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1 ��
QsSK�h�RfT
�j���MF��X�n�c�Rgrk��rg

rk��aCo�� Volterra �r�grk��jZAuY��AREM��j�
�� P�
AR�T�g!A�cUv�Uvo��TJ����J��rg
rk�Rq"Z� [1–4]
T�R�Xq"�aCo���z�rgrk�R#M�
[5,6] 
��Xq"�d�Co����z�rgrk�R#MP�nA��q"v

�

�qXu�$��o����z�rgrk�

ut − βuxx − γuxxt +
∫ t

0

λ(t− s)σ
(
u(x, s), ux(x, s)

)
x

ds = f(x, t, u, ux). (1)

�h β, γ lov��F�M λ = 0, γ = 0 ��k� (1) l����z�k��!A
��rRUv�M λ = 0, β �= 0, γ �= 0 ��k� (1) �lo��R��z�k��
Sobolev-Galpern �k��� BBM-Burgers k�%lWe [7]; dM γ = 0, β �= 0, λ �= 0
�� (1) �l [8] 
 [9] hXuR�E�t
S�Egh����R��k��sdk
� (1) ��nMo�������� j&N'($!�K�yhw)� �Y!R
��k� [10]

utt − βuxxt − γuxxtt = σ(ux)x, γ > 0, (2)
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S��R�. Pochhammer-Chree k� [11]

utt − γuxxt − uxx − uxxtt − f(u)xx = 0, γ > 0 (3)


XuS�y&/��R��R�.a& P��k� [12]

utt − γuxxt − uxx − uxxtt + f(u)xt = 0, γ > 0 (4)

U�&B���'V#Mo�� Volterra��z�rgrk� (1)yvDAF��(
�AD��)LW*Ak01.�

ak� (1) w��$2'R+D(��,)(�

u |x=0= 0, u |x=1= 0, t > 0, (5)
u |t=0= u0(x), 0 ≤ x ≤ 1. (6)

a,+buY (1),(5),(6), d� Galerkin kg !*l"#3+n���,AREM
��j��
 P��-M�Z(�$Uvn��AR.EM�� Blow up uY�

.-�'��.n. β = γ = 1.$ Ω = (0, 1),%&�iFR$'D/�1.4a�

2 �5� !"#$%&'()
*+ 1 &Z.C [0, 1] × [0,+∞) �R�b(F u(x, t) lZAuY (1),(5),(6) R,

A��)a�1 T > 0 yx6$(�/
(i) u(x, t) ∈ L∞(

0, T ;H1
0 (Ω) ∩H2(Ω)

)
, ut(x, t) ∈ L∞(

0, T ;H1
0 (Ω) ∩H2(Ω)

)
;

(ii) ψ(x, t) ∈ C0
(
0, T ;L2(Ω)

)
�f

∫ T

0

∫
Ω

[
ut − βuxx − γuxxt +

∫ t

0

λ(t− s)σ
(
u(x, s), ux(x, s)

)
x

ds

− f(x, t, u, ux)
]
ψ(x, t) dxdt = 0; (7)

(iii) u(x, 0) = u0(x) ∈ H1
0 (Ω) ∩H2(Ω).

ln*QuY (1),(5),(6) ,AREM��7+O�A8m0IA�lB. {vn(x)}
AOu d2

dx2 M+D(� (5) $R,iWZ(F�-EM�F µn > 0 0A

d2vn

dx2
= −µnvn, vn|x=0 = vn|x=1 = 0, ‖vn‖ = 1, n = 1, 2, · · · ,

P {vn(x)} +�%& L2(Ω) Re1 .1� vn(x) R��z!M H1
0 (Ω) h2�-2

{vn(x)} M H2(Ω) hR3��/Ul%& H1
0 (Ω) ∩H2(Ω) ⊂ H1

0 (Ω).
+OuY (1),(5),(6) R0IAl

um(x, t) =
m∑

n=1

αnm(t)vn(x), m = 1, 2, · · · ,

�h αnm(t) l [0,+∞) �RIZ(F�9 Galerkin kg�T�yx�$Ro��T
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�grk�zR,buY/

(
umt − umxx − umxxt +

∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, vn(x)
)

=
(
f(x, t, um, umx), vn(x)

)
, n = 1, 2, · · · ,m, (8)

um(0) = u0m(x), (9)

�h u0m(x)
H2(Ω)−→ u0(x), M m→ ∞ ��

d� Piccard pC0Ig
�grk�ava�M λ(t) ∈ C [0,+∞), f(x, t, s, p) ∈
C

(
[0, 1] × [0,+∞) ×R×R

)
-2�C1ZR (x, t) ∈ Ω × [0,+∞), f(x, t, s, p) ∈ C1,0(R×

R), σ(s, p) ∈ C1,0(R × R) �� (8),(9) M t = 0 wIEMj�Q7A�lnQO���
A�04(F σ, f yx�;�,R(��

�C�2)LRXu [12], 3. f SA$p2'/

f(x, t, u, ux) = g(x, t) + h(u) + ϕ(u)x, (10)

-.(F λ, σ, h 
 ϕ r8yx(�/
1) λ(s) ∈ C[0,+∞);
2) σ(s, q) ∈ C1(R × R), 2 σ(0, 0) = 0,

∣∣∂σ
∂s (s, q)

∣∣ +
∣∣∂σ

∂q (s, q)
∣∣ ≤ C, ∀ (s, q) ∈ R × R,

C l �F�

3) h(s) ∈ C(R), yxJ+R�(�
(
h(u), u

) ≤ B1‖u‖2 + B2, B1, B2 Vlov�
F�

4) ϕ(u) ∈ C1(R);
-.(F u0(x) � g(x, t) yx(�/

5) u0(x) ∈ H1
0 (Ω) ∩H2(Ω);

6) g(x, t) ∈ L2(0, T ;L2(Ω), ∀T > 0.
$4M3Z(� 1)–6)$a um(x, t)H<*l"#�Dd*QuY (8),(9)M [0,+∞)

�R��A�20(Fp um(x, t) AupBjCuY (1),(5),(6) R,A�

,- 1 M3. 1)–6) $�a�1 T > 0, A"#

∥∥um( · , t)∥∥2

L2 +
∥∥umx( · , t)∥∥2

L2 +
∫ t

0

‖umx‖2
L2 dτ ≤ E1(T ), 0 ≤ t ≤ T. (11)

Wc
6$o=ahR Ei VlD m y�R�F�

I k� (8) k+a96 αnm(t), 55a n D 1 O m 4��QO

(
umt − umxx − umxxt +

∫ t

0

λ(t− s)
∂

∂x
σ
(
um(x, s), umx(x, s)

)
ds, um

)
=

(
g(x, t), um

)
+

(
h(um), um

)
+

(
ϕ(um)x, um

)
. (12)

9C

(um, um) − (umxxt, um) =
1
2

d
dt

(‖um‖2
L2 + ‖umx‖2

L2

)
, (−umxx, um) = ‖umx‖2

L2 ,
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r1O

∣∣∣( ∫ t

0

λ(t− s)
∂

∂x
σ
(
um(x, s), umx(x, s)

)
ds, um(x, t)

)∣∣∣
=

∣∣∣ − ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
umx(x, t) dxds

∣∣∣
≤

∫ t

0

∣∣λ(t− s)
∣∣ds∫

Ω

∣∣σ(
um(x, s), umx(x, s)

)
umx(x, t)

∣∣dx
≤M1(T )

∫ t

0

(
TM1(T )

∥∥σ(
um(x, s), umx(x, s)

)∥∥2

L2 +
1

4TM1(T )

∥∥umx( · , s)∥∥2

L2

)
ds

≤TM2
1 (T )

∫ t

0

∥∥σ(
um( · , τ), umx( · , τ))∥∥2

L2 dτ +
1
4

∥∥umx( · , t)∥∥2

L2 , t ≤ T, (13)

�h M1(T ) = sup
0≤t≤T

∥∥λ(t)
∥∥. Wc�On ab ≤ ε

2a
2 + 1

2εb
2. D(� 2) aA

∣∣σ(s, p)
∣∣ ≤

C
(|s| + |p|), ∀ (s, p) ∈ R×R. CAA

∫
Ω

∣∣σ(
um(x, t), umx(x, t)

)∣∣2 dx ≤C
( ∫

Ω

∣∣um(x, t)
∣∣2 dx+

∫
Ω

∣∣umx(x, t)
∣∣2 dx

)

≤C̃
∫

Ω

∣∣umx(x, t)
∣∣2 dx. (14)

Wc�On Poincaré .U' [13]

∫
Ω

∣∣w(x)
∣∣2 dx ≤ 1

µ1

∫
Ω

∣∣w′(x)
∣∣2 dx, ∀w ∈ H1

0 (Ω).

H (14) 'O (13) 'h�QO

∣∣∣ ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
umx(x, t) dxds

∣∣∣
≤M2(T )

∫ t

0

∥∥∥∂um

∂x

∥∥∥2

L2
dt+

1
4

∥∥umx( · , t)∥∥2

L2 , t ≤ T. (15)

ak� (12)B:W�>A
(
g(x, t), um

) ≤ 1
2‖g‖2

L2+‖um‖2
L2 ,aB:We>A

(
h(um), um

) ≤
B1‖um‖2

L2 + B2, aB:W >A
(
ϕ(um)x, um

)
= −(

ϕ(um), umx

)
= −(

Φx(um), 1
)

= 0,
�h Φ(u) =

∫ u

0
ϕ(s) ds. 6�ERAW;"#'H6 (12) 'Q

d
dt

(
‖um‖2

L2 +
∥∥umx( · , t)∥∥2

L2 +
∫ t

0

∥∥∥∂um

∂x

∥∥∥2

L2
dτ

)

≤M3(T )
(
‖um‖2

L2 +
∥∥umx(·, t)∥∥2

L2 +
∫ t

0

∥∥∥∂um

∂x

∥∥∥2

L2
dτ

)
+M4(T ).

R Gronwall .U'�-Q=a v�
�� Sobolev 76Za�A
./ 1 M3Z 1)–6) �f��a�1 T > 0, A ‖um‖L∞×L∞

T
≤ E2(T ).
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,- 2 83. 1)–6) �f�Pa�1 T > 0, A

‖umx‖2
L2×L∞

T
+ ‖umxx‖2

L2×L∞
T

+
∫ t

0

∥∥umxx( · , τ)∥∥2

L2 dτ ≤ E3(T ),

‖umxx‖L∞×L∞
T

≤ E4(T ).
(16)

I k� (8) k+a96 µnαnm(t), 55�C n D 1 O m 4��A

(
umt − umxx − umxxt +

∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds,−umxx

)
=

(
g(x, t),−umxx

)
+

(
h(um),−umxx

)
+

(
ϕ(um)x,−umxx

)
. (17)

&l

(umt − umxxt,−umxx) =
1
2

d
dt

(‖umx‖2
L2 + ‖umxx‖2

L2

)
,∣∣∣ ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)x

)
ds,−umxx

∣∣∣
≤

∫ t

0

∣∣λ(t− s)
∣∣ds∫

Ω

∣∣σ(
um(x, s), umx(x, s)

)
x

∣∣ ∣∣umxx(x, t)
∣∣dx

≤TM1(T )
∫ t

0

∫
Ω

∣∣σ(
um(x, s), umx(x, s)

)
x

∣∣2 dxds+
1
4

∥∥umxx(·, t)∥∥2

L2 , 0 ≤ t ≤ T.
(18)

9(� 2) a

∣∣∣ ∂
∂x
σ
(
um(x, τ), umx(x, τ)

)∣∣∣
=

∣∣∣ ∂
∂s
σ
(
um(x, τ), umx(x, τ)

)∂um

∂x
+

∂

∂p
σ
(
um(x, τ), umx(x, τ)

)∂2um

∂x2

∣∣∣
≤Ĉ

(∣∣∣∂um

∂x
(x, τ)

∣∣∣2 +
∣∣∣∂2um

∂x2
(x, τ)

∣∣∣2).
CAd�=a 1 R vA

∫ t

0

∫
Ω

∣∣∣ ∂
∂x
σ
(
um(x, τ), umx(x, τ)

)∣∣∣2 dxdτ

≤Č
(∫ t

0

∫
Ω

∣∣∣∂um

∂x
(x, τ)

∣∣∣2 dxdτ +
∫ t

0

∫
Ω

∣∣∣∂2um

∂x2
(x, τ)

∣∣∣2 dxdτ
)

≤M5(T )
∫ t

0

∥∥umxx(x, τ)
∥∥2

L2 dτ +M6(T ). (19)

H (19) 'O (18) 'hA

∣∣∣ ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds,−umxx

)∣∣∣
≤M7(T )

∫ t

0

∥∥umxx(x, τ)
∥∥2

L2 dτ +M8(T ) +
1
4

∥∥umxx( · , t)∥∥2

L2 . (20)
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da (17) 'B:�>r8A

∣∣(g(x, t),−umxx)
∣∣ ≤1

2
‖g‖2

L2 +
1
2
‖umxx‖2

L2 ,∣∣(h(um),−umxx)
∣∣ ≤C′∥∥h(um)

∥∥
L∞‖umxx‖L2 ≤ C

(
1 + ‖umxx‖2

L2),∣∣(ϕ(um)x,−umxx)
∣∣ ≤∥∥ϕ′(um)

∥∥
L∞‖umx‖L2‖umxx‖L2

≤C(‖umx‖2
L2 + ‖umxx‖2

L2).

66��'H6 (17) '�Q

d
dt

(
‖umx‖2

L2 + ‖umxx‖2
L2 +

∫ t

0

∥∥umxx(x, τ)
∥∥2

L2 dτ
)

≤M9(T )
(‖umx‖2

L2 + ‖umxx‖2
L2 +

∫ t

0

∥∥umxx(x, τ)
∥∥2

L2 dτ
)

+M10(T ).

d� Gronwall .U'� (16) 'RW�'Q3�L9 Sobolev 76Za� (16) 'RWe
'Q3�
,- 3 .3Z 1)–6) �f�Pa�1 T > 0, A

‖umt‖2
L2×L∞

T
+ ‖umxt‖2

L2×L∞
T

+
∫ t

0

∥∥umxx(·, τ)∥∥2

L2 dτ ≤ E5(T ),

‖umt‖2
L∞×L∞

T
≤ E6(T ). (21)

I � α′
nm(t) 9 (8) 'k+�-�C n D 1 O m 4��r7r�d�=a 1, 2

R v�cv 1, A

‖umt‖2
L2 + ‖umxt‖2

L2

≤[‖umx‖L∞ + ‖ϕ(um)‖L∞
] ‖umxt‖L1 +

[
‖g(x, t)‖L2 +

∥∥h(um)
∥∥

L2

+
∥∥∥∫ t

0

λ(t− s)
(
σ(um(x, s), umx(x, s))

)
x

ds
∥∥

L2

]
‖umt‖L2

≤M11(T )‖umxt‖L2 +M12(T ) ‖umt‖L2 . (22)

B'K7A ‖umt‖2
L2×L∞

T
+ ‖umxt‖2

L2×L∞
T

≤ E5(T ),9 Sobolev76Za� (21)'We;

.U'Q3�
,- 4 83. 1)–6) �f�Pa�1 T > 0, A

‖umxxt‖L2×L∞
T

≤ E7(T ), ‖umxt‖L2×L∞
T

≤ E8(T ). (23)

I k� (8) k+a96 µnα
′
nm(t), -�C n 9 1 O m 4��Q

‖umxxt‖2
L2 ≤

[
‖umt‖L2 + ‖umxx‖L2 +

∥∥g(x, t)∥∥
L2 +

∥∥h(um)
∥∥

L2

+
∥∥∥ ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds
∥∥∥

L2

+
∥∥ϕ′(um)

∥∥
L∞‖umx‖L2

]
‖umxxt‖L2
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≤
[
M13(T ) +M14(T )

∫ t

0

‖umxx‖2
L2 dτ +M15(T )

∫ t

0

‖umx‖2
L2 dτ

]
‖umxxt‖L2

≤M16(T )‖umxxt‖L2 .

CAA ∥∥umxxt(t)
∥∥

L2 ≤M17(T ), 0 ≤ t ≤ T. (24)

B'
 Sobolev 76Zac� (23) '�
*- 1 .3. 1)–6) �f�PZAuY (1),(5),(6) EM��,A�
I 9=a 1–=a 4a�,buY (8),(9)M [0,+∞)�R��AEM�R6(Fp{

um(x, t)
}
hR8;(F um(x, t) *M [0, 1] × [0,+∞) �AZ.�2�C t i?Zg�

s�k4�9RGf�Fa�D=a 1– =a 4 a�a�1 T > 0, EM@p
{
um(x, t)

}
Ru@p

{
um′(x, t)

}
�(F u(x, t), 0M m′ → ∞ ��

um′(x, t) → u(x, t) C L∞(
0, T ;H2(Ω) ∩H1

0 (Ω)
)
9 * Bj�

um′t(x, t) → ut(x, t) C L∞(
0, T ;H2(Ω) ∩H1

0 (Ω)
)
9 * Bj�

um′(x, t) → u(x, t) C L2
(
0, T ;H2(Ω)

)
,Bj�

d2
um′(x, t) → u(x, t) C Ω × [0, T ] :;<<Bj�
um′x(x, t) → ux(x, t) C Ω × [0, T ] :;<<Bj�

9 σ(s, p) ∈ C1(R×R), ϕ(s) ∈ C1(R), h(s) ∈ C(R) A
σ
(
um′(x, t), um′x(x, t)

) → σ
(
u(x, t), ux(x, t)

)
C Ω × [0, T ] :;<<Bj�

ϕ
(
um′(x, t)

) → ϕ
(
u(x, t)

)
C Ω × [0, T ] :;<<Bj�

h
(
um′(x, t)

) → h
(
u(x, t)

)
C Ω × [0, T ] :;<<Bj�

-2 σ
(
um′(x, t), um′x(x, t)

)
, ϕ

(
um′(x, t)

)
, h

(
um′(x, t)

)
�C m′ C QT = Ω × [0, T ] �f

AD� (8) 'k+a96�1�b(F d(t) ∈ C0[0, T ], -a t M [0, T ] �r�Q

∫ T

0

(
umt − umxx − umxxt +

∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, d(t)vn(x)
)

dt

=
∫ T

0

(
g(x, t), d(t)vn(x)

)
dt+

∫ T

0

(
h(um), d(t)vn(x)

)
dt

+
∫ T

0

(
ϕ(um)x, d(t)vn(x)

)
dt. (25)

M (25) h: m = m′ → ∞, PA

∫ T

0

(
um′t − um′xx − um′xxt, d(t)vn(x)

)
dt −→

∫ T

0

(
ut − uxx − uxxt, d(t)vn(x)

)
dt.

�� Lebesgue p>rZa�A

∫ T

0

(
h(um′), d(t)vn(x)

)
dt −→

∫ T

0

(
h
(
u(x, t)

)
, d(t)vn(x)

)
dt,

∫ T

0

(
ϕ(um′)x, d(t)vn(x)

)
dt = −

∫ T

0

(
ϕ(um′), d(t)v′n(x)

)
dt
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→−
∫ T

0

(
ϕ(u), d(t)v′n(x)

)
dt =

∫ T

0

(
ϕ(u)x, d(t)vn(x)

)
dt,

∫ T

0

( ∫ t

0

λ(t− s)σ
(
um′(x, s), um′x(x, s)

)
x

ds, d(t)vn(x)
)

dt

= −
∫ T

0

(∫ t

0

λ(t− s)σ
(
um′(x, s), um′x(x, s)

)
ds, d(t)v′n(x)

)
dt

→−
∫ T

0

(∫ t

0

λ(t− s)σ
(
u(x, s), u(x, s)

)
ds, d(t)v′n(x)

)
dt

=
∫ T

0

( ∫ t

0

λ(t− s)σ
(
u(x, s), u(x, s)

)
x

ds, d(t)vn(x)
)

dt.

CAa�1 d(t) ∈ C0[0, T ], A

∫ T

0

(
ut − uxx − uxxt +

∫ t

0

λ(t− s)σ
(
u(x, s), u(x, s)

)
x

ds, d(t)vn(x)
)

dt

=
∫ T

0

(
g(x, t), d(t)vn(x)

)
dt+

∫ T

0

(
h
(
u(x, t)

)
, d(t)vn(x)

)
dt+

∫ T

0

(
ϕ(u)x, d(t)vn(x)

)
dt.

9 vn(x) M L2(Ω) R2<�
 d(t) ∈ C0[0, T ] R�1��a,AZ.h 1), 2) �f�L
9 (9) h m = m′ → ∞ a u(x, t) yx,)(��CA u(x, t) AuY (1),(5),(6) R��
,A�Za 1 3=�

3 %&01)
lnQO,+buY (1),(5),(6) SA�,=>�gRA�GauY (8),(9) RA%

H�>R"#�lB�7=E$4=a�

,- 5[14] . G(z1, z2, · · · , zh) l z1, z2, · · · , zh R k (k ≥ 1) Ci?Zg(F�2
zi(x, t) ∈ L∞(

0, T ;Hk(Ω)
)
, i = 1, 2, · · · , h, PA"#'

∥∥Dk
xG(z1, z2, · · · , zh)

∥∥2

L2 ≤ C(M,k, h)
∑
i=1

h‖zi‖2
k,

�h M = max
1≤i≤h

(
max

(x,t)∈Ω×[0,T ]

∣∣zi(x, t)
∣∣).

,- 6 .M3. 1)–6) $��f/

7) σ(s, p)M R×R �A k ?�NF�� k ?�NF*MAA@�AD�2a�1
;F l ≤ k − 1, A ∂l

∂sl σ(0, p) |∂Ω= 0;

8) h(s)M (−∞,+∞) � k− 1 CZN� h(k−1)(s) MAD@�AD�-a�1<F
l ≤ k − 1 A h(l)(0) = 0;

9) ϕ(s)M (−∞,+∞)� kCZN�ϕ(k)(s)MAD@�AD�2a�1;F l ≤ k−1
A ϕ(l)(0) = 0;

10) g(x, t) ∈ Hk−1
0 (Ω), 2 Dl

xg(x, t) ∈ L2
(
0, T ;L2(Ω)

)
, 1 ≤ l ≤ k − 1;

11) u0(x) ∈ Hk
0 (Ω) ∩Hk+1(Ω),
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Pa�1 T > 0, A"#

‖Dk
xum‖2

L2×L∞
T

+ ‖Dk+1
x um‖2

L2×L∞
T

+
∫ t

0

‖Dk+1
x um‖2

L2dτ ≤ E9(T ). (26)

I �C=g�73 (26) 'a k = 2 �f�k� (8) k+a96 µ2
nαnm(t), L�C

n D 1 O m 4��Q

(
umt − umxx − umxxt +

∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, umxxxx

)
=

(
g(x, t), umxxxx

)
+

(
h(um), umxxxx

)
+

(
ϕ(um)x, umxxxx

)
. (27)

9C

(umt − umxx − umxxt, umxxxx) =
1
2

d
dt

(‖umxx‖2
L2 + ‖umxxx‖2

L2) + ‖umxxx‖2
L2 ,

�MC (13) 'RN��A

∣∣∣( ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, umxxxx

)∣∣∣
=

∣∣∣ − ∫ t

0

λ(t− s)
∫

Ω

∂2

∂x2
σ
(
um(x, s), umx(x, s)

)
umxxx(x, t) dxds

∣∣∣
≤

∫ t

0

∣∣λ(t− s)
∣∣ds∫

Ω

∣∣∣ ∂2

∂x2
σ
(
um(x, s), umx(x, s)

)∣∣∣ ∣∣∣ ∂3

∂x3
um(x, t)

∣∣∣dx
≤TM2

1 (T )
∫ t

0

∫
Ω

∣∣∣ ∂2

∂x2
σ
(
um(x, τ), umx(x, τ)

)∣∣∣2 dxdτ +
1
4
‖umxxx‖2

L2 , (28)

r1O

∂2

∂x2
σ(um, umx) =

∂

∂s
σ(um, umx)

∂2um

∂x2
+

∂

∂p
σ(um, umx)

∂3um

∂x3

+
∂2

∂s2
σ(um, umx)

(∂um

∂x

)2

+ 2
∂2

∂s∂p
σ(um, umx)

∂um

∂x

∂2um

∂x2

+
∂2

∂p2
σ(um, umx)

(∂2um

∂x2

)2

.

9(� 7) 
cv 1, =a 2, A

∣∣∣ ∂2

∂x2
σ(um, umx)

∣∣∣ ≤M18(T ) +M19(T )
∣∣∣∂2um

∂x2

∣∣∣2 +M20(T )
∣∣∣∂3um

∂x3

∣∣∣.
H6 (28) 'QO

∣∣∣( ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, umxxxx

)∣∣∣
≤M21(T ) +M22(T )

∫ t

0

‖umxxx‖2
L2 dτ +M23(T )

∫ t

0

∫
Ω

|umxx|4 dxdτ +
1
4
‖umxxx‖2

L2 ,



520 , � G - - % 26U

�� Nirenberg-Gagliard .U' [15]

‖Dju‖Lp ≤ C(p, q, r,m, j,Ω) ‖Dmu‖θ
Lr‖u‖1−θ

Lq ,

�h 1 ≤ q, r < +∞, 0 ≤ j ≤ m, j
m ≤ θ < 1; 1

p = θ
r + 1−θ

q − (mθ − j). > q = 2, r =

2, p = 4, m = 1, j = 0, u = ∂2um

∂x2 , Q∫
Ω

|umxx|4 dx ≤ C(Ω) ‖umxxx‖L2‖umxx‖3
L2 ≤ ‖umxxx‖2

L2 +
1
4
C2(Ω) ‖umxx‖6

L2 .

CALd�=a 2, QO

∣∣∣( ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, umxxxx)
∣∣∣

≤M24(T ) +M25(T )
∫ t

0

‖umxxx‖2
L2 dτ +

1
4
‖umxxx‖2

L2 .

H6 (27) '�aB:�>�r7r-d�=a(��?4R )�ZQO

d
dt

(
‖umxx‖2

L2 + ‖umxxx‖2
L2 +

∫ t

0

‖umxxx‖2
L2 dτ

)

≤M27(T ) +M28(T )
(
‖umxx‖2

L2 + ‖umxxx‖2
L2 +

∫ t

0

‖umxxx‖2
L2 dτ

)
.

d� Gronwall .U'�3Q=a va k = 2 �f�3Z (26) 'a k − 1 �f�x�
3+ (26) 'a k �f�9=a3.(��C=3.
 Sobolev 76.U'a

‖um‖L∞×L∞
T
, ‖umx‖L∞×L∞

T
, · · · , ‖Dk−1

x um‖L∞×L∞
T

VlA8F�2Z?�D m y�R�FDZ�k� (8) k:a96 µk
nαnm(t), -2�

C n 9 1 O m 4��QO

(umt − umxx − umxxt +
∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, (−1)kD2k
x um)

=
(
g(x, t), (−1)kD2k

x um

)
+

(
h(um), (−1)kD2k

x um

)
+

(
ϕ(um)x, (−1)kD2k

x um

)
. (29)

r7r�9=a3.�=a 5, Za
(
umt − umxx − umxxt, (−1)kD2k

x um

)
=

1
2

d
dt

(‖Dk
xumt‖2

L2 + ‖Dk+1
x um‖2

L2

)
+ ‖Dk+1

x um‖2
L2 ,∣∣∣( ∫ t

0

λ(t− s)σ
(
um(x, s), umx(x, s)

)
x

ds, (−1)kD2k
x um

)∣∣∣
≤TM2

1 (T )
∫ t

0

∫
Ω

∣∣∣ ∂k

∂xk
σ
(
um(x, s), umx(x, s)

)∣∣∣2 dxdτ +
1
4
‖Dk+1

x um‖2
L2

≤M29(T ) +M30(T )
∫ t

0

‖Dk+1
x um‖2

L2 dτ +
1
4
‖Dk+1

x um‖2
L2 ,



3� 3:4�05r6��p�U������shsl��
BSFNvZ 521

∣∣(g(x, t), (−1)kD2k
x um

)∣∣ =
∣∣∣ ∫

Ω

Dk−1
x g(x, t) ·Dk+1

x um dx
∣∣∣

≤∥∥Dk−1
x g(x, t)

∥∥2

L2 +
1
4
‖Dk+1

x um‖2
L2 ,∣∣(h(um), (−1)kD2k

x um

)∣∣ =
∣∣(Dk−1

x h(um),Dk+1
x um

)∣∣
≤∥∥Dk−1

x h(um)
∥∥2

L2 +
1
4
‖Dk+1

x um‖2
L2

≤M31(T )‖Dk−1
x um‖2

L2 +
1
4
‖Dk+1

x um‖2
L2 ,∣∣(ϕ(um)x, (−1)kD2k

x um

)∣∣ =
∣∣(Dk

xϕ(um),Dk+1
x um

)∣∣
≤∥∥Dk

xϕ(um)
∥∥2

L2 +
1
4
‖Dk+1

x um‖2
L2

≤M32(T )‖Dk
xum‖2

L2 +
1
4
‖Dk+1

x um‖2
L2 ,

H6 (29) '�d� Gronwall .U'�a (26) a k V�f�

,- 7 M=a 6 R(��f��A"#

‖Dk
xumt‖2

L2×L∞
T

+ ‖Dk+1
x umt‖2

L2×L∞
T

≤ E10(T ). (30)

I � µk
nα

′
nm(t) a96k� (8) k:�-�C n 9 1 O m 4��r7r�-d

�=a3.
?4 vZQO (30).
*- 2 M=a 6R3.$�uY (1),(5),(6)EM��=>A u(x, t) ∈ L∞(

0, T ;H1
0 (Ω)∩

Hk+1(Ω)
)
, ut(x, t) ∈ L∞(

0, T ;H1
0 (Ω) ∩Hk+1(Ω)

)
, �h k ≥ 2.

4 $%&23)
*- 3 M3. 1)–6) �f��uY (1),(5),(6) R,AAj�R�
I . u, v AuY (1),(5),(6). @K w = u− v yx$puY

wt − wxx − wxxt +
∫ t

0

λ(t− s)
[
σ
(
u(x, s), ux(x, s)

) − σ
(
v(x, s), vx(x, s)

)]
x

ds

=h(u) − h(v) +
[
ϕ(u) − ϕ(v)

]
x
, (31)

w|x=0 = w|x=1 = 0, w|t=0 = 0. (32)

k� (31) k+a96 w(x, t), -M Ω �r�r7r��MC=a 1 R3+�QO

d
dt

(
‖w‖2

L2 + ‖wx‖2
L2 +

∫ t

0

‖wx‖2
L2 dτ

)

≤M33(T )
(
‖w‖2

L2 + ‖wx‖2
L2 +

∫ t

0

‖wx‖2
L2 dτ

)
.

9 Gronwall .U'�q,)(�a�a�� T > 0, A

∥∥w(t)
∥∥2

L2 +
∥∥wx(t)

∥∥2

L2 +
∫ t

0

‖wx‖2
L2 dτ = 0, ∀ 0 ≤ t ≤ T.
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Dda� w(x, t) ≡ 0 M Ω × [0,+∞] �:;<<lq�3=�
4MV�x�A
*- 4 M3. 1)–6) $�uY (1),(5),(6) RAM%& L∞(

0, T ;H1
0 (Ω)

)
�R1.

$�C,b u0(x) AtZR�-8 u, v r8luY (1),(5),(6) M u |t=0= u0 � v |t=0=
v0 RA�Pa�1 ε > 0 ��1 T > 0, EM δ > 0, e0 ‖u0 − v0‖H1 < δ, PA∥∥u(x, t) − v(x, t)

∥∥
H1×L∞

T

< ε.

5 Blow up !
�[�x�Xuo����z�rgrk�

ut − uxx − uxxt +
∫ t

0

λ(t− s)ϕ
(
u(x, s)

)
xx

ds = f(u), (33)

ia (5),(6) +�R,+buYAR blow up uY�
*- 5 .,)(F u0(x), o��(F f, ϕ, �(F λ(s) yx(�/
a) λ(t) ≥ 0, ∀ t ∈ [0,+∞);
b) ϕ(s) ∈ C2(R) lb(F�2a�� y > 0, A ϕ(y) ≥ ϕ(0);
c) f(s) ≥ g(s), ∀ s ∈ R, g(s)AQ7 Lipschitzi?Rb(F�2yx g(s)−π2sa

s ≥ 0 ov.\�-0r
∫ +∞

α
ds

g(s)−π2s Bj�

d) α = π
2

∫ 1

0
u0(x) sinπxdx > 0.

P,+buY (33), (5),(6)RA@MA8�&D blow up,-EMA8�F T̃ ,M t→ T̃−

��A
∥∥u( · , t)∥∥

Lp(Ω)
→ +∞, ∀ 1 ≤ p ≤ +∞.

*- 6 .,)(F u0(x), o��(F f, ϕ �(F λ(s) yx(�/
a) λ(t) ≤ 0, ∀ t ∈ [0,+∞];
b) ϕ(s) ∈ C2(R) lL(F�2a�� y > 0, A ϕ(y) ≤ ϕ(0);
c) f(s) ≥ g(s), ∀ s ∈ R, g(s)lQ7 Lipschitzi?Rb(F�2yx g(s)−π2sa

s ≥ 0 ov.\�-0r
∫ +∞

α
ds

g(s)−π2s Bj�

d) α = π
2

∫ 1

0
u0(x) sinπxdx > 0.

P,+buY (33), (5), (6)RA@MA8�&D blow up,-EMA8�F T̃ ,M t→ T̃−

��A
∥∥u( · , t)∥∥

Lp(Ω)
→ +∞, ∀ 1 ≤ p ≤ +∞.

I x�eT�Za 5R3+�Za 6R3+eK�M�$ y(t) = π
2

∫ 1

0
u(x, t) sin πxdx.

k� (33) k+a96 π
2 sinπx, 55�C x M Ω �r�r7r-d�b(FR

Jensen .U'�QO

ẏ(t) + π2y(t) + π2ẏ(t) + π2

∫ t

0

λ(t− s)
[
ϕ(0) − ϕ

(
y(s)

)]
ds

≥ẏ(t) + π2y(t) + π2ẏ(t) + π2

∫ t

0

λ(t− s)
[
ϕ(0) −

∫ 1

0

ϕ
(
u(x, s)

)π
2

sinπxdx
]
ds

=ẏ(t) + π2y(t) + π2ẏ(t) + π2

∫ t

0

λ(t− s) ds
∫

Ω

ϕ(u)xx
π

2
sinπxdx

=
∫ 1

0

f(u)
π

2
sinπxdx ≥

∫ 1

0

g(u)
π

2
sinπxdx ≥ g(y).
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CA

ẏ(t) − π2

1 + π2

∫ t

0

λ(t− s)
[
ϕ
(
y(s)

) − ϕ(0)
]
ds ≥ 1

1 + π2
(g(y) − π2y), (34)

2 y(0) = π
2

∫ 1

0
u0(x) sinπxdx = α > 0.9Za3.�D (34)'ZcaA y(t) > 0,a��

t > 0.L���8B v.X�P9 y(t)M [0, T ]�Ri?�� y(0) = α > 0,a@EM
t1 > 0,0M [0, t1)�A y(t) > 0d y(t1) = 0,DdM t ∈ [0, t1)��A g

(
y(t)

)−π2y(t)A
ovR� ϕ

(
y(s)

)−ϕ(0) > 0, ∀ s ∈ (0, t), t ∈ [0, t1). CA9 (34) a ẏ(t) > 0, ∀ t ∈ (0, t1),
Y+ y(t) M [0, t1] �A[[JYRR�CAa t1 > 0, A y(t1) > 0. zbL+a��
t > 0, A y(t) > 0. D?3+4aZa�a�� t > 0 A g

(
y(t)

) − π2y(t) > 0, a��
s ∈ (0, t), A ϕ

(
y(s)

) − ϕ(0) > 0. 9 (34) Q

ẏ(t) ≥ 1
1 + π2

(
g(y) − π2y

)
. (35)

r] l (35) 'rQ

t ≤ (1 + π2)
∫ y(t)

α

(
g(s) − π2s

)−1 ds ≤ (1 + π2)
∫ +∞

α

(
g(s) − π2s

)−1 ds = T̃ . (36)

(36) 'Y+(F y(t) REM\&AA8R�2M t→ T̃− ��A y(t) → +∞. 9 Hölder
.U'a�a�1 1 ≤ p ≤ +∞,

∥∥u( · , t)∥∥
Lp(Ω)

→ +∞, M t→ T̃−.

�MVZ3
*- 7 .,)(F u0(x), o��(F f, ϕ, �(F λ(s) yx(�/
a) λ(t) ≥ 0, ∀ t ∈ [0,+∞);
b) ϕ(s) ∈ C2(R) lL(F�2a�� y < 0, A ϕ(y) ≤ ϕ(0);
c) f(s) ≤ g(s), ∀ s ∈ R, g(s) lQ7 Lipschitz i?RL(F�yx g(s) − π2s a

s ≤ 0o .\�-0r
∫ α

−∞
ds

π2s−g(s) Bj��h α = π
2

∫ 1

0
u0(x) sinπxdx < 0.P,+

buY (33), (5),(6) RA@MA8�&D blow up, -EMA8�F T̃ , M t → T̃− ��
A

∥∥u( · , t)∥∥
Lp(Ω)

→ +∞, ∀ 1 ≤ p ≤ +∞.

*- 8 .,)(F u0(x), o��(F f, ϕ �(F λ(s) yx(�/
a) λ(t) ≤ 0, ∀ t ∈ [0,+∞);
b) ϕ(s) ∈ C2(R) lb(F�2a�� y < 0, A ϕ(y) ≥ ϕ(0);
c) f(s) ≤ g(s), ∀ s ∈ R, g(s) lQ7 Lipschitz i?RL(F�yx g(s) − π2s a

s ≤ 0 o .\�-0r
∫ α

−∞
ds

π2s−g(s) Bj��h α = π
2

∫ 1

0
u0(x) sinπxdx < 0,

P,+buY (33), (5),(6)RA@MA8�&D blow up,-EMA8�F T̃ ,M t→ T̃−

��A
∥∥u( · , t)∥∥

Lp(Ω)
→ +∞, ∀ 1 ≤ p ≤ +∞.
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ON THE PROBLEM OF THE EXISTENCE OF
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Abstract This paper studies the initial boundary value problem for a class of nonlinear
pseudoparabolic integro-differential equations. The existence, uniqueness, and regularities
of the global strongly solution of the problem are proved by combining the Galerkin method
and a priori estimates, and some conditions of the nonexistence of global solutions are
obtained.
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