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1 ��

��Om�s�Ov�� (��MPEC)mp�s��s����Ak��Ak

�s��y�g��u�r������u��U�Ak�pg��Om�s���
r�X������UvAU��f��V��a�CByO (d�)��WCLyO
(x�) �� g�!VOm�s��s�cR"�Ak��Ak�ss�L�gCL
yO�� (��#$ [1–4]). R��%GcV&N�� MPEC �f�uoPN (�Ha
SQP PN) s�d�'����()���*f�(YS���� 

[5] CB!"���+� MPEC �()#U��$

minimize f(x, y)
subject to Ax+By = b,

ω = Nx+My − q,
ωT y = 0, x ∈ C, y ≥ 0, ω ≥ 0,

(1.1)

Rs f : Rn+m → R �,�-� A ∈ Rp×n, B ∈ Rp×m, N ∈ Rm×n k M ∈ Rm×m �D
m.�� C � Rn s�/JFz�Om�s��m0)r��� �#c%&'a�
B(1 �S0)r���� MPEC ��()�� 

2 ���� !"#$
2E!"�+ MPEC:

minimize f(x, y)
subject to g(x, y) = 0,

h(x, y) ≥ 0,
0 ≤ y ⊥ F (x, y) ≥ 0,

(2.1)
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Rs f : Rn+m → R, g : Rn+m → Rl, h : Rn+m → Rp, F : Rn+m → Rm �,�-� x

�CByO (d�) ��� y �CLyO (x�) ���Om�s�����u x �S
0)r���$

0 ≤ y ⊥ F (x, y) ≥ 0.

iH�� (2.1), 2EH'(/)d$
(A1) bgk

[�xg
T ,−�x h

T ]u+ �xF
T v = 0

vo
(
[�yg

T ,−�y h
T ]u+ �yF

T v
) ≤ 0

}
−→ vo

(
[�yg

T ,−�y h
T ]u+ �yF

T v
)

= 0 (2.2)

0*�Rs o 1l Hadamard 23 
(A2) ++S0);<��, S S� 

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

g(x, y) = 0,
h(x, y) ≥ 0,
y ≥ 0,
F (x, y) ≥ 0,

(2.3)

U
SFD (x, y, S) = LFD (x, y, S), ∀ (x, y) ∈ S, (2.4)

h-� SFD k LFD U41l=+�(P.,k0)v�(P., (. [6]), i/a�
(2.4) �015�AWc++S0)ct���Y�6>E70*$

min yTF (x, y),
s.t. (2.3)

(2.5)

[6] "���Jj (2.4) k0*�#U)�� 
% �E?l8 (2.1)s� g(x, y), h(x, y)k F (x, y)�Rbiug� [5]s(/�(

)#U��bh)d (A1), (A2).
H"G� (x, y), L S0 1l++0)P9&��,

[�xg
T ,−�x h

T ]u+ �xF
T v = 0,

e S0 �:/z�+F�B("� A1 0*�(/#U)�� 
'( 2.1 H"G� (x, y), �f2j

⎛
⎝ 0 0 �yg

0 0 −�y h
−�y g

T −�y h
T 2 �y F

⎞
⎠

c S0 a@kG�e)d (A1) 0* 
) d (u, v) B*bgk (2.2) �+;�e (u, v) ∈ S. G%��3 P c S a@k

G�2ES

(uT , vT )P
(
u
v

)
=2vT [�yg

T ,−�y h
T ]u+ 2vT �y Fv

=2vT
(
[�yg

T ,−�y h
T ]u+ �yF

T v
) ≥ 0.
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R%4 (u, v) B*��
vo

( [�yg
T ,−�y h

T
]
u+ �yF

T v
) ≤ 0,

5F�bgk (2.2) �T; 

'( 2.2. )d �yF �=kGj�H"G� (x, y) ∈ Rn+m, ++>V�� z ∈ Rn

�0)P9& ⎛
⎝ �xg

−�x h
�xF

⎞
⎠ z =

(
0

[�yg
T ,−�y h

T ]u

)
(2.6)

HBT u ∈ Rp+l oS��e (A1) 0* 

) )d (u, v) B*bgk (2.2) �+;�eS
[�xg

T ,−�x h
T ]u+ �xF

T v = 0, (2.7)
vo

(
[�yg

T ,−�y h
T ]u+ �yF

T v
) ≤ 0. (2.8)

R (2.8) k�?
vT

(
[�yg

T ,−�y h
T ]u+ �yF

T v
) ≤ 0,

5

vT [�yg
T ,−�y h

T ]u ≤ −vT �y F
T v ≤ 0,

RsCL/�AkL5 �yF �=kG) 

Har u, RV0)P9& (2.6) kS���Q6n� z, eS

�xFz = [�yg
T ,−�y h

T ]u,
( �xg
−�x h

)
z = 0, (2.9)

G%

[�yg
T ,−�y h

T ]u =uT �x Fz + uT

( �xg
−�x h

)
z

=(z)T [�xg
T ,−�x h

T ]u+ �xF
T v = 0. (2.10)

7L (2.9), (2.10) �?$
uT �y F

T v = 0.

GK

vT
(
[�yg

T ,−�y h
T ]u+ vT �y F

T v
)

= 0,

@K�KlG

vo
(
[�yg

T ,−�y h
T ]u+ �yF

T v
)

= 0.

'( 2.3 d (A1)k (A2)0*�U (2.3) GF� S W yTF (x, y) �yO,�8,S
9�e MPEC(2.1) :SS��(Y 
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) RV y ≥ 0, F (x, y) ≥ 0 @Kiu yTF (x, y) +S9�
EcG;��+ (2.5)
BFc,O� (x, y) kQI2'.� (λ, µ, θ, ξ) ∈ Rl+p+2m j?

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�xF
T y + �xg

Tλ−�xh
Tµ−�xF

T ζ = 0,
F (x, y) + �xF

T y + �yh
Tµ− θ −�yF

T ζ = 0,
µi ≥ 0, hi(x, y) ≥ 0, µihi(x, y) = 0, i = 1, 2, · · · , p,
θj ≥ 0, yj ≥ 0, θjyj = 0, j = 1, 2, · · · ,m,
ζk ≥ 0, Fk(x, y) ≥ 0, ξkFk(x, y) = 0, k = 1, 2, · · · ,m,

5

( �x F
T (y − ζ) +

)
[�xg

T , −�x h
T ]

(
λ
µ

)
= 0, (2.11)

�y F
T (y − ζ) + [�yg

T ,−�y h
T ]

(
λ
µ

)
= θ − F (x, y), (2.12)

µ ≥ 0, h(x, y) ≥ 0, µ ◦ h(x, y) = 0, (2.13)
θ ≥ 0, y ≥ 0, θ ◦ y = 0, (2.14)
ζ ≥ 0, F (x, y) ≥ 0, ζ ◦ F (x, y) = 0, (2.15)

6

φ = θ − F (x, y), ψ ≡ �yF
T (y − ζ) + [�yg

T −�yh
T ]

(
λ
µ

)
,

c (2.12)k(; 2E y,e y◦F (x, y) = y◦θ−y◦ψ. �3 (2.14)kS y◦F (x, y) = −y◦ψ.
UG�

(y − ζ) ◦ ψ =(y − ζ) ◦ (
θ − F (x, y)

)
=y ◦ θ − y ◦ F (x, y) − ζ ◦ θ + ζ ◦ F (x, y)
= − y ◦ F (x, y) − ζ ◦ θ ≤ 0,

RsC</Akk,p��AkR (2.14) k (2.15) k?5 =

u =
(
λ
µ

)
, v = y − ζ,

eR)d (A1) k (2.11) k�? (y − ζ) ◦ ψ = 0, @K y ◦ F (x, y) = −y ◦ ψ = −ζ ◦ ψ =
−ζ◦(θ−F (x, y)

)
= −ζ◦θ ≤ 0. >BPF�y ≥ 0, F (x, y) ≥ 0,@K�y◦F (x, y) = 0.R%�

m� yTF (x, y) = 0. VeFc i0 ∈ {1, 2, · · · ,m}, j? yi0Fi0 �= 0, @KS yi0Fi0(x, y) > 0
CI 

3 -.MPEC/ SQP0123��/ !"
[7] [?�W�+rS0)r����sv���Ha SQP @N�

minimize f(x, y)
subject to h(x, y) ≥ 0,

0 ≤ y ⊥ F (x, y) ≥ 0.
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"m�� (2.1) AXAk�sg�\pV] :^BD�X@N[ar MPEC Ha�
�����u�S0)ct�� 

minimize f(x, y)
s.t. h(x, y) ≥ 0,

F (x, y) − w = 0
Φ(y,w, µ) = 0,

Rs µ �SWHa�u�iu Φ : R2m × [0,∞) → Rm GF�

Φ(y,w, µ) =

⎛
⎜⎝

y1 + w1 − (y2
1 + w2

1 + µ)1/2

...
ym + wm − (y2

m + w2
m + µ)1/2

⎞
⎟⎠ ,

[c@N�DBF](W� (3.1) ��+L!^]��$

minmize � f(xk, yk)T

(
dx
dy

)
+

1
2
(dxT ,dyT ,dwT )Qk

⎛
⎝ dx

dy
dw

⎞
⎠

s.t. �x hdx+ �yhdy + h(xk, yk) ≥ 0,
�x F dx+ �yF dy − dw +

(
F (xk, yk) − wk

)
= 0,

Dk
y dy +Dk

w dw + Φ(yk, wk, µk) = 0,

(3.2)

h-� Qk ∈ R(n+2m)×(n+2m) �H�kGj�K

�x h ≡ �xh(xk, yk), �y h ≡ �yh(xk, yk),
�x F ≡ �xF (xk, yk), �y F ≡ �yF (xk, yk),
Dk

y ≡ �yΦ(yk, wk, µk), Dk
w ≡ �wΦ(yk, wk, µk),

2E[lG)d (A1) L_`l'�� (3.2) ��() 
_X (3.2) �s��s� dw, e�s���`0$

{ �xhdx+ �yhdy ≥ −h(xk, yk),
(Dk

w �x F ) dx+ (Dk
y +Dk

w �y F ) dy = sk,

Rs� Sk ≡ −Φ(yk, wk, µk) +Dk
w(F (xk, yk) − wk), `0$

{ �xhdx+ �yhdy ≥ −h(xk, yk),
�xF dx+

(
(Dk

w)−1Dk
y + �yF

)
dy = (Dk

w)−1sk.
(3.3)

R [8] s�G; 2.7.8 �m� (3.3) k>V�� dx,dy S�A^V

�xh
Tu+ �xF

T v = 0,
�yh

Tu+
(
(Dk

w)−1Dk
y + �yF

)T
v = 0,

(u, v) ≥ 0

⎫⎬
⎭ =⇒ h(xk, yk)Tu+ (Dk

w)−1skv ≥ 0. (3.4)

qA �yh
Tu+

(
(Dk

w)−1Dk
y + �yF

)T
v = 0, RV Dk

y ,D
k
w _�k�H`j�eBS

v ◦ [�yh
tu+ �yF

T v] = −v ◦ [
(Dk

y)T (Dk
w)−T v

] ≤ 0. (3.5)
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��lGbgk (3.4) 0*�dFc (u, v) j (3.4) k�+;0*�@KS (3.5) k0
* 7L)d (A1) �? vT [�yh

Tu+ �yF
T ] = 0, 5 −vT (Dk

y)(Dk
w)−1v = 0, G% v = 0.

�f2EAWH
S� k oS h(xk, yk) ≥ 0, eR u ≥ 0 �mbgk (3.4) 0* 
{a
r�2ES
'( 3.1 �f)d (A1) 0*�UH
S� k, oS h(xk, yk) ≥ 0, e QP '��

(3.2) �( 
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ON THE FEASIBILITY OF MATHEMATICAL
PROGRAMS WITH NONLINEAR

COMPLEMENTARITY CONSTRAINTS

WAN Zhong ZHOU Shuzi

(College of Mathematics and Econometries, Hunan University, Changsha 410082)

Abstract This paper studies the feasibility of mathematical programs with nonlinear com-
plementarity constraints (MPEC), where additional joint constraints are present that must
be satisfied by the first level (design) and the second-level (state) variables of the problem.
It is an extension of the feasibility conditions for the mathematical programs with linear
complementarity constraints.

Key words Mathematical programs with equilibrium constraints, feasibility
nonlinear complementarity, sequential quadratic programming,


