Lq

l∞ ¤Ê¥ � Ç`¤ £ÑÖ � sup
ε>0

( ∫

Rn

m
∏

j=1

|bj(x)−bj(y)|ϕε(|x−y|)f(y)dy
)

��x Lp Þ Lq ¤?¥ ¦�5�M � χ|x|≤1 ≤ ϕ, Ý 
�� ¤
M~b

f(x) < sup
ε>0

(

∫

Rn

m
∏

j=1

|bj(x) − bj(y)|ϕε(|x − y|)f(y)dy
)

.

��� ¤ ‖M~b
f‖q ≤ C‖f‖p. Â�z 2 ¢�¥ ¦

3 ��� 3, ��� 4 �����
8�v

3 ����� < ª?� Ü p1 < p2, Ý K̇α,p1
q2

⊂ K̇α,p2
q2

,

�����U ¢ß£ p1 = p2 ¡ ��¦�§?�Ý�¨ f =

∞
∑

j=−∞

fχj =
∞
∑

j=−∞

fj ,

�� ¤

‖M~b
f‖K̇

α,p1
q2

=
{

∞
∑

k=−∞

2kαp1‖χk(M~b
f)‖p1

Lq2

}
1

p1

≤C
{

∞
∑

k=−∞

2kαp1

∥

∥

∥
χkM~b

(

k−3
∑

j=−∞

fj

)∥

∥

∥

p1

Lq2

}
1

p1

+ C
{

∞
∑

k=−∞

2kαp1

∥

∥

∥
χkM~b

(

k+2
∑

j=k−2

fj

)
∥

∥

∥

p1

Lq2

}
1

p1

+ C
{

∞
∑

k=−∞

2kαp1

∥

∥

∥
χkM~b

(

∞
∑

j=k+3

fj

)∥

∥

∥

p1

Lq2

}
1

p1

=E1 + E2 + E3,° E2,
� Â�z 2, M~b

��x Lq1 Þ Lq2 ¤?¥ ¦�
�� ¤
E2 ≤ C

{

∞
∑

k=−∞

2kαp1

k+2
∑

j=k−2

‖fj‖
p1

Lq1

}
1

p1
= C‖f‖K̇

α,p1
q1

,
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° E1, � λi = (bi)Bj
, i = 1, 2, · · · , m.

�&©
j ≤ k − 3, ¤

‖χkM~b
fj‖ ≤ C2

− kn

λ
′

[

∫

Ak

(

∫

Aj

m
∏

j=1

|bj(x) − bj(y)||fj(y)|dy
)q2

dx
]

1
q2

≤ C2
− kn

λ
′

m
∑

i=0

∑

σ∈Cm
j

(

∫

Ak

|(b(x) − ~λ)σ |
q2

)
1

q2
(

∫

Aj

m
∏

j=1

|(b(y) − ~λ)σ
′ ||fj(y)|dy

)

≤ C2
− kn

λ
′

m
∑

i=0

∑

σ∈Cm
j

‖fj‖q1

(

∫

Ak

|(b(x) − ~λ)σ |
q2

)
1

q2
(

∫

Aj

m
∏

j=1

|(b(y) − ~λ)σ
′ |q

′

1dy
)

1

q
′

1

≤ C2
− kn

λ
′ |Bj |

1

q
′
1 |Bk|

1
q2 ‖fj‖q1(k − j)m

≤ C(k − j)m2
(j−k)n(1− 1

q1
)
‖fj‖q1 .Ý �&© α < n(1 − 1

q1
), ¤

E1 ≤ C
{

∞
∑

k=−∞

(

k−3
∑

j=−∞

2jα‖fj‖q1(k − j)m2
(j−k)n((1− 1

q1
−α))

)p1
}

1
p1

≤ C
{

∞
∑

j=−∞

‖fj‖
p1
q1

}
1

p1
= C‖f‖K̇

α,p1
q1

.

° E3,
�&©

j ≥ k + 3, α > − n
q2

,
º�ª � E1

� �?� � ¤
‖χkM~b

fj‖q2 ≤ C(j − k)m2
(k−j) n

q2 ‖fj‖q1 .Ý
E3 ≤ C

{

∞
∑

k=−∞

(

∞
∑

j=k+3

2jα‖fj‖q1(k − j)m2
(k−j)(α+ n

q2
)
)p1

}
1

p1

≤ C
{

∞
∑

j=−∞

‖fj‖
p1
q1

}
1

p1
= C‖f‖K̇

α,p1
q1

.

Â�z 3 ¢�¥ ¦
;?¢ß£5Â�z 4,


���U � D ý � ��z ¦�
v
4.1[9]

Á
α ∈ R, 1 ≤ p, q < ∞, Ý f ∈ K̇α,p

q (Rn) ^ � �
^ |
∫

Rn f(x)g(x)dx| < ∞,°�A §?¨ g ∈ K̇−α,p
′

q
′ (Rn),

(��
‖f‖K̇

α,p
q (Rn) = sup{|

∫

f(x)g(x)dx| : ‖g‖
K̇

−α,p
′

q
′ (Rn)

≤ 1}.

8�v
4 ����� 
�����U ¢ß£ p1 = p2

��¦�§?¦ Ý�¨ f =
∞
∑

j=−∞

fχj =
∞
∑

j=−∞

fj ,

�� ¤

‖T
l,~b

f‖K̇
α,p1
q2

=
{

∞
∑

k=−∞

2kαp1‖χk(T
l,~b

f)‖p1

Lq2

}
1

p1

≤C
{

∞
∑

k=−∞

2kαp1

∥

∥

∥
χkT

l,~b

(

k−3
∑

j=−∞

fj

)∥

∥

∥

p1

Lq2

}
1

p1
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+ C
{

∞
∑

k=−∞

2kαp1

∥

∥

∥
χkT

l,~b

(

k+2
∑

j=k−2

fj

)∥

∥

∥

p1

Lq2

}
1

p1

+ C
{

∞
∑

k=−∞

2kαp1

∥

∥

∥
χkT

l,~b

(

∞
∑

j=k+3

fj

)∥

∥

∥

p1

Lq2

}
1

p1

=G1 + G2 + G3.° G2,
�

T
l,~b

� ¤ ¥ À �X­ ¤ G2 ≤ C‖f‖K̇
α,p1
q1
° G1,

�«©
x ∈ Ak, y ∈ Aj , j ≤ k − 3, Ý

2|y| < |x|,
�

Tl

��¬�­�®�¯?��
�� ¤
∥

∥

∥
T

l,~b

(

k−3
∑

j=−∞

fj

)

(x)
∥

∥

∥
≤ C|x|(n−l)

∫

2|y|<|x|

m
∏

i=1

|bi(x) − bi(y)|
∣

∣

∣

k−3
∑

j=−∞

fj(y)
∣

∣

∣
dy ≤ CM~b

f(x).

� ÂJz 3,

J� ¤ G1 ≤ C‖M~b

f‖K̇
α,p1
q1

≤ C‖f‖K̇
α,p1
q1

. ° G3, °Ô²ÔÞJ^ x ∈ Ak, y ∈ Aj , j ≥ k+3,Ý |x| < 2|y|.
�

Tl

��¬�­�®�¯?� ¤
∣

∣

∣
T

l,~b

∞
∑

j=k+3

fj(x)
∣

∣

∣
≤ C

∫

|x|<2|y|

∣

∣

∣

m
∏

j=1

(bj(x) − bj(y))
∣

∣

∣
|y|−(n−l)|f(y)|dy = CA(|f |)(x).

� 1 < p < ∞, A∗ � A
��s�t Ö �?� Ý

A∗g(x) = |x|−(n−l)

∫

|y|<
|x|
2

m
∏

j=1

|bj(x) − bj(y))|g(y)dy.

� ��z 4.1 |?Â�z 3,

�� ¤

G3 ≤ C‖A(|f |)‖K̇
α,p1
q2

= sup
‖g‖

K̇
−α,p1

′

q2
′

≤1

|(A(|f |), g)| = sup
‖g‖

K̇
−α,p1

′

q2
′

≤1

|(|f |, A∗g)|

≤ C‖f‖K̇
α,p1
q2

sup
‖g‖

K̇
−α,p1

′

q2
′

≤1

‖M~b
g‖

K̇
−α,p1

′

q2
′

≤ C‖f‖
K̇

−α,p1
′

q1
′

,

° 0 < p1 ≤ 1,
º�ª Â�z 3 � E3

� �?� ��
�� ¤
‖χkT

l,~b
fj‖q2 ≤ C(j − k)m2

(k−j) n
q2 ‖fj‖q1 .�&©

α > − n
q2

, Ý
G3 ≤ C

{

∞
∑

k=−∞

(

∞
∑

j=k+3

2jα‖fj‖q12
−(j−k)(α+ n

q2
)(j − k)m

)p1
}

1
p1

≤ C
{

∞
∑

j=−∞

2jαp1‖fj‖
p1
q1

}
1

p1
≤ C‖f‖

K̇
−α,p1

′

q1
′

.

Â�z 4 ¢�¥ ¦
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±\²
3.1

Á
~b, l, q1, q2, α, p1, p2 � Â\z 4 � { _ �XÄ ¡ ¿ À Ö � Tl � � |Tlf(x)| ≤

C

∫

|f(y)|

|x − y|n−l
dy, °�±�² � f ∈ L1(Rn), x /∈ suppf , Ü T

l,~b
�
x Lq1 Þ Lq2 ¤�¥ � Ý T

l,~b
�

x K̇α,p1
q1
Þ K̇α,p2

q2
¤?¥ ¦³

1 Ü Tl ;?�?� � Ò µ?Ó?Õ Ò?Ö �?�Ô�5« þ 3.1,

��?­�´�µ �?��¶ß�&·�� �?à?á?¦³

2 Ü m = 1, Ý 
��?� Â�z 2, Â�z 3 ¸�¹�� [9] � {�º  ?¡ §�»?¦
¼ ½ ¾ ¿
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BOUNDEDNESS OF FRACTIONAL MULTILINEAR
COMMUTATORS ON HERZ SPACE

Zhou Weijun Ma Bolin

(College of Mathematics and Econometrics, Hunan University, Changsha 410082)

Xu Jingshi

(College of Mathematics and Econometrics, Hunan University, Changsha 410082 Department of

Mathematics, Hunan Normal University, Changsha 410076)

Abstract In this paper, we first establish the boundedness of a vector-valued multilinear
commutator, and then obtain the boundedness of the fractional maximal multilinear commu-
tator on the Lp(Rn)(p > 1) space and Herz space. Finally, by the obtained results we prove
the boundedness of a class of multilinear commutators on the Herz space.

Key words Fractional integral operator, multilinear commutator, Herz space, A(p, q)
weight, BMO(Rn), vector-valued funcftion.


