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1 he
����BG�T��������� Lagrange���BG�T�������

�e����x��� (���)DlzT� Lagrange�����e�� [1], [2–6]O�
������bR���qv��g� Lagrange ��aQ� [7]  ������T�
R����qv��g� Lagrang��z�!sN"jA������b� Larange�
��� �����Dlz��b� Lagrange ����!�MFG�x�"� �

!S�����bB!S#$"�����bmr%��It������N�
��"CA�&v#$d'��#S"�$%#z [8,9]. [10]&y!S�����ba
Q�$(�qv"$(��qv�H%�)&p'�!(v� K − T Uo��*e�
���)�J#$IS!+X��YG"'EUo�!S�����baQ�p'�
�$(��qv��g� Lagrange ��T��X*�,-�(aQ"��aQ)n�
Re�p'�m$����.�/e���.�/*t��.�"+��.��
2 PMjKW

,i( X ⊂ Rn × Rs, i( Y (x, tx, tx, t) ⊂ Rn (-� xxx ∈ Rn, ttt ∈ Rs), o.YG fff :
Rn × Rn × Rs → Rm. /0i+,1o.��baQ

V − min
(x,tx,tx,t)∈X

F (x, t)F (x, t)F (x, t), (1)

-�i+��,1 FFF : X → Pm, F (x, t)F (x, t)F (x, t) =
{
f(y, x, t)|yf(y, x, t)|yf(y, x, t)|y ∈ Y (x, tx, tx, t)

}
(Pm B Rm �2i).
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�aQ (1) ��c96 xxx " ttt B#$7.� yyy B#$:k7.�8 (xxx, t) ∈ X *�,.
Y (x, tx, tx, t) �= Ø. !*�6 (x, tx, tx, t) B (1) �;yv� f(y, x, t)f(y, x, t)f(y, x, t) B (1) � (x, t)(x, t)(x, t) 9�$� yyy ��
�+� yyy B (x, t)(x, t)(x, t) �;y:k�

P:;�8aQ (1)�� Y (x, tx, tx, t)B�<i)&+X7. ttt*� (1)j<V=���
���baQ�

k< Rm
+ < Rm ��2��j Rm

+ = {vvv ∈ Rm | vvv ≥ 000}.
Eg 1 , (x̃̃x̃x, t̃tt) ∈ X, ỹyy ∈ Y (x̃, t̃x̃, t̃x̃, t̃). =+>� (x, t)(x, t)(x, t) ∈ X " yyy ∈ Y (x, t)(x, t)(x, t), > f(ỹf(ỹf(ỹ,

x̃, t̃) − f(y, x, t)x̃, t̃) − f(y, x, t)x̃, t̃) − f(y, x, t) ∈ int Rm
+ , �6 (x̃, t̃)(x̃, t̃)(x̃, t̃) BaQ (1) � Pareto ��qv�-i(k" w −

min (F,X), f(ỹ, x̃, t̃)f(ỹ, x̃, t̃)f(ỹ, x̃, t̃)B (1)� Pareto��q+�-i(k" w−minFFF (X), ỹ̃ỹy B (x̃, t̃)(x̃, t̃)(x̃, t̃)�
��q:k�-i(k" R(x̃, t̃x̃, t̃x̃, t̃).

,�#$!S G = {DM1, · · · ,DMl} (l ≥ 2), -� DMr(r = 1, · · · , l) B? r I#
$3�k L = {1, · · · , l}. �� r ∈ L, ,i( Xr ⊂ Rn × Rsr , Yr(x(x(x, tttr) ⊂ Rn (-�
xxx ∈ Rn, ttt ∈ Rsr ), o.YG fffr : Rn × Rn × Rsr → Rmr . = DMr �$�i+,1o.�
�baQ<

V − min
(xxx,tttr)∈Xr

FFF r(xxx, tttr), (2)

-�i+��,1 FFF r : Xr → Pmr , FFF r(xxx, tttr) =
{
fffr(yyy,xxx, tttr) | y ∈ Yr(xxx, tttr)

}
, ��!S G

R�i+��YG"'EUo+�6�!S�����baQ

G −
{

V − min
(xxx,ttt1)∈X1

FFF 1(xxx, ttt1), · · · , V − min
(xxx,tttr)∈Xl

FFF l(xxx, tttl)
}
, (3)

-� tttr ∈ RRRsr (r ∈ L) B DMr �#$7.� xxx ∈ RRRn " yyy ∈ RRRn E:BJ DMr(r ∈ L) O
��j G �#$7."#$:k7.�

�aQ (2), 8 (x, tx, tx, tr) ∈ Xr *�m. Yr(x, tx, tx, tr) �= Ø, 8 (x̃, t̃x̃, t̃x̃, t̃r) ∈ w − min(FFF r,Xr)
*�? Rr(x̃, t̃x̃, t̃x̃, t̃r) <-��q:ki�k X = {X1, · · · ,Xl}, F = {F 1, · · · , F l}, ttt =
{ttt1, · · · , tttl}, fff(y, x, ty, x, ty, x, t) =

{
fff1(y, x, ty, x, ty, x, t1), · · · , fff l(y, x, ty, x, ty, x, tl)

}
. ? AN = {LN ⊂ L|LN�4LIG<N},

-� N ∈ L.

Eg 2 , N ∈ L.

(i) =>� LN ∈ AN , >�@�� r ∈ LN , � (x, tx, tx, tr) ∈ Xr " y ∈ Yr(x, tx, tx, tr), �6 (x, tx, tx, t)
BaQ (3) � N - $(;yv�)&6N5 LN D@�-i(k" XN , f(y, x, tf(y, x, tf(y, x, t) B (3)
� (x, tx, tx, t) 9�$� yyy ���+� yyy B (x, tx, tx, t) � N - $(;y:k�-i(k" Y N (x, tx, tx, t).

(ii) =>� LN ∈ AN ,>�@�� r ∈ LN ,� (x̃, t̃x̃, t̃x̃, t̃
r
) ∈ w−min (FFF r,Xr), ỹ̃ỹy ∈ Rr(x̃, r̃x̃, r̃x̃, r̃r),

�6 (x̃̃x̃x, t̃̃t̃t) BaQ (3) � N - $(��qv�)&6N5 LN D@�-i(k" w −
min (FFF,X)N , f(ỹ, x̃, t̃)f(ỹ, x̃, t̃)f(ỹ, x̃, t̃) B (3) � N - $(��q+�-i(k" w − min FFF (X)N , ỹyy B
(x̃, t̃x̃, t̃x̃, t̃) � N - $(��q:k�-i(k" RN (x̃, t̃x̃, t̃x̃, t̃).

��h&bx��!S�����baQ�(K�.� 2 ;6.�- N - $(�
�qv" N- $(��q+�)&E:k" w − max (FFF ,X)N " w − maxFFF (X)N .

3 kb7O8 LagrangeHYb7
, X0 ⊂ Rn BDHYi� fffr : Rn → Rmr " gggr : Rn → Rpr (r ∈ L) B X0 ��Y
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o.YG (r ∈ L), hhhr : Rn → Rqr (r ∈ L) B X0 ��lzo.YG�i(

Xr =
{
xxx ∈ X0 | gggr(xxx) ≤ 000, hhhr(xxx) = 000

} �= Ø, r ∈ L, (4)

 , DMr �$�/0i+,1o.��baQ
V −min

xxx∈Xr

fffr(xxx), r ∈ L, (VP)r

�� G R���"'E+�6�!S�����baQ
G −

{
V −min

xxx∈X1
fff1(xxx), · · · , V −min

xxx∈Xl

fff l(xxx)
}

. (GVP)

�(aQ (GVP) �� xxx BJ (DMr) (r ∈ L) O��j G �#$7.�k X =
{X1, · · · ,Xl}, fff = {fff1, · · · , fff l}, fff(xxx) =

{
fff1(xxx), · · · , fff l(xxx)

}
.

Di�P; (V Pr)(r ∈ L) � Lagrange ��aQ�<*��:G ar, k 〈ar〉 =
(ar, · · · , ar)T ∈ Rmr , )?

Wr = Rpr

+ × Rqr , r ∈ L, (5)

LLLr(y, uy, uy, ur, vvvr) = fffr(yyy) +
〈
uuurTgggr(yyy) + vvvrThhhr(yyy)

〉
, r ∈ L, (6)

ΦΦΦr(uuur, vvvr) = w − min Lr(X0, uuu
r, vvvr), r ∈ L. (7)

5 [5] <�� (uuur, vvvr) ∈ Wr, >�DHi( Yr(uuur, vvvr) ⊂ X0, > ΦΦΦr(uuur, vvvr) =
{
Lr(y, uy, uy, ur, vvvr) |

yyy ∈ Yr(uuur, vvvr)
}
. �B�� (7) 7<�

ΦΦΦr(uuur, vvvr) =
{
LLLr(y, uy, uy, ur, vvvr) | yyy ∈ Yr(uuur, vvvr)

}
, r ∈ L. (8)

KL, (VP)r ���� Lagrange ��aQ

V − max
(uuur,vvvr)∈Wr

ΦΦΦr(uuur, vvvr), r ∈ L. (VD)r

L[6�O��c9P;(aQ (GVP) �!S��� Lagrange ��aQ

G −
{
V − max

(uuu1,vvv1)∈W1

ΦΦΦ1(uuu1, vvv1), · · · , V − max
(uuul,vvvl)∈Wl

ΦΦΦl(uuul, vvvl)
}

. (GV D)

5 (8) ;<����aQ (GVD) �� (uuur, vvvr) (r ∈ L) B DMr �#$7.� yyy BJ
I DMr (r ∈ L) O��j G �#$:k7.�

��aQ (VD)r(r ∈ L),? Rr(ũ̃ũur, ṽ̃ṽvr)< (ũ̃ũur, ṽ̃ṽvr) ∈ w−max (ΦΦΦr,Wr)���q:k�
k W = {W1, · · · ,Wl}, ΦΦΦ = {ΦΦΦ1, · · · ,ΦΦΦl}, uuu = {uuu1, · · · , ululul}, vvv = {vvv1, · · · , vvvl}, LLL(y, u, vy, u, vy, u, v) ={
LLL1(y, uy, uy, u1, vvv1), · · · ,LLLl(y, uy, uy, ul, vvvl)

}
.

4 HYFT
iK] (GVP) " (GVD) � N− $(;yv9���+)n�Re�
ES 1̂ =GX_, N ∈ L, xxx ∈ XN , (u, vu, vu, v) ∈ W N , yyy ∈ Y N (u, vu, vu, v). =>� LN ∈ AN ,

> xxx " (u, vu, vu, v) E:5 LN D@���@�� r ∈ LN , � LLLr(y, uy, uy, ur, vvvr) − fffr(xxx) �∈ intRmr
+ .



4� Zp8�3145�T�
�	
c� Lagrange 	
� 705

s %B>A�m,>�]I r ∈ LN , > LLLr(y, uy, uy, ur, vvvr) − fffr(xxx) ∈ intRmr
+ . 5Uo

xxx ∈ XN , (u, vu, vu, v) ∈ W N " yyy ∈ Y N (u, vu, vu, v), [.� 2 <
xxx ∈ Xr, (uuur, vvvr) ∈ Wr, (9)
yyy ∈ Yr(uuur, vvvr). (10)

5� (9) [� (4) " (5) , uuurTgggr(xxx) ≤ 0, vvvrThhhr(xxx) = 0, j −〈
uuurTgggr(xxx) + vvvrThhhr(xxx)

〉 ∈ Rmr
+ .

�B�^%� (6) "M?m,<�
LLLr(y, uy, uy, ur, vvvr) −LLLr(x, ux, ux, ur, vvvr) =LLLr(y, uy, uy, ur, vvvr) − fffr(xxx) − 〈

uuurTgggr(xxx) + vvvrThhhr(xxx)
〉

∈int Rmr
+ + Rmr

+ = intRmr
+ ,

@5 xxx ∈ X0 "� (8) ,

LLLr(y, uy, uy, ur, vvvr) �∈ w − min LLLr(X0, uuu
r, vvvr) =

{
LLLr(y, uy, uy, ur, vvvr) | yyy ∈ Yr(uuur, vvvr)

}
,

j yyy �∈ Yr(uuur, vvvr), {BR (10) `|�

UU 1 , r ∈ L. = xxx ∈ Xr, (uuur, vvvr) ∈ Wr, yyy ∈ Yr(uuur, vvvr), � Lr(yyy,uuur, vvvr) − fffr(xxx) �∈
intRmr

+ .

s ? N = 1, LN = {r}, 5.� 1 'j,>�
ES 2 (e���) , N ∈ L, x̃xx ∈ XN , (ũuu, ṽvv) ∈ W N , ỹyy ∈ Y N (ũuu, ṽvv). =>�

LN ∈ AN , > x̃xx " (ũuu, ṽvv) E:5 LN D@�)&�@�� r ∈ LN � fffr(x̃xx) = LLLr (̃yyy, ũuu
r
, ṽvv

r),
� x̃xx ∈ w − min(fff,X)N , (uuur, vvvr) ∈ w − max(ΦΦΦ,W )N , ỹyy ∈ RN (ũuu, ṽvv).

s 5Uo x̃xx ∈ XN , (ũuu, ṽvv) ∈ W N " ỹyy ∈ Y N (ũuu, ṽvv), [.� 2 <��@�� r ∈ LN �
x̃xx ∈ Xr, (11)
(ũuur

, ṽvv
r) ∈ Wr, ỹ̃ỹy ∈ Yr(ũuu

r
, ṽvv

r). (12)

i>{�@�� r ∈ LN � x̃xx ∈ w − min (fffr,Xr). %B>A�m,>� r ∈ LN , >
x̃xx �∈ w − min (fffr,Xr), �5� (11) <�>�

xxx ∈ Xr, (13)

> fffr(x̃xx)−fff(xxx) ∈ int Rmr
+ ,�B5Uo fffr(x̃xx) = LLLr (̃yyy, ũuu

r
, ṽvv

r), LLLr (̃yyy, ũuu
r
, ṽvv

r)−fff r(xxx) ∈ int Rmr
+ ,

}5� (12) " (13)<�*�R&� 1`|�\*�@�� r ∈ LN � x̃xx ∈ E(fffr,Xr). [
*�5.� 2 , x̃xx ∈ w − min (fff,X)N .

@>{�@�� r ∈ LN � (ũuur
, ṽvv

r) ∈ w−max (ΦΦΦr,Wr). %B>A�m,>� r ∈ LN

> (ũuur
, ṽvv

r) �∈ w−max(ΦΦΦr,Wr),� LLLr (̃yyy, ũuu
r
, ṽvv

r) �∈ w−max ΦΦΦr(Wr),5.� 1"� (12)<�
>�

(uuur, vvvr) ∈ Wr, yyy ∈ Yr(uuur, vvvr), (14)

> LLLr(yyy,uuur, vvvr)−LLLr (̃yyy, ũuu
r
, ṽvv

r) ∈ intRmr
+ . �B�5Uo LLLr (̃yyy, ũuu

r
, ṽvv

r) = fffr(x̃xx), LLLr(yyy,uuur, vvvr)−
fffr(x̃xx) ∈ intRmr

+ , }K� (11) " (14) <*�R&� 1 `|�L[.� 2 , (ũuur
, ṽvv

r) ∈
w − max (ΦΦΦ,W )N .

g|K] (GVP) � N - $(�qv" (GVD) � N - $(�qv)n�Re�
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�� r ∈ L, k eeer = (1, · · · , 1)T ∈ Rmr , Λr
+ =

{
λλλr ∈ Rmr

+ | λλλrTeeer = 1
}
. j}��@�

� λλλr ∈ Λr
+, xxx ∈ X0, uuur ∈ Rpr , vvvr ∈ Rqr �

λλλrTfffr(xxx) + uuurTgggr(xxx) + vvvrThhhr(xxx) = λλλrTLLLr(xxx,uuur, vvvr). (15)

Eg 3 (i) =�@�� r ∈ L, (VP)r B X0 ��YT���6 (GVP) BYT�
aQ�

(ii) =�@�� r ∈ L, >� xxxr ∈ X, >, gggr(xxxr) < 000, hhhr(xxxr) = 000, �6aQ (GVP)
~] Slater Uo�

ES 3 (*t��),aQ (GVP)~] SlaterUo�N ∈ L. = x̃xx ∈ w−min(fff,X)N ,
� fff(x̃xx) ∈ w − maxΦΦΦ(W )N .

s 5 x̃xx ∈ w − min (fff,X)N ".� 2 <�>� LN ∈ AN , >�@�� r ∈ LN �
x̃xx ∈ w − min(fffr,Xr).

i/0 r ∈ LN . �Yzm,g�5 x̃xx ∈ w −min (fffr,Xr) [ [11] ;<�>� λ̃λλ
r ∈ Λr

+

>,

λ̃λλ
rT

fffr(x̃xx) = min
{
λ̃λλ

rT
fffr(xxx) | xxx ∈ X0, gggr(xxx) ≤ 000, hhhr(xxx) = 000

}
. (16)

5� (16) [ [1] ,<�>�
(ũuur

, ṽvv
r) ∈ Wr, (17)

> ũuu
rT

gggr(x̃xx) = 0, )&

λ̃λλ
rT

fffr(x̃xx) + ũuu
rT

gggr(x̃xx) + ṽvv
rT

hhhr(x̃xx) = min
{
λ̃λλ

rT
fffr(xxx) + ũuu

rT
gggr(xxx) + ṽvv

rT
hhhr(xxx) | xxx ∈ X0

}
.

�B�5 hhhr(x̃xx) = 000 "� (15) , fffr(x̃xx) = fffr(x̃xx) +
〈
ũuu

rT
gggr(x̃xx) + ṽvv

rT
hhhr(x̃xx)

〉
= LLLr(x̃xx, ũuu

r
, ṽvv

r), j

fffr(x̃xx) = LLLr(x̃xx, ũuu
r
, ṽvv

r), (18)

λ̃λλ
rT

LLLr(x̃xx, ũuu
r
, ṽvv

r) = min
{
λ̃λλ

rT
LLLr(xxx, ũuu

r
, ṽvv

r) | xxx ∈ X0

}
, L[ [11] @5 λ̃λλ

r ∈ Λr
+ "���

LLLr(x̃xx, ũuu
r
, ṽvv

r) ∈ w − minLLLr(X0, ũuu
r
, ṽvv

r), Q[� (8) ,

x̃xx ∈ Yr(ũuu
r
, ṽvv

r). (19)

@, r ∈ L \ LN . � ũuu
r = 000, ṽvv

r = 000, �� (18) ^@'�
�B�5� (18) ,

fff(x̃xx) = LLL(x̃xx, ũuu, ṽvv). (20)

5 x̃xx ∈ w − min(fff,X)N < x̃xx ∈ XN , 5 (17) " (19) < (ũuu, ṽvv) ∈ W N , x̃xx ∈ Y N (ũuu, ṽvv), )& x̃xx

" (ũuu, ṽvv) E:5 LN D@�\*5� (20) L[.� 2 , (ũuu, ṽvv) ∈ w − max (ΦΦΦ,W )N , x̃xx ∈
RN (ũuu, ṽvv), j fff(x̃xx) ∈ w − maxΦΦΦ(W )N .

ES 4 (+��) , N ∈ L. = ỹyy ∈ XN , f (̃yyy)f (̃yyy)f (̃yyy) ∈ w − maxΦΦΦ(W )N , )&N9E:5
LN ∈ AN D@�� ỹyy ∈ w − min (fff,X)N .

>�5 ỹyy ∈ XN " fff (̃yyy) ∈ w −maxΦΦΦ(W )N [.� 2 <�>� (ũuu, ṽvv) ∈ W N , >�@�
� r ∈ LN �

ỹyy ∈ Xr, (21)
fffr (̃yyy) ∈ ΦΦΦr(ũuur

, ṽvv
r). (22)
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, r ∈ LN , �5� (21) , ũuu
rT

gggr (̃yyy) ≤ 0, ṽvv
rT

hhhr (̃yyy) = 0. = ũuu
rT

gggr (̃yyy) < 0, �5� (6)
< fffr (̃yyy) − LLLr (̃yyy, ũuu

r
, ṽvv

r) = −〈
ũuu

rT
gggr (̃yyy)

〉 ∈ intRmr
+ . [*�5� (21) " (8) , fffr (̃yyy) �∈

w − min LLLr(X0, ũuu
r
, ṽvv

r) = Φr(ũuur
, ṽvv

r), NR� (22) `|�\*� ũuu
rT

gggr (̃yyy) = 0, j fffr (̃yyy) =
LLLr (̃yyy, ũuu

r
, ṽvv

r), 5.� 2 , ỹyy ∈ w − min(fff,X)N .
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LAGRANGE DUALITY FOR GROUP
MULTIOBJECTIVE OPTIMIZATION

WANG Xiaomin

(Department of Mathematics, Shanghai Jiaotong University, Shanghai 200030)

HU Yuda

(School of Mathematics and Information Sciences, Wenzhou University, Wenzhou 325027)

Abstract Lagrange duality programming is established for Group Multiobjective Opti-
mization which contains the unsymmetrical objective functions and conditions. The weak
duality theorem, the basic duality theorem, the direct duality theorem and the adverse
duality theorem under the means of the joint weak efficient solution are derived.

Key words Group decision making, Lagrange duality, multiobjective optimization,
joint weak efficient solution


