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Boundary value analysis of parallel plate capacitors
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Abstract ; By taking the computation of capacitance of a parallel plate capacitor as a boundary value problem, a

formula for the computation with any ratio of the plate separation to the radius of the plate is presented. The

model shows effectiveness by the good agreement between the analytical and the numerical results.
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0 Introduction

With the development of circuits and related
theories, the analysis and designing of a capacitor,
one of the fundamental elements, has been an
important subject actively studied by technicians in
related areas. For the importance of the problem,
the relevant analysis and computation have been
fundamental contents of classical electromagnetic
theories. Actually, the problem is analyzed by
field theory, not only for the internal consistence
between field theory and circuit ones, but also for
the  thorough  understanding of  physical
characteristics of the capacitor, paving the way for
optimization design of various applications.

A parallel capacitor is widely used for its
simple structure, and it is also the basic model for
the analysis of capacitance of capacitors.
Furthermore, it has semeiological meaning in
circuit theory. Its fringe effect is often neglected
for simplifica-tion™ ™%, thus apparently, the
obtained results are only rough ones. The problem
is properly treated with conformal mapping'/,
however, it has obvious limits.

In this paper, a parallel plate capacitor is
modeled analytically, on which a boundary value
problem of the potential field is set, and then the
analytical presentation of the capacitor is obtained.

The method for analysis also has values for the
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analysis of capacitors with no plate but

geometrically regular structures.
1 Structure and analysis of model

As is shown in Fig. 1, the plates of the
capacitor consist of two parallel conductor discs,
between which the separation is hA. Assuming the
potential difference between the two plates is V,
the equal but opposite sign charge of the two plates

is Q,then the capacitance between the two-plates is

_Q
C=¢ (1

The ratio of Q to V, in A
Eq. (1) can be computed by G’ 0
methods of integral functions h

G
Fig. 1 A parallel plate

cacapacitor

or functional analysis, and
the solution can also be
described with equivalent
differential equations.

Furthermore, when the boundary of the field has a
geometrically regular structure, a closed analytical
solution can be obtained with the latter one, thus
theoretical analysis on relevant problems can be
taken conveniently. For the consideration, the
process is based on analyzing the differential
equations on a boundary value problem of a
potential field, to obtain calculation relation of the
parallel plate capacitor. For this, cylindrical polar

coordinates are set as is shown in Fig. 1, hence the
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boundary value problem can be presented as

(VWV =0, 0<r<<a 0<<z<h
»JV‘::():O9V‘::11:V()9 0<r<<a 2)
v

V+a§ r—a = 0

In Eq. (2), ais coefficient in proportion to a.,
which describes the functional relation for the
radial component of the fringe field. And it is

needed that a|——>0, i.e. the radial component

can be neglected then the fringe capacitance can
also be neglected.
By separating variables, a formal solution for

the boundary value problem in Eq. (2) is obtained

V(r,2) = D) (A, (kr) + BN, (kr))

e sin(ng)
(3)
In Eq. (3), J,(kr) and N, (kr) are n-order first
kind and

respectively. For the symmetry of the problem,

second kind Bessel functions,
the result should be irrelevant to the coordinate
variable ¢. What’s more, it is taken into account
that V(ry2) |.o=0,V (ry2) |, .. <o, therefore,
Eq. (3) can be simplified as

V(r,2) = >)AJ (kr)sinh(k,z) (4)

n=1

In Eq. (4), sinh (k,2) is a hyperbolic sinusoidal

function. 4, = s (n=1,2,3, ), while 2, is a

solution of the following equation under the
boundary condition where p=a.
Jo(x) @
o~ a”t (5
And in Eq. (4). the coefficient A, of the Fourier-

Bessel series is defined by the boundary condition

where z=h, i.e.

_ 1 a N
A= Sinh(/@nh)[Nfl(” zJOVoJO(k,ﬂ Yrdr
_ 1 a
~ sinh (k[N /e,,”]] (k,a) (6)
In Eq. (6), the normalizing coefficient [N{” z:%

az[l—l—%xf][b (x,) . Finally, a solution for the

internal potential field of the capacitor is obtained

Z 1 sinh(%z) JO(QZT)

V(I‘,Z) - ZV() 5

=1+ zzxf’,).r,, sinh(%h,) Lz
D)

{COS (ne) } .
e

From Eq. (7), the total charge Q of each plate can

be presented

v (e GV

— qme,Via ) L 1 (8

=]+ %xﬁ)l‘,, sinh (X

2 “h)

a

rdrde

Substituting Eq. (8) for Eq. (1), the analytical

solution of the capacitance is obtained.
2 Numerical simulation

In order to carry out a numerical analysis, ais
assumed to be linear with a, and the assumption is
reasonable with explanation of the third kind

homogenous boundary condition in Eq. (2). When

h . . .
" —0, it becomes an ideal parallel plate capacitor,

. . S
and the corresponding capacitance C.. =g, Al
na’ . L
I The solution C, given by the paper should

C,
C(xi h

——0

a

equal C.., i.e. —1. It is shown in Fig. 2

that the requirement can be met, and the validity
of the analytical model and related theoretical
analysis is clear. It is also shown in Fig. 2, that
the relative error of computation using C.. is within
10% when a = 2h, thus this is useful for

computation in engineering.
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Fig. 2 Relation between the capacitance and h/a

3 Conclusion

In this paper, the computation of capacitance
of the parallel plate capacitor is treated as a
boundary problem of the field, and it is analyzed
and solved with the separation of variables, finally
the validity of the result is shown by numerical

simulation. The proposed method is useful as
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