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� z �P	�EHqa Gauss-Seidel m�
�MM������ Jacobi ���s�
KHoCZ�a��EHqaM�		�q��Ka�p�

XM��
��ak�a
Mgg�

cdY �EHqa� Gauss-Seidel �a� Jacobi ����
�M��		�g

1 �y

���K�GIrc�
yJif�OSQO��fc�A���IrOW
B����J�XD��u�OxT�JSP������N��Os� N �
�� [1].

B��GIrc�D�S�O�
fc�S��O��u��Jj���
�o�v�W����y�EOU�� AMG c��AOu�O�TU���Qz 
i�!����o��GIr���� [2].

2 AMG"k

AMG fci���p��!J��� #Xsi�! Ωm, Im
m+1, I

m+1
m , Am �

Gm, ��"A# MG cO�x�p�
�
�Ir Ωm (m = 1, · · · , n), $WS�Ir -Ω1 $vzLQ%�u�y�uD�&

�Ir Ωm+1 zT Ωm ON�� Cm X%&� Ωm − Cm � Fm X%F |am
ij | ≥

θ · max
k �=i

|am
ik|, 0 < θ ≤ 1 �'T i �� J j. � Sm

i X%T i O�'�� T(�
Cm

i = Cm ∩ Sm
i .

(� N Im
m+1, FT i ∈ Cm ��)�Ir Ωm+1 c�T)!G 1 * (�L

*+FT i ∈ Fm �+,T� Cm
i (�L*�

! [3–7] C Chang u*"mO(�z#!

em
i =

∑
j∈Cm

i

wm
ij em+1

j , ∀ i ∈ Fm, (2.1)
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%C
wm

ik =
−am

ik

am
ii

, k ∈ Cm
i , (2.2)

am
ii = am

ii −
∑

j∈D
(1)
i

|am
ij | −

∑
j∈D

(3)
i

am
ij + 0.5

∑
j∈D

(4)
i

am
ij ,

am
ik = am

ik +
∑

j∈D
(2)
i

am
ij gm

jk + 2
∑

j∈D
(3)
i

am
ij gm

jk + 0.5
∑

j∈D
(4)
i

am
ij gm

jk,

$W

gm
jk =

|am
jk|∑

k∈Cm
i

|am
jk|

, j ∈ Dm
i , k ∈ Cm

i , D
(1)
i = {j : j ∈ Dw

i , lmij = 0, am
ij �= 0},

D
(3)
i = {j : j ∈ Dw

i , lmij > 0, ξm
ij ≥ 0.5, am

ij < 0}
∪ {j : j ∈ Ds

i , ηm
ij < 0.75, ξm

ij ≥ 0.5, am
ij < 0},

D
(4)
i = {j : j ∈ Ds

i , ηm
ij > 2, ξm

ij ≥ 0.5, am
ij < 0},

D
(2)
i =

{
j : j ∈ Dm

i \(D(1)
i ∪ D

(3)
i ∪ D

(4)
i

)}
;

%C

ξm
ij = −

∑
k∈Cm

i

am
jk∑

k∈Cm
i

|am
jk|

, ηm
ij =

|am
ji |lmij∑

k∈Cm
i

|am
jk|

, lmij = |Sm
ij |, Sij = {k : k ∈ Cm

i , am
jk �= 0},

Dm
i = Nm

i − Cm
i , Ds

i = Dm
i ∩ Sm

i , Dw
i = Dm

i − Ds
i , Nm

i = {j : j ∈ Ωm, j �= i, am
ij �= 0}.

!�Ir Ωm�(� N Im
m+1L*(�a/ N Im+1

m ��I N Am+1u�Galerkin
f# #! Im+1

m = Im
m+1

T , Am+1 = Im+1
m AmIm

m+1.
/& N Gm zT Gauss-Seidel WB�Rv Jacobi WB�

3 AMG01
Vl$Wn( AMG fc0'!2(� NOn�3K�!4s AMG c)(

ri*C)Kg#G�OT��
,2! AMG cCZ1 em

i 2+2�s/&��(��
am

ii em
i +

∑
j∈Nm

i

am
ij em

j = dm
i ≈ 0, ∀ i ∈ Fm. (3.1)

(3.1) unj�!

am
ii em

i +
∑

k∈Cm
i

am
ikem

k +
∑

j∈Dm
i

am
ij em

j ≈ 0, ∀ i ∈ Fm. (3.2)

�T i ∈ Fm, FVl��#* (�z#���'T j ∈ Dm
i �"m�s#NR+

,!
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(1) �T j ∈ Dw
i , Vl�

em
j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

em
i , if lmij = 0, am

ij < 0,
−em

i , if lmij = 0, am
ij > 0,

2
∑

k∈Cm
i

gm
jkem

k − em
i , if lmij > 0, ξm

ij ≥ 0.5, am
ij < 0,

∑
k∈Cm

i

gm
jkem

k , otherwise.

(3.3)

(2) �T j ∈ Ds
i , 7�wJ.O+,

em
j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2
∑

k∈Cm
i

gm
jkem

k − em
i , if ηm

ij < 0.75, ξm
ij ≥ 0.5, am

ij < 0,

1
2

( ∑
k∈Cm

i

gm
jkem

k + em
i

)
, if ηm

ij > 2, ξm
ij ≥ 0.5, am

ij < 0,

∑
k∈Cm

i

gm
jkem

k , otherwise.

(3.4)

$DfcO8'K Jacobi n
c�.��T j ∈ Fm, 5'FT j ∈ Dm
i , / j > i

�9$v��m+,$3KFT j ∈ Dm
i / j < i �6A�)0O* L*b

%(�z# em
i =

∑
j∈Cm

i

wm
ikem+1

k , B��T k ∈ Cm
j , j ∈ Dm

i , j < i, D k∈Cm
i , Vl+,

�K! em+1
k ≈ em+1

i , 2VlL*!

em
i = −

∑
k∈Cm

i

am
ikem+1

k +
∑

j∈Dm
i

, j<i

∑
k∈Cm

j
∩Cm

i

am
ij wm

jkem+1
k +

∑
j∈Dm

i
, j≥i

∑
k∈Cm

i

am
ij wm

jkem+1
k

am
ii +

∑
j∈Dm

i
, j<i

∑
k∈Cm

j \Cm
i

am
ij wm

jk

.

!�m Gauss-Seidel n(� [8] O���Kb���n�)(Vl78p�:
1" Jacobi 2;�2'!

em
i =

∑
k∈Cm

i

W m
ik em+1

k , ∀ i ∈ Fm, (3.5)

%C

W m
ik = − 1

am
ii

[
am

ik +
∑

j∈F m∩Nm
i

am
ij

am
ii +

∑
j∈Dm

i
, j<i

∑
k∈Cm

j \Cm
i

am
ij wm

jk

·
(
am

ik +
∑

j∈Dm
i

,j<i

am
ij wm

jk +
∑

j∈Dm
i

, j≥i

am
ij wm

jk

)]
. (3.6)

4 ojx9n
� Gm, Am+1 = Im+1

m AmIm
m+1 � T m = Im − Im

m+1(A
m+1)−1Im+1

m Am i<X%/&
 N�I N� (m,m + 1) �=Irf� NeF� Euclidean t/X%"m3D
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>BOt/ (u, v)0 = (Du, v), (u, v)1 = (Au, v), (u, v)2 = (D−1Au,Av) )0�lc�O
d� ‖ · ‖i (i = 0, 1, 2), D = diag (A).

:h 1 � Am > 0, /�4;�e� W m = (wm
i ), X%

rm
− = max

i

{ 1
wm

i am
ii

∑
j<i

wm
j |am

ij |
}

, rm
+ = max

i

{ 1
wm

i am
ii

∑
j>i

wm
j |am

ij |
}

.

sk Gauss-Seidel 2;jQ
‖Gmem‖2

1 ≤ ‖em‖2
1 − αm‖em‖2

2, αm > 0. (4.1)

:h 2 � Am > 0, / γm
0 ≥ ρ

(
(Dm)−1A

)m. skA?� 0 < ωm < 2/γm
0 ORv

Jacobi 2;jQ (4.1), $W αm = ωm(2 − ωmγm
0 ).

:h 3 � Am > 0, / Gm > 0 jQ ‖Gmem‖2
1 ≤ ‖em‖2

1 − αm‖em‖2
2, αm > 0. 1�(

� N Im
m+1 'j</� ∀ em, '

min ‖em − Im
m+1e

m+1‖2
0 ≤ βm‖em‖2

1, (4.2)

%C βm > 0,/>=S2 em,sk βm ≥ αm,/ (m,m+1)�=)(3NjQ ‖GmT m‖1 ≤√
1 − αm/βm.

:h 4 � Am > 0, /'5�2>6 0 ≤ γm < 1 @X#�1�z C T�
L� ∀ i ∈ Fm, j ∈ Cm

i , ' ∑
j∈Dm

i

|am
ij | ≤ γmam

ii , sk(�z# (2.1), (2.2) jQ (4.2), %C
βm = 2

1−γm > αm, αm 1XV 1 � 2 C�u�
!�(XVO���Vlu*�s�=Ir)(O��rXV!
:h 5 � Am > 0, /'5�2>6 0 ≤ γm < 1 @X#�1�z C T�

L� ∀ i ∈ Fm, ' ∑
j∈Dm

i

|am
ij | ≤ γmam

ii , am
ii − ∑

j �=i, j∈F m

|am
ij | ≥ δmam

ii (δm > 0). 3(�z#
(2.1), (2.2) K

Im
m+1 =

[
IFC

ICC

]
, I

m

m+1 =
[

IFC

ICC

]

K% Jacobi 2;t� N14!�s AMG cC� I
m

m+1 T(� N Gauss-Seidel
2;�A?� 0 < ωm < 2/γm

0

(
γm
0 ≥ ρ((Dm)−1Am)

)
ORv Jacobi 2;T/& N

sk�= AMG  c)(O�)(3NjQ ‖GmT m‖1 ≤
√

1 − αm/βm, $W βm =
4(δm+4γm

0 )
δm(1−γm) > αm, αm 1XV 1 � 2 C�u�
� vJXV 3, Vl5v?q I

m

m+1 jQ (4.2) �O�

��@71"35C6h=�E3G!

A =
[

AFF AFC

ACF ACC

]
, e =

[
eF

eC

]
.

 KX% (uF , vF )0,F = (DFF uF , vF ), (uF , vF )1,F = (AFF uF , vF ), )0�lc�Od�
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‖ · ‖i,F (i = 0, 1), %C DFF = diag (AFF ). 2'!

min ‖em − I
m

m+1e
m+1‖2

0 ≤ 4
1 − γm

‖em‖2
1 +

2
δm

∥∥(IFC − IFC)eC

∥∥2

1,F

≤ 4
1 − γm

‖em‖2
1 +

8
δm

∥∥(IFC + A−1
FF AFC)eC

∥∥2

1,F

≤ 4
1 − γm

‖em‖2
1 +

16γm
0

δm(1 − γm)

∥∥(IFC + A−1
FF AFC)eC

∥∥2

0,F

≤4(δm + 4γm
0 )

δm(1 − γm)
‖em‖2

1.

$AVlHG�bXVO?q�
)�mO?q���8FL*"mDi!
sm !XV 5 O97"(� N (3.5), (3.6) IjQ (4.2).

5 pPi	
�8�>BOU�Vlu*�mn� cO��94N�EJ AMG fcT

�:)z;l cOh<GT0I�lO)(3N��=hO CPU �>�
"mO35K"mtSr��!
ρ: ?+)(3N+
ti: �: V-cycle �=�> ()o*);
tp: J����=�> (B�);
N : �J)(EJ ‖rN‖/‖r0‖ ≤ 10−6 �u�OWB:�%C rN KS N :WBO

V�+
EQ: IWf�P�+
σA: �' N\�O�S�Ir�OP>�+
σΩ: �'IrO�S�IrOT���
fc I: �(�z# (2.1), (2.2) O AMG fc+
fc II: �(�z# (3.5), (3.6) O AMG fc�
"m��* L: [0,1] CO;@�TKY<WB u0, � Gauss-Seidel 2;T/&

 N θ = 0.25.
vr 1 CO�fo�A Dirichlet \GO Poisson U��
��VlMf�"mEJOXTJio#

Lsd
h =

1
h2

⎡
⎣ −1
−1 4 −1

−1

⎤
⎦

h

.

 K7�GTJio#

L
(9)
h =

1
6h2

⎡
⎣−1 −4 −1
−4 20 −4
−1 −4 −1

⎤
⎦

h

.

S�14a/ N Im+1
m ��= N Im

m+1 i<zT>! N�?br(� N
)EJXTU@ Am  NVlOLJ�I N Am+1 = Im+1AmIm

m+1, F m → ∞ �
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Am )(J"cGTJio#

L
(9−limit)
h =

1
3h2

⎡
⎣−1 −1 −1
−1 8 −1
−1 −1 −1

⎤
⎦

h

,

�lO* 94ZS 1, 2 � 3.

V 1 Lsd
h NE^[\

eb EQ ρ N tp tI σA σΩ

I 64 × 64 0.021 4 0.11 0.043 2.16 1.66
128 × 128 0.022 4 0.50 0.138 2.18 1.67

II 64 × 64 0.017 4 0.11 0.040 2.16 1.66
128 × 128 0.017 4 0.61 0.138 2.18 1.67

V 2 L
(9)
h
NE^[\

eb EQ ρ N tp tI σA σΩ

I 64 × 64 0.076 6 0.16 0.037 1.32 1.33
128 × 128 0.076 6 0.55 0.118 1.32 1.33

II 64 × 64 0.061 5 0.16 0.044 1.32 1.33
128 × 128 0.061 5 0.72 0.110 1.32 1.33

V 3 L
(9−limit)
h NE^[\

eb EQ ρ N tp tI σA σΩ

I 64 × 64 0.083 6 0.16 0.047 1.32 1.33
128 × 128 0.081 6 0.55 0.118 1.32 1.33

II 64 × 64 0.054 5 0.16 0.056 1.32 1.33
128 × 128 0.054 5 0.71 0.100 1.32 1.33

vr 2 Kb� Poisson U�T�:VlMfe�sXTJio#

Lhs
h =

1
h2

⎡
⎣ 1
−1 4 −1

1

⎤
⎦

h

,

�c�IWOB�/&Z1�! x fe���/&O&! y fe�+�d_G
%* 94ZS 4.

V 4 Lhs
h NE^[\

eb EQ ρ N tp tI σA σΩ

I 64 × 64 0.917 159 0.11 0.022 2.20 1.72
128 × 128 0.938 216 0.55 0.090 2.22 1.72

II 64 × 64 0.170 8 0.11 0.035 2.16 1.66
128 × 128 0.213 9 0.60 0.116 2.18 1.67

vr 3 VlMfCO�fo�A Neumann \G97OJio#

Le
h =

1
h2

⎡
⎣ 1

1 4 1
1

⎤
⎦

h

,
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���OL�IWT, Poisson f�OEJXT1iW5>�$W�i�2`��
i/�'g�2`,k_�� Poisson �oc�%94��/&Z1�g/&
Z1O2M���]!B�/&Z1!���p�_G+&B�>/&Z1R��/
&%* 94ZS 5.

V 5 Le
h NE^[\

eb EQ ρ N tp tI σA σΩ

I 64 × 64 0.010 3 0.11 0.037 2.16 1.66
128 × 128 0.010 3 0.55 0.167 2.18 1.67

II 64 × 64 0.009 3 0.11 0.037 2.16 1.66
128 × 128 0.008 3 0.66 0.127 2.18 1.67

vr 4 CO�fo�A Dirichlet \G97OteerU��
teerf�! −εuxx − uyy = f !�.��C)Kg#G�OT�3Kw�Y

VU��A�Yp�teerO�FVl�EJXT1i NU@�lLJ"mJ
io#

L
(5)
h (ε) =

1
h2

⎡
⎣ −1
−ε 2(1 + ε) −ε

−1

⎤
⎦

h

,

$W ε = 0.01,�IO)A�!ErIr hx = hy/
√

ε��EJXT1i NU@ Poisson
 NLJ�

�4� ε > 0, L
(5)
h (ε) ElOD02 ε >��ElO&/�O h- Elr�

� Eh

(
L

(5)
h (ε)

)
= ε

2+ε → 0 (F ε → 0 �). �& AMG c8p�2 NO(���^u
%V4�^��J�� fe�Z1/&Ofe3�_Lb��O94%* 9
4ZS 6.

V 6 L
(5)
h (ε) NE^[\

eb EQ ρ N tp tI σA σΩ

I 48 × 48 0.024 4 0.06 0.028 2.74 1.96
64 × 64 0.025 4 0.11 0.040 2.80 1.96

II 48 × 48 0.010 3 0.11 0.017 3.18 1.96
64 × 64 0.010 3 0.11 0.037 3.24 1.96

vr 5 CO�fo�OGV�f��
� ∆2u = 0, in Ω; u = 0, on ∂Ω; ∂u

∂n = 0, on ∂Ω.
�"mO[3T'aJio#

⎡
⎢⎢⎢⎣

1
2 −8 2

1 −8 20 −8 1
2 −8 2

1

⎤
⎥⎥⎥⎦ .

�pU@L* 941S 7.
vr 6 COZf\�A Dirichlet \G97O Poisson U��
�3MU�Vl7�{T1i+,

1
h2

(6ui,j,k − ui+1,j,k − ui−1,j,k − ui,j+1,k − ui,j−1,k − ui,j,k+1 − ui,j,k−1) = fi,j,k,
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%* 94ZS 8.

V 7 FU|e~NE^[\
eb EQ ρ N tp tI σA σΩ

I 32 × 32 0.788 58 0.11 0.015 2.13 1.65
48 × 48 0.816 68 0.22 0.028 2.17 1.65

II 32 × 32 0.665 34 0.17 0.016 2.48 1.70
48 × 48 0.700 39 0.29 0.032 2.54 1.72

V 8 ^LT{NE^[\
eb EQ ρ N tp tI σA σΩ

I 16 × 16 × 16 0.016 4 0.28 0.055 2.63 1.60
24 × 24 × 24 0.017 4 1.05 0.110 2.73 1.60

II 16 × 16 × 16 0.010 3 0.29 0.073 2.66 1.66
24 × 24 × 24 0.016 4 1.05 0.123 2.73 1.60

6 el
�R7� Gauss-Seidel n(�}^b�GIr(� NO�
��8}b CPU

�>B� Jacobi 2;���~~)(Vii*���YNY�qln� c��
/ph�
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AN IMPROVED ALGORITHM FOR THE
MG INTERPOLATION OPERATOR

HUANG Zhaohui CHANG Qianshun

(Academy of Mathematics and System Sciences, Chinese Academy of Sciences, Beijing 100080)

Abstract In this paper, based on Gauss-Seidel-type interpolation operator, an improved
MG algorithm with high accuracy is obtained by performing Jacobi relaxation. We prove
the two-level convergence of new MG method, and numerical examples further demonstrate
the efficiency of new algorithm.

Key words Multigrid methods, Gauss-Seidel solution, Jacobi relaxation,
interpolation operator, asymptotic convergence rate


