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Cve
∂Te

∂t
=

1
ρ
div (K(ρ, Te) grad Te) + ωei(Ti − Te) + ωer(Tr − Te), (1.1)

Cvi
∂Ti

∂t
=

1
ρ
div (K(ρ, Ti) grad Ti) − ωei(Ti − Te), (1.2)

Cvr
∂Tr

∂t
=

1
ρ
div (K(ρ, Tr) grad Tr) − ωer(Tr − Te), (1.3)

����e
Tα(x, y, 0) = T 0

α(x, y), α = e, i, r, (1.4)

�Y Te, Ti, Tr AiS L�n!"�Vdk#�Zdk#��dk#$ ωei � ωer n
!"�VdCZd�VdC�dM�g���L$ ρ e!XMt#�
%p 2001 � 6 I 4 �EK&2003 � 5 I 14 �EK#uz&
∗ �"e�P�#A (19871043 $) % '!��e�P�#A (Q98A07115) c$%y&
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$De Ω = Ωxy × [0, T ], Ωxy =
{
(x, y) | 0 ≤ x ≤ 1; 0 ≤ y ≤ 1

}
,

T eP�L��nBOpR�Y%* '��M&T�(
Tα = 0, α = e, i, r, (x, y, t) ∈ ∂Ωxy × [0, T ]. (1.5)

n'!)�*#
0 < C∗ ≤ Cvα ≤ C∗, 0 < K∗ ≤ K(ρ, Tα) ≤ K∗, (1.6)
∣∣∣ ∂K

∂Tα
(ρ, Tα)

∣∣∣ ≤ D∗, α = e, i, r. (1.7)

+, C∗, C∗,K∗,K∗,D∗MeP�L��*#tYM
�j�M�LK�BEM�+��
2 (�qt(��

m h = 1
N , xi = ih, yj = jh; ∆t = T

L , tn = n∆t, W n
ij = W (xi, yj , t

n). � α "�

e, i, r YM()���� Tαh "� Tα M�nDQ��,

kn
α,i+ 1

2 ,j =
[
K(ρ, Tn

αh,i+1,j) + K(ρ, Tn
αh,ij)

]/
2,

Kn
α,i+ 1

2 ,j =
[
K(ρ, Tn

α,i+1,j) + K(ρ, Tn
α,ij)

]/
2,

,- kn
α,i,j+ 1

2
,Kn

α,i,j+ 1
2
YQX*�#

δx(kn
αδxT n+1

αh )ij = h−2
[
kn

α,i+ 1
2 ,j(T

n+1
αh,i+1,j − Tn+1

αh,ij) − kn
α,i− 1

2 ,j(T
n+1
αh,ij − Tn+1

αh,i−1,j)
]
,
(2.1)

δy(kn
αδyT n+1

αh )ij = h−2
[
kn

α,i,j+ 1
2
(T n+1

αh,i,j+1 − Tn+1
αh,ij) − kn

α,i,j− 1
2
(T n+1

αh,ij − Tn+1
αh,i,j−1)

]
,
(2.2)

∇h · (kn
α∇hT n+1

αh )ij = δx(kn
αδxT n+1

αh )ij + δy(kn
αδyT n+1

αh )ij . (2.3)

Vd��Gj� (1.1) MnL�+��n��e

Cn+1
ve,ij

T
n+ 1

2
eh,ij − Tn

eh,ij

∆t
=

1
ρ
δx(kn

e δxT
n+ 1

2
eh )ij +

1
ρ
δy(kn

e δyT n
eh)ij

+ ωn+1
ei,ij(T

n
ih − Tn

eh)ij + ωn+1
er,ij(T

n
rh − Tn

eh)ij, 1 ≤ i ≤ N − 1, (2.4a)

Cn+1
ve,ij

T n+1
eh,ij − T

n+ 1
2

eh,ij

∆t
=

1
ρ

δy(kn
e δy(T n+1

eh − Tn
eh))ij , 1 ≤ j ≤ N − 1.

(2.4b)

Zd��Gj� (1.2) MnL�+��n��e

Cn+1
vi,ij

T
n+ 1

2
ih,ij − Tn

ih,ij

∆t
=

1
ρ
δx(kn

i δxT
n+ 1

2
ih )ij

+
1
ρ
δy(kn

i δyT n
ih)ij − ωn+1

ei,ij(T
n
ih − Tn

eh)ij , 1 ≤ i ≤ N − 1, (2.5a)

Cn+1
vi,ij

T n+1
ih,ij − T

n+ 1
2

ih,ij

∆t
=

1
ρ
δy(kn

i δy(T n+1
ih − Tn

ih))ij , 1 ≤ j ≤ N − 1.
(2.5b)



1� ,J)Q-cg�l��Hk�iNoM���	o
� 29

�d��Gj� (1.3) MnL�+��n��e

Cn+1
vr,ij

T
n+ 1

2
rh,ij − Tn

rh,ij

∆t
=

1
ρ
δx(kn

r δxT
n+ 1

2
rh )ij

+
1
ρ
δy(kn

r δyT n
rh)ij − ωn+1

er,ij(T
n
rh − Tn

eh)ij, 1 ≤ i ≤ N − 1, (2.6a)

Cn+1
vr,ij

T n+1
rh,ij − T

n+ 1
2

rh,ij

∆t
=

1
ρ
δy(kn

r δy(T n+1
rh − Tn

rh))ij , 1 ≤ j ≤ N − 1.
(2.6b)

��.De
T 0

eh = T 0
e (x, y), T 0

ih = T 0
i (x, y), T 0

rh = T 0
r (x, y). (2.7)

nL��n��M�R�-A/E {T n
eh,ij , T

n
ih,ij , T

n
rh,ij}.S*�F/0 (2.4a), (2.5a)�

(2.6a)1 xj2�bve���R�.#U {
T

n+ 1
2

eh,ij , T
n+ 1

2
ih,ij , T

n+ 1
2

rh,ij

}
,J0 (2.4b), (2.5b)�

(2.6b) 1 y j2�bve
���R� {T n+1
eh,ij , T

n+1
ih,ij , T

n+1
rh,ij}. 0PX��� (1.6) �Q

S��n�� (2.4)–2.6 M
d��
3 �����3�( 

0()a� L v = {vij}, w = {wij}, X*Z� L2 /0�hLn!e

〈v,w〉 =
N−1∑
i,j=1

vijwijh
2, ‖v‖h = 〈v, v〉 1

2 . (3.1)

,

〈a δxv, δxw〉 =
N−1∑
i=0

N−1∑
j=1

ai+ 1
2 ,jδxvijδxwijh

2, 〈a δyv, δyw〉 =
N−1∑
i=1

N−1∑
j=0

ai,j+ 1
2
δyvijδywijh

2,

〈a∇hv, ∇hw〉 = 〈a δxv, δxw〉 + 〈a δyv, δyw〉, (3.2)

〈∇hv, ∇hw〉 =
N−1∑
i=0

N−1∑
j=1

δxvijδxwijh
2 +

N−1∑
i=1

N−1∑
j=0

δyvijδywijh
2. (3.3)

X*Z� H1 1hL2hLn!e

|v|21 = 〈∇hv, ∇hv〉, ‖v‖1 =
(‖v‖2

h + |v|21
) 1

2 . (3.4)

X*k3UhL21hLn!e
‖v‖0,∞ = max

0≤i,j≤N
|vij |, |v|1,∞ = max

0≤i,j≤N
|∇hvij |.

�, ‖v‖1,∞ = max
{‖v‖0,∞, |v|1,∞

}
.

0�+ L u(x, y, t) X*hL
‖u‖m,c = max

0≤α≤m
sup

(x,y,t)∈Ω

∣∣∣ ∂αu

∂xα1∂yα2

∣∣∣, (3.5)
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+, α = α1 + α2, α1 ≥ 0, α2 ≥ 0. E m = 0 *�, ‖u‖0,c e ‖u‖c.

+�4R'!n4
�1�5��
!" 1 ,a� L {vij}, {wi,j} K '2T�el�L

−〈δx(aδx)v, w〉 = 〈aδxv, δxw〉, −〈δy(aδy)v, w〉 = 〈aδyv, δyw〉,

(

−〈∇h · (a∇hv), w〉 = 〈a∇hv, ∇hw〉.

K�3MVrY�,- M(·, · · · , ·) "�CU-YMg�4MP�L� M∗
j (j =

1, 2, · · ·), ε n!"�C ∆t, h v4MP�L�5MP�L�
F/6GVd��Gj��0 (2.4a) � (2.4b) �7- T

n+ 1
2

eh QLP5M�nj�

Cn+1
ve,ijdtT

n
eh,ij −

1
ρ
∇h · (kn

e ∇hT n+1
eh )ij +

(∆t)2

ρ2
δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtT

n
e ))

))
ij

=ωn+1
ei,ij(T

n
ih − Tn

eh)ij + ωn+1
er,ij(T

n
rh − Tn

eh)ij , (3.6)

�Y dtT
n
eh,ij = 1

∆t (T
n+1
eh,ij − Tn

eh,ij), Bn+1
e = (Cn+1

ve )−1.

, πα = Tα − Tαh, α = e, i, r. K (1.1) �Y. t = tn+1, C (3.6) �86QLz�j
�

Cn+1
ve,ijdtπ

n
e,ij −

1
ρ
∇h · (kn

e ∇hπn+1
e )ij +

(∆t)2

ρ2
δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtπ

n
e ))

))
)ij

=Cn+1
ve,ij

[
dtT

n
e,ij −

∂Te,ij

∂t

∣∣∣
t=tn+1

]
+

1
ρ
∇h · ((Kn

e − kn
e )∇hT n+1

e

)
ij

+
1
ρ

[∇ · (Kn
e ∇Tn+1

e )ij −∇h · (Kn
e ∇hT n+1

e )ij

]
+

1
ρ
∇ · ((Kn+1

e − Kn
e )∇Tn+1

e )ij

+
[
ωn+1

ei,ij(dtT
n
i,ij − dtT

n
e,ij)∆t + ωn+1

er,ij(dtT
n
r,ij − dtT

n
r,ij)∆t

]

+
[
ωn+1

ei,ij(π
n
i − πn

e ) + ωn+1
er,ij(π

n
r − πn

e )
]
+

(∆t)2

ρ2
δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtT

n
e ))

))
ij

≡Gn
1,ij + Gn

2,ij + Gn
3,ij + Gn

4,ij + Gn
5,ij + Gn

6,ij + Gn
7,ij . (3.7)

+�4R

|Gn
1,ij | ≤ M

(
‖Cve‖c,

∥∥∥∂2Te

∂t2

∥∥∥
c
) · ∆t, (3.8)

|Gn
3,ij | ≤ M

(‖K‖3,c, ‖Te‖4,c

) · h2, (3.9)

|Gn
4,ij | ≤ M

(
‖K‖1,c,

∥∥∥∂Te

∂t

∥∥∥
1,c

+ ‖Te‖2,c

)
· ∆t, (3.10)

|Gn
5,ij | ≤ M

(
‖wei‖c, ‖wer‖c,

∥∥∥∂Te

∂t

∥∥∥
c
,
∥∥∥∂Ti

∂t

∥∥∥
c
,
∥∥∥∂Tr

∂t

∥∥∥
c

)
· ∆t, (3.11)

|Gn
6,ij | ≤ M

(‖wei‖c, ‖wer‖c

) · [|πn
e,ij | + |πn

i,ij | + |πn
r,ij |

]
. (3.12)

(3.7) �e C πn+1
e − πn

e = dtπ
n
e ∆t nZ� L2 /0�0m6Rb9��n4
�1�
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����� (3.8)–(3.12) B/QL

〈Cn+1
ve dtπ

n
e , dtπ

n
e 〉∆t +

1
ρ
〈kn

e ∇hπn+1
e , ∇h(πn+1

e − πn
e )〉

+
(∆t)3

ρ2
〈δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtπ

n
e ))

))
, dtπ

n
e 〉

≤〈Gn
2 , dtπ

n
e 〉∆t + 〈Gn

7 , dtπ
n
e 〉∆t + M∗

1

〈|πn
e | + |πn

i | + |πn
r | + ∆t + h2, dtπ

n
e

〉
∆t.

(3.13)

0 (1.6) �QS
〈Cn+1

ve dtπ
n
e , dtπ

n
e 〉∆t ≥ C∗‖dtπ

n
e ‖2

h∆t. (3.14)

�� Cauchy �P�QL

1
ρ
〈kn

e ∇hπn+1
e ,∇h(πn+1

e − πn
e )〉 ≥ 1

2ρ
〈kn

e ∇hπn+1
e ,∇hπn+1

e 〉 − 1
2ρ

〈kn
e ∇hπn

e ,∇hπn
e 〉.
(3.15)

〈Gn
2 , dtπ

n
e 〉∆t ≤ 1

ρ
M

(‖Te‖2,c, ‖K‖1,c

) · {|〈πn
e , dtπ

n
e 〉|∆t + |〈∇hπn

e , dtπ
n
e 〉|∆t

}

≤M∗
2 ‖πn

e ‖2
1∆t + ε‖dtπ

n
e ‖2

h∆t. (3.16)
M∗

1 〈|πn
e | + |πn

i | + |πn
r | + ∆t + h2, dtπ

n
e 〉∆t

≤M∗
3

[‖πn
e ‖2

h + ‖πn
i ‖2

h + ‖πn
r ‖2

h + (∆t)2 + h4
]
∆t + ε‖dtπ

n
e ‖2

h∆t. (3.17)

ej�� (3.13) �m6R�9� Gn
7 , *X*��S�0n7Lsg�W���

∆t = O(h2). (3.18)

n7z*X/E 0 ≤ n ≤ l *��
max

{‖πn
e ‖1,∞, ‖πn

i ‖1,∞, ‖πn
r ‖1,∞

} −→ 0, h → 0. (3.19)

a)J π0
α = 0, α = e, i, r, :1 (3.19) �0 n = 0 5��

07z*X (3.19) QS�E n ≤ l *�08n5M ∆t � h, �
‖T n

αh‖1,∞ ≤ ‖Tα‖1,c + 1.

*X
 Te K�g8M�+��E n ≤ l *����W��� (3.18), 7z*X (3.19) �
2��

‖δxδxTαh‖0,∞ ≤ M∗
4 h−2‖Tαh‖0,∞, ‖δxTαh‖0,∞ ≤ M∗

4 h−1‖Tαh‖0,∞,

QL

|Gn
7,ij | =

(∆t)2

ρ2

∣∣δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtT

n
e ))

))
ij

∣∣

≤ (∆t)2

ρ2
M

(
‖K‖3,c, ‖Be‖2,c,

∥∥∥∂Te

∂t

∥∥∥
4,c

, ‖Te‖1,c

)
· h−2 ≤ M∗

5 ∆t.
(3.20)

;+
〈Gn

7 , dtπ
n
e 〉∆t ≤ M∗

6 (∆t)3 + ε‖dtπ
n
e ‖2

h∆t. (3.21)
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�� δxδy = δyδx, δxδy = δyδx, δxδy = δyδx, δxδy = δyδx, QL

(∆t)3

ρ2
〈δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtπ

n
e ))

))
, dtπ

n
e 〉

= − (∆t)3

ρ2
〈kn

e δx

(
Bn+1

e

(
δy(kn

e δydtπ
n
e )

))
, δxdtπ

n
e 〉

= − (∆t)3

ρ2
〈Bn+1

e δxδy(kn
e δydtπ

n
e ) + δxBn+1

e · δy(kn
e δydtπ

n
e ), kn

e δxdtπ
n
e 〉

= − (∆t)3

ρ2

{〈δyδx(kn
e δydtπ

n
e ), Bn+1

e kn
e δxdtπ

n
e 〉 + 〈δy(kn

e δydtπ
n
e ), δxBn+1

e · kn
e δxdtπ

n
e 〉

}

=
(∆t)3

ρ2

{〈δx(kn
e δydtπ

n
e ), δy(Bn+1

e kn
e δxdtπ

n
e )〉 + 〈kn

e δydtπ
n
e , δy(δxBn+1

e · kn
e δxdtπ

n
e )〉}

=
(∆t)3

ρ2
〈kn

e δxδydtπ
n
e + δxkn

e · δydtπ
n
e , Bn+1

e kn
e δxδydtπ

n
e + δy(Bn+1

e kn
e ) · δxdtπ

n
e 〉

+
(∆t)3

ρ2
〈kn

e δydtπ
n
e , δxδyBn+1

e · kn
e δxdtπ

n
e

+ δxBn+1
e · δykn

e · δxdtπ
n
e + δxBn+1

e · kn
e δxδydtπ

n
e 〉

=
(∆t)3

ρ2

N−1∑
i,j=0

kn
e,i,j+ 1

2
kn

e,i+ 1
2 ,jB

n+1
e,ij [δxδydtπ

n
e,ij ]

2 · h2

+
(∆t)3

ρ2

N−1∑
i,j=0

kn
e,i,j+ 1

2
δy

(
kn

e,i+ 1
2 ,jB

n+1
e,ij

)
· δxdtπ

n
e,ij · δxδydtπ

n
e,ij · h2

+
(∆t)3

ρ2

N−1∑
i,j=0

kn
e,i+ 1

2 ,jB
n+1
e,ij δxkn

e,i,j+ 1
2
· δydtπ

n
e,ij · δxδydtπ

n
e,ij · h2

+
(∆t)3

ρ2

N−1∑
i,j=0

[
δxkn

e,i,j+ 1
2
· δy

(
Bn+1

e,ij kn
e,i+ 1

2 ,j

)]
· δxdtπ

n
e,ij · δydtπ

n
e,ij · h2

+
(∆t)3

ρ2

N−1∑
i,j=0

kn
e,i,j+ 1

2
kn

e,i+ 1
2 ,jδxBn+1

e,ij · δydtπ
n
e,ij · δxδydtπ

n
e,ij · h2

+
(∆t)3

ρ2

N−1∑
i,j=0

[
kn

e,i,j+ 1
2
δykn

e,i+ 1
2 ,j · δxBn+1

e,ij

]
· δxdtπ

n
e,ij · δydtπ

n
e,ij · h2

+
(∆t)3

ρ2

N−1∑
i,j=0

[
kn

e,i,j+ 1
2
kn

e,i+ 1
2 ,j · δxδyBn+1

e,ij

]
· δxdtπ

n
e,ij · δydtπ

n
e,ij · h2

≡
7∑

m=1

T n
m. (3.22)

0 (1.6) �QS
T n

1 ≥ K2
∗ (∆t)3

C∗ ρ2
‖δxδydtπ

n
e ‖2

h ≥ 0. (3.23)

E n ≤ l *�07z*X (3.19)Q�3� kn
e,i,j+ 1

2
, kn

e,i+ 1
2 ,j

, δxkn
e,i,j+ 1

2
, δy

(
kn

e,i+ 1
2 ,j

Bn+1
e,ij

)�
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'��� Cauchy �P�QR

|T n
2 | ≤ M∗

7

[‖δxπn
e ‖2

h + ‖δxπn+1
e ‖2

h

]
∆t +

1
3
T n

1 , (3.24)

|T n
3 | ≤ M∗

8

[‖δyπn
e ‖2

h + ‖δyπn+1
e ‖2

h

]
∆t +

1
3
T n

1 , (3.25)

|T n
5 | ≤ M∗

9

[‖δyπn
e ‖2

h + ‖δyπn+1
e ‖2

h

]
∆t +

1
3
T n

1 , (3.26)

|T n
4 + Tn

6 + Tn
7 | ≤ M∗

10

[|πn
e |21 + |πn+1

e |21
]
∆t. (3.27)

BA (3.13) �m6R�9�'!���
(∆t)3

ρ2

∣∣〈δx

(
kn

e δx

(
Bn+1

e (δy(kn
e δydtπ

n
e ))

))
, dtπ

n
e 〉

∣∣ ≤ M∗
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[|πn
e |21 + |πn+1

e |21
]
∆t. (3.28)

� (3.14)–(3,17), (3.21) � (3.28) B/ (3.13), 0 (3.18) ��� n = 0 J n = l n�QL
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n=0

‖dtπ
n
e ‖2
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1
2ρ

〈kl
e∇hπl+1

e ,∇hπl+1
e 〉 − 1

2ρ
〈k0

e∇hπ0
e ,∇hπ0

e〉

≤3ε
l∑

n=1

‖dtπ
n
e ‖2

h∆t +
1
2ρ

l∑
n=1

〈(kn
e − kn−1

e )∇hπn
e ,∇hπn

e 〉

+ M∗
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{
h4 + |πl+1

e |21∆t +
l∑

n=0

‖πn
e ‖2

1∆t +
l∑

n=0

‖πn
i ‖2

h∆t +
l∑

n=0

‖πn
r ‖2

h∆t
}
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e |∆t
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∥∥∥∂Te
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∥∥∥
c
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· {1 + |dtπ

n−1
e |}∆t,

��7z*X (3.19) � Cauchy �P�QL
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e − kn−1

e )∇hπn
e ,∇hπn
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|πn
e |21∆t. (3.30)
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h ≤ ε
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h∆t + M∗
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n=0

‖πn
e ‖2

h∆t. (3.31)

9 (3.31) �:J (3.29) �Y��� (3.30) �. 5 ε ≤ C∗, ∆t ≤ min
{

K∗
4ρM∗
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, 1

2M∗
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}
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J π0
α = 0, QL

‖πl+1
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{
h4 +

l∑
n=1

∥∥∥πn
e ‖2

1∆t +
l∑

n=1

‖πn
i ‖2

h∆t +
l∑

n=1

‖πn
r ‖2

h∆t
}

. (3.32)
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‖πn
i ‖2

1∆t +
l∑

n=1

‖πn
e ‖2

h∆t
}

, (3.33)
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1 ≤ M∗
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‖πn
e ‖2

h∆t
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∑
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‖πn
α‖2

1∆t
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�� Gronwall �P�(L ∑
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19h
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;!W<4R7z*X (3.19) �E n = l + 1 *5��4���0 (3.36) ��2���
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20h
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α ‖1,

QL
‖πl+1
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0�n�� (2.4)–(2.6) nYQB�uMn�QLJ
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‖T 0
α‖2

1. (3.37)

f�TI��'!<r�
=" *#F5
 Tα �j��Lsg Tα, ∂Tα

∂t ∈ C4(Ω), ∂2Tα

∂t2 ∈ C(Ω), wei, wer ∈
C(Ω), 1/Cvα ∈ C2(Ω), ∂3K

∂T 3
α
�'� (α = e, i, r), 6 ∆t = O (h2), L9K�L M 7

max
1≤n≤L

∑
α=e,i,r

‖T n
α − Tn

αh‖2
1 ≤ Mh4,
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∑
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‖T n
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1 ≤ M
∑
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FRACTIONAL-STEP IMPLICIT DIFFERENCE SCHEME
FOR TWO-DIMENSIONAL EQUATIONS OF HEAT

CONDUTION WITH THREE TEMPERATURES

Xie Shusen Li Gongchun Xue Heng

(Department of Mathematics, Ocean University of China, Qingdao 266071)

Abstract A fractional-step implicit finite difference scheme is introduced for two-dimensional
equations of heat conduction with three temperatures. The optimal rate of convergence and
the stability in discrete H1-norm for this scheme are derived.

Key words Equations of heat conduction with three temperatures,
fractional-step difference scheme, convergence, stability


