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1 SN
du N �� d 
 Wiener �� W =

{
W (t) =

(
W1(t), · · · ,Wd(t)

)
, t ∈ RN

+

}
�duV

l�q	E
 (Ω,F , P ) �N�xX��N Gauss 
��t {Wi(t), t ∈ RN
+ , 1 ≤ i ≤ d}

�XM
k�N�sHg�
�b�� ∀ s = (s1, · · · , sN ), t = (t1, · · · , tN ) ∈ RN
+ ,

E
{
Wi(t)Wi(s)

}
=

N∏
j=1

(sj ∧ tj), 1 ≤ i ≤ d. (1.1)

v��A� (1.1) �

E
{
Wi(t)Wi(s)

}
=

N∏
j=1

Fj(0, sj ∧ tj ], 1 ≤ i ≤ d, (1.2)

s� Fj (1 ≤ j ≤ N) � RN
+ ���� Lebesgue �Z��OXN Lebesgue-stieljes �Z�

�s��������u��� N �� d 
�l Wiener ������ W̃ =
{
W̃ (t) =(

W̃1(t), · · · , W̃d(t)
)
, t ∈ RN

+

}
, g� W̃ �xXM�RP�D��xp��RP�
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�GCD�Nd� Packing 
���$KHT N �� d 
�l Wiener ��D�Nd�
Hausdorff 
�!d� Packing 
��%K��#"�&�T�GCN���

�$#' Fj (1 ≤ j ≤ N) b������$� δ > 0 $Q%� C1, C2 > 0, E
|tk − sk| < δ (1 ≤ k ≤ N) (�x

C1|tk − sk|β ≤ Fk(sk, tk] ≤ C2|tk − sk|α, 0 < α ≤ 1, β ≥ 1, (1.3)

%) α = β = 1, W̃ & W &a���� (1.3) N'*( [3], �$ | · | )'����b'
+f�( C1, C2, · · · �'+#%��edN�*�
�D�rA���
2 PMSA

�T$h+fNVJ��L,$hdGnJ�' B̃(t) (t ∈ R1
+) � d 
�l Wiener

��� αd > 4, �Vl���R (p �BVN#�):

A(ω)=̂
∫ 1

0

(
max
{∥∥B̃(t)

∥∥, np2−nβ/2
})−(d−2) dF (0, t].

TB 1 ∀ s < t, $�%� C > 0, )

E
{

min
(∥∥B̃(t)

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

)/
B̃(u), 0 ≤ u ≤ s

}
≤min

{
C
(
F (s, t]

)−(d−2)/2
, n−p(d−2)2nβ(d−2)/2

}
. (2.1)

o m�

E
{

min
(∥∥B̃(t)

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

)/
B̃(s) = x

}
=E
{

min
(∥∥B̃(t) − B̃(s) + x

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

)}
. (2.2)

Y Yi
∧= B̃i(t) − B̃i(s) + xi (1 ≤ i ≤ d), s� B̃(t) =

(
B̃1(t), · · · , B̃d(t)

)
, x =

(x1, · · · , xd) ∈ Rd, % EYi = xi, Var Yi = F (s, t]; zY Y =̂
d∑

i=1
Y 2

i /Var Yi =
d∑

i=1
Y 2

i /F (s, t],

%x Y ∼ χ2(d, δ) = e−δ/2
∞∑

m=0

(
(δ/2)m/m!

)
χ2(2m+ d), s� δ =

d∑
i=1

x2
i /F (s, t], χ2(d, δ)

�&wZ� dNi�J χ2- k��χ2(2m+ d) �&wZ� 2m+ d N�J χ2 k��m)

E
{
Y −(d−2)/2

}
=e−δ/22−(d+2)/2

∞∑
m=0

(
(δ/2)m/m! Γ(m+ d/2)

)
Γ(m+ 1)

≤2−(d+2)/2, (2.3)

s� Γ '+n,
���

E
(∥∥B̃(t) − B̃(s) + x

∥∥−(d−2)) =
(
F (s, t]

)−(d−2)/2
E
( d∑

i=1

Y 2
i /F (s, t]

)−(d−2)/2

=
(
F (s, t]

)−(d−2)/2
E
(
Y −(d−2)/2

)
. (2.4)
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Y C=̂2−(d+2)/2, w (2.2)–(2.4) ! B̃(t) Na�P [1] K

E
{
min
(∥∥B̃(t)

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

)/
B̃(u), 0 ≤ u ≤ s

}
≤E{min

(∥∥B̃(t)
∥∥−(d−2)

, n−p(d−2)2nβ(d−2)/2
)/
B̃(s)
}

≤min
{
C
(
F (s, t]

)−(d−2)/2
, n−p(d−2)2nβ(d−2)/2

}
.

TB 2 $�#%� C3, )K

E
{
exp (C3An

p(d−4)2−nβ(d−4)/2)
} ≤ 2. (2.5)

o m B̃i(t) ∼ N
(
0, F (0, t]

)
,t {B̃i(t), 1 ≤ i ≤ d}XM�%f X(t)=̂

d∑
i=1

B2
i (t)

F (0,t] ∼ χ2(d),

m) E
(‖B̃‖−(d−2)

)
= E
{(
X(t) · F (0, t]

)−(d−2)/2} = C
(
F (0, t]

)−(d−2)/2 (C 
nJ 1).
w Fubini VJ!��K

E
(
A(ω)
)

=
∫ 1

0

E
{
min
(∥∥B̃(t)

∥∥−(d−2)
, (np2−nβ/2)−(d−2))

}
dF (0, t]

≤
∫ 1

0

min
(
C
(
F (0, t]

)−(d−2)/2
, n−p(d−2)2nβ(d−2)/2

)
dF (0, t]

=
∫ F (0,1]

0

min
(
Cx−(d−2)/2, n−p(d−2)2nβ(d−2)/2

)
dx

=
∫ cn2p2−nβ

0

(
n−p(d−2)2nβ(d−2)/2

)
dx+

∫ F (0,1]

cn2p2−nβ

x−(d−2)/2 dx

≤c4n−p(d−4)2nβ(d−4)/2,

�zi#(� r ≥1, x

E
(
A(ω)
)r =
∫ 1

0

· · ·
∫ 1

0

E
{ r∏

i=1

min
(∥∥B̃(ti)

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)

)} r∏
i=1

dF (0, ti]

≤r!
∫

· · ·
∫

0<t1<···<tr≤1

E
{ r∏

i=1

min
(∥∥B̃(ti)

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

)} r∏
i=1

dF (0, ti].

Y

ξi=̂ min
(∥∥B̃(ti)

∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

)
, 1 ≤ i ≤ r,

fj=̂ min
((
F (tj , tj+1]

)−(d−2)/2
, n−p(d−2)2nβ(d−2)/2

)
, 1 ≤ j ≤ r − 1.

wnJ 1 DK

E(ξ1ξ2 · · · ξi) = E
(
ξ1 · · · ξi−1E(ξi/ξ1 · · · ξi−1)

) ≤ fi−1E(ξ1 · · · ξi−1), 2 ≤ i ≤ r.

m)

E(Ar) ≤ r!
∫ 1

0

Eξ1 dF (0, t1] ×
∫ 1

t1

f1 dF (0, t1] × · · · ×
∫ 1

tr−1

fr−1 dF (0, tr] ≤ r!
(
E(A)

)r
.
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w 0 < C3 ≤ 1/2C4, x

E
{

exp(C3An
p(d−4)2−nβ(d−4)/2)

}
=

∞∑
m=0

E
{Cm

3 A
mnmp(d−4)2−mnβ(d−4)/2

m!

}
=

∞∑
m=0

1
m!
Cm

3 n
mp(d−4)2−mnβ(d−4)/2E(Am) ≤

∞∑
m=0

Cm
3 C

m
4 = 1/(1 − C3C4) ≤ 2.

FC 1 �zixV s ∈ [1, 2], Vl���R�

A1,s =
∫ 2

1

(
max
{∥∥W̃ (s, t) − W̃ (s, 1)

∥∥, np2−nβ/2
})−(d−2)

F1(0, s] dF2(1, t],

%
E
{
exp(C5A1,sn

p(αd−4)2−nβ(αd−4)/2)
} ≤ 2. (2.6)

b.!HnJ 3 $nJ 4 �NqoD.( [5].
TB 3 �zixVN t ∈ [1, 2], Y B̃∗

i (s)=̂W̃i(s, t)−W̃i(s, 1), i = 1, 2, · · · , d, s ∈ [1, 2],
%x 〈

B̃∗
i (s), B̃∗

j (s)
〉

=

{
F1(0, s] × F2(1, t], E i = j; i, j = 1, · · · , d,
0, E i 	= j; i, j = 1, 2, · · · , d.

(2.7)

�L 〈X,Y 〉 �OX-/) X $ Y N./�����
o �� s∈ [1, 2], ' πn

s =̂{sn
j , j = 0, 1, · · · , kn} �v
 [0, s] NduktVV�

πn
s : 0 = sn

0 < sn
1 < · · · < sn

kn
= s, n ∈ N . Y

δ(πn
s )=̂ max

1≤j≤kn

(sn
j − sn

j−1),

πn
s

(
B̃∗

i (·))=̂ kn∑
j=1

[
B̃∗

i (sn
j ) − B̃∗

j (sn
j−1)
]2
, j = 1, 2, · · · , d,

∆n
i (j)=̂

[
B̃∗

i (sn
j ) − B̃∗

i (sn
j−1)
]2 − F1(sn

j−1, s
n
j ] × F2(1, t], i = 1, · · · , d; j = 0, · · · , kn.

0�1CN2/DK� E
[
∆n

i (j)
]

= 0, E
[
(∆n

i (j))2
]

= 2
(
F1(sn

j−1, s
n
j ] × F1(1, t]

)2. m)
E
[(
πn

s (B̃∗
i (·) − F1(0, s] × F2(1, t]

)2] =
kn∑

j=1

E
[
(∆n

i (j))2
]

= 2
kn∑

j=1

(
F1(sn

j−1, s
n
j ] × F2(1, t]

)2
≤2C2F

2
2 (1, t]

(
δ(πn

s )
)α kn∑

j=1

F1(sn
j−1, s

n
j ] = 2C2F

2
2 (1, t] × F1(0, s]

(
δ(πn

s )
)α → 0, n→ ∞.

%f limn→∞ πn
s

(
B̃∗

i (·)) L2

= F1(0, s]× F2(1, t]. g$��xVN t, B̃∗
i (s) �0��XNOX

x3) [2], w [5, VJ 12.1] ��〈
B̃∗

i (·), B̃∗
i (·)〉 = lim

n→∞πn
s

(
B̃∗

i (·)) = F1(0, s] × F2(1, t]. (2.8)

*w B̃∗
i $ B̃∗

j XM (i 	= j) ! [5, VJ 12.6] ��〈
B̃∗

i (·), B̃∗
j (·)〉 = 0, i 	= j; i, j = 1, 2, · · · , d. (2.9)
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w (2.8) $ (2.9) %K (2.7) �M�
TB 4 Y Fs = σ

{
W̃ (υ, t)

∣∣t ∈ [1, 2], υ ≤ s
}
, kd {A1,s, Fs, s ≥ 1} �du)�

o B4
�� f(x) = max
{‖x‖, 2−nβ/2np

}−(d−2)
, x = (x1, · · · , xd) ∈ Rd, +
�

fk(x) ��� a=̂np2−nβ/2,

fk(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
‖x‖−(d−2), E |x‖ ≥ a+ 1/k,

a−(d−2), E ‖x‖ ≤ a,

a−(d−2) exp
{−(‖x‖ − a− 1/k

)−2 exp
{−(a− ‖x‖)−2}}+ ‖x‖−(d−2)

× exp
{−(‖x‖ − a

)−2 exp
{−(a+ 1/k − ‖x‖)−2}}

, E a < ‖x‖ < a+ 1/k.

0�2/� fk(x) �15OXD0N�tE ‖x‖ 	= a (�x

∂fk(x)
∂xi

k→∞−→ ∂f(x)
∂xi

,
∂2fk(x)
∂xidxj

k→∞−→ ∂2f(x)
∂xidxj

, i, j = 1, 2, · · · , d

t
∂fk

∂xi

∣∣∣
‖x‖=a

=
∂2fk

∂x2
i

∣∣∣
‖x‖=a

= 0, i = 1, 2, · · · , d. (2.10)

w20 Itô v� (( [5, VJ 13.4]) K�

fk

(
B̃∗(s)

)
=fk

(
B̃∗(1)

)
+

d∑
i=1

∫ s

1

∂fk

(
B̃∗(υ)

)
∂xi

dB̃∗
i (υ)

+
1
2

d∑
i,j=1

∫ s

1

∂2fk(B̃∗(υ))
∂xi∂xj

d
〈
B̃∗

i (υ), B̃∗
j (υ)
〉
, a.s

s�
B̃∗(·) =

(
B̃∗

1(·), · · · , B̃∗
d(·)). (2.11)

wnJ 3 ! (2.10) $ (2.11) K

fk

(
B̃∗(s)

)
=fk

(
B̃∗(1)

)
+

d∑
i=1

∫ s

1

∂fk(B̃∗(υ))
∂xi

dB̃∗
i (υ)

+
1
2

d∑
i=1

∫ s

1

∂2fk(B̃∗(υ))
∂x2

i

d
〈
B̃∗

i (υ), B̃∗
i (υ)
〉

=fk

(
B̃∗(1)

)
+

d∑
i=1

∫ s

1

∂fk(B̃∗(υ))
∂xi

1{‖B̃∗(υ)‖�=a} dB̃•(υ)

+
1
2

d∑
i=1

∫ s

1

∂2fk(B̃∗(υ))
∂x2

i

1{‖B̃∗(υ)‖�=a} d
〈
B̃∗

i (υ), B̃∗
i (υ)
〉
.

(2.12)

Y �=̂
{
[0] × F0 : F0 ∈ F0

} ∪ {(s, t] × F : F ∈ Fs, s < t
}
, P=̂σ(�), % P � B̃∗

i (·) 31
NDU σ- A� (( [5]), w [5, VJ 6.13] �� B̃∗

i N Doléans �Z$�tw [5, Vl 6.7]
��

µB∗2
i

(
(s1, s2] × F

)
= E
[
1F

(
B̃∗

i (s2) − B̃∗
i (s1)
)2]
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=E
[
1F

(
B̃∗

i (s2) − B̃∗
i (s1)
)2]+ 2E

[
1F B̃

∗
i (s1)
(
B̃∗

i (s2) − B̃∗
i (s1)
)]

=P (F )F1(s1, s2] × F2(1, t], (s1, s2] × F ∈ �,

%f
∀A ∈ �, µ

B̃∗2
i

(A) = F2(1, t]P × F1(A), (2.13)

wA2N3dPD�� ∀A ∈ P , (2.13) b�M�%f∫
(1,s]×Ω

[∂f(B̃∗(υ))
∂xi

1{‖B̃∗(υ)‖�=a}

]2
dµ

B̃∗2
i

≤(d− 2)2F2(1, t]
∫

(1,s]×Ω

B̃∗2
i (υ)

[ d∑
i=1

B̃∗2
i (υ)

]−d

dP dF1(0, υ]

≤ (d− 2)2

d
F2(1, t]

∫
(1,s]

E
[ d∑

i=1

B̃∗2
i (υ)

]−(d−1)

dF (0, υ]

≤C6F2(1, t]
∫

(1,s]

(
F1(0, υ] × F2(1, t]

)−(d−1)/2 dF1(0, υ]

≤C6

(
F2(1, t]

)−(d−3)/2
∫ F1(0,s]

F1(0,1]

x−(d−1)/2 dx < +∞. (2.14)

w ∣∣∣(∂fk(B̃∗(υ))
∂xi

− ∂f(B̃∗(υ))
∂xi

)
1{‖B̃∗(υ)‖�=a}|2

k→∞−→ 0

!F,4PVJK∫
(1,s]×Ω

∣∣∣(∂fk(B̃∗(υ))
∂xi

− ∂f(B̃∗(υ))
∂xi

)
1{‖B̃∗(υ)‖�=a}

∣∣∣2 dµ
B̃∗2

i

k→∞−→ 0,

%f ∫
(1,s]×Ω

[∂fk(B̃(υ))
∂xi

]2
dµ

B̃∗2
i

< +∞.

w)�w [5, &6 1] ��∫ s

1

∂fk(B̃∗(υ))
∂xi

1{‖B̃∗(υ)‖�=a} dB̃∗
i (υ) L2

−→
k→∞

∫ s

1

∂f(B̃∗(υ))
∂xi

dB̃∗
i (υ).

w (2.12) �Q4w75 k → ∞ K�

f
(
B̃∗(s)

)
=f
(
B̃∗(1)

)
+

d∑
i=1

∫ s

1

∂f(B̃∗(υ))
∂xi

1{‖B̃∗(υ)‖�=a} dB̃∗
i (υ)

+
1
2

d∑
i=1

∫ s

1

∂2f(B̃∗(υ))
∂xi

1{‖B̃∗(υ)‖�=a} d
〈
B̃∗

i (υ), B̃∗
i (υ)
〉
.
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6�2/DK�

d∑
i=1

∂2f(x)
∂x2

i

1{‖x‖�=a} = 0,
d∑

i=1

∂2f(B̃∗(υ))
∂x2

i

1{‖B̃∗(υ)‖�=a} = 0.

wnJ 3 � 〈B̃∗
i , B̃

∗
i 〉 7 i �z�%f

f
(
B̃∗(s)

)
= f
(
B̃∗(1)

)
+

d∑
i=1

∫ s

1

∂f(B̃∗(υ))
∂xi

1{‖B̃∗(υ)‖�=a} dB̃∗
i (υ).

w (2.14)! [5,VJ 10.9]� ∫ s

1
∂f(B̃∗(υ))

∂xi
1{‖B̃∗(υ)‖�=a} dB̃∗

i (υ)�du L2 )�5� f
(
B̃∗(s)

)
�du L2- )�w Fubini VJ� {A1,s, Fs, s ≥ 1} �du)�

TB 5 ∀ q > 0, $�%� C7 > 0, )

P
{

sup
s≥1

A1,s ≥ 2nβ(d−4)/2nq−p(d−4)
}
≤ e−c7nq

. (2.15)

o wnJ 4 � exp
{
C6A1,sn

p(d−4)2−nβ(d−4)/2
}
��)�w�)�O�K�

2 ≥E{ exp{C6A1,sn
p(d−4)2−nβ(d−4)/2

}
≥P
{

sup
s≥1

exp{C6A1,sn
p(d−4)2−nβ(d−4)/2} > exp(C6n

q)
}

exp {C6n
q},

wnJ 5 K$�
TB 6 '

Ar,s =
∫ 2

1

(
max
{∥∥W̃ (s, t) − W̃ (s, r)

∥∥, np2−nβ/2
})−(d−2)

F1(0, s] dF2(1, t].

� ∀ s, r ≥ 1, q > 0, $� C8 > 0, hx

P
{

sup
s≥1

Ar,s ≥ 2nβ(d−4)/2nq−p(d−4)
}
≤ 2e−C8nq

. (2.16)

TB 7[6] ' W̃ �b� (1.3) N N �� d 
�l Wiener ���%� Ea = [a, a +
1]N , a > 0, $�du a.s. x5N#���R Ba, )K ∀ s, t ∈ Ea, E ‖s− t‖ < h 6kF
(�x ∥∥W̃ (t) − W̃ (s)

∥∥ ≤ Ba

√
hα log h−1. (2.17)

TB 8 8 p > 1
2 , ∀ q > 0, %x

P
{

sup
(s,r)∈[1,2]2

Ar,s ≥ 2nβ(d−4)nq−p(d−4)2(d−2)
}
≤ 2 · 2βn/αe−C8nq

. (2.18)

o wnJ 7 ���6k7N n, E |r − υ| < 2−nβ/α (�x
∥∥W̃ (s, υ) − W̃ (s, r)

∥∥ ≤
C9

√
n 2−nβ/2.
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8 p > 1
2 , kd��6k7N n x

max
{∥∥W̃ (s, t) − W̃ (s, r)

∥∥, np2−nβ/2
}

≥max
{∥∥W̃ (s, t) − W̃ (s, υ)

∥∥− ∥∥W̃ (s, υ) − W̃ (s, r)
∥∥, np2−nβ/2

}
≥max

{∥∥W̃ (s, t) − W̃ (s, υ)
∥∥− C9

√
n 2−nβ/2, np2−nβ/2

}
≥1

2
max
{∥∥W̃ (s, t) − W̃ (s, υ)

∥∥, np2−nβ/2
}
.

m)��eu υ = 1 + i2−βn/α, |υ − r| < 2−nβ/α, 8 Aυ,s ≤ 2nβ(d−4)/2nq−p(d−4), kd
Ar,s ≤ 2(d−2)2nβ(d−4)/2nq−p(d−4). w

P
{

sup
(s,r)∈[1,2]2

Ar,s ≥ 2d−22nβ(d−4)/2nq−p(d−4)
}

≤
2nβ/α−1∑

i=0

P
{

sup
s∈[1,2], r∈[1+i2−nβ/α, 1+(i+1)2−nβ/α]

Ar,s ≥ 2d−22nβ(d−4)/2nq−p(d−4)
}

≤
2nβ/α−1∑

i=0

P
{

sup
s∈[1,2], r=1+i2−nβ/α

Ar,s ≥ 2d−22nβ(d−4)/2nq−p(d−4)
}
≤ 2 · 2βn/α · e−C8nq

.

wnJ 8 ! Borel-Cantelli nJ�E q > 1 (x�
FC 2 �6k7N n, 8 p > 1

2 , q > 1 (x�

sup
(r,s)∈[1,2]2

Ar,s ≤ nq−p(d−4)2nβ(d−4)/22(d−2) a.s. (2.19)

' Φ =
{
ϕ : ϕ : (0, δ) → (0,∞), ϕCU�8�yOXt ϕ(0+) = 0; ∃C, ∀ s ∈ (0, 1

2δ
)
,

) ϕ(2s)
ϕ(s) ≤ C

}
.

TB 9[8] ψ, h ∈ Φ, ϕ(s) = ψ(s)h(s) t
∫
0+

h(s)
s ds < +∞, % ∀E ∈ B(RN

+ ),

lim sup
ε↓0

Mi(ε,E)ψ(2ε) < +∞ ⇒ ϕ− p(E) = 0, i = 1, 2,

s� M1(ε,E) '+mr E N89� εNAuN-Fu�(M2(ε,E) '+uJ� E ��
89� ε N/��.NAuN-7u��

Y :Au;�1�,Mg9�nJ 9 h�M�

3 K./PW Hausdorff GD
0B 1 ' W̃ �b� (1.3) N N �� d 
�l Wiener ���8 αd > 2N , %�

[0, 1]d �zd [nβ/2] 51�,Mg9 I, W̃−1(I) ∩ [1, 2]N 129 [1, 2]N � CNn
�N u7

W̃−1(I) ∩ [1, 2]N �.N n 51�,Mg9%mr�s� � �27 α $ β xzNx5#
%��

o ,$ N = 2 (VJ�6�M��zixVN�J� x, [βn/2] 51�Mg9
I ∈ [0, 1]d, B4��

gx,s=̂
∫ 2

1

(
max
{∥∥W̃ (s, r) − x

∥∥, np2−nβ/2
})−(d−2)

F1(0, s] dF2(1, r], s ≥ 1.
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8 W̃ (s, t) ∈ I , %wnJ 7, �6kFN h x�∥∥W̃ (s, t+ h) − x
∥∥ < C10

√
hα log h−1 + 2−nβ/2. (3.1)

Y

Es=̂
{
t ∈ [1, 2] : W̃ (s, t) ∈ I

}
, Es =

(
Es ∩ [1 − h, 2 − h]

) ∪ (Es ∩ [2 − h, 2]
)
=̂E0

s ∪ E2
s .

%f

gx,s =
∫ 2−h

1−h

(
max
{∥∥W̃ (s, y + h) − x

∥∥, np2−nβ/2
})−(d−2)

F1(0, s] dF2(1, y + h]

≥
∫

Eo
s

(
max
{∥∥W̃ (s, y + h) − x

∥∥, np2−nβ/2
})−(d−2)

F1(0, s] dF2(1 − h, y].
(3.2)

w [5]< [6]� W̃ (s, t)� a.s. OXN�m)�:� E0
s �$�dS y0,) ‖W̃ (s, y0 + h) − x‖

;H-7�%x�

gx,s ≥
∫

E0
s

(
max
{∥∥W̃ (s, y0 + h) − x

∥∥, np2−nβ/2
})−(d−2)

F1(0, s] dF2(1 − h, y]

≥F1(0, s]F2(E0
s )
(
max
{∥∥W̃ (s, y0 + h) − x

∥∥, np2−nβ/2
})−(d−2)

≥F1(0, 1]F2(E0
s )
(
C10

√
hα log h−1

)−(d−2) (w h = 2−nβ/αn2p/α)

≥C11F2(E0
s )2nβ(d−2)/2n−(2p+1)(d−2)/2. (3.3)

8 ∃ a > 0, ∀n ≥ 1 x λ(E0
s ) ≥ a, %$�=7 a xzN%� b > 0, )K ∀n ≥ 1 Wx

F2(E0
s ) ≥ b, 5� (3.3) ����

gx,s ≥C11b2nβ(d−4)/2n−(d−2)/2(2nβn−p(d−2))

≥C122nβ(d−4)/2n−(d−2)/2 (E n 6k7). (3.4)

8 n 6k7(� λ(E0
s ) 6kF�%w (1.3) �: (3.3) ����

gx,s ≥ C13

(
λ(Eo

s )
)β2nβ(d−2)/2n−(2p+1)(d−2)/2. (3.5)

8 λ(Eo
s ) ≤ np(d−2)/β2−n, zw λ(E2

s ) ≤ λ
(
[2 − h, 2]

)
= n2p/α2−nβ/α ≤ n2p/α2−n, %VJ

1 �M�8 λ(Eo
s ) > np(d−2)/β2−n, %

gx,s ≥ C13(np(d−2)2−nβ) · 2nβ(d−2)/2n−(2p+1)(d−2)/2 ≥ C132nβ(d−4)/2n−(d−2)/2. (3.6)

3�%:�� W̃ (s, t) ∈ I, ∃C14 > 0, )

gx,s ≥ C142nβ(d−4)/2 · n−(d−2)/2. (3.7)

∀ ε > 0, ;w p = 3/2 + ε, q = (2 + ε)(d− 9/2), w αd > 4 � d > 4, % d− 9/2 ≥1/2,
%f q ≥ 1 + ε/2, ww&6 2 �� a.s. ∀ (r, s) ∈ [1, 2]2 x

Ar,s ≤ 2(d−2)2nβ(d−4)/2n−(d−2)/2−ε/2. (3.8)
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z8 W̃ (s, t) ∈ I, 7nJ 8 $aI<D$�

max
{∥∥W̃ (s, r) − x

∥∥, np2−nβ/2
} ≥ 1

2
max
{∥∥W̃ (s, r) − W̃ (s, t)

∥∥, np2−nβ/2
}
.

m)��6k7N n, w (3.8) �K

gx,s ≤ 2(d−2)Ar,s ≤ 22(d−2)2nβ(d−4)/2n−(d−2)/2−ε/2. (3.9)

��xVN t,
{
W̃ (s, t), s ≥ 1

}
�)�I<nJ 4 D$ {

gx,s, s ≥ 1
}
�)�%f8

W̃ (s, t) ∈ I, w (3.9) �K�

E
[
gx,s+n5+2ε2−n/Fs

]
= gx,s ≤ 22(d−2)2nβ(d−4)/2 n−(d−2)/2−ε/2. (3.10)

Y

T1=̂ inf
{
s ≥ 1 : W̃ (s, t) ∈ I, �i t ∈ [1, 2]

}
,

Ti+1=̂ inf
{
s ≥ Ti + n5+2ε2−n : W̃ (s, t) ∈ I, �i t ∈ [1, 2]

}
, i = 1, 2, · · · .

w [7, VJ 13.2](Doob =(VJ) ��
gx,T1 =E(gx,Ti+1/FTi) ≥ E

(
gx,Ti+1 1{Ti+1<2}

∣∣FTi

)
≥E(1{Ti+1<2}|FTi

)
C14n

−(d−2)/22nβ(d−4)/2

=P{Ti+1 < 2/FTi}C14n
−(d−2)/22nβ(d−4)/2. (3.11)

w (3.10) $ (3.11) K P {Ti+1 < 2/FTi} ≤ C15n
−ε/2, 5�

P{Tn+1 < 2} ≤ C15n
−εn/2. (3.12)

' NI = # {D : D � [1,2] � n 51�Mg9�)K$� (s, t) ∈ D × [1, 2], x
W̃ (s, t) ∈ I}, %

P{NI ≥ n6+2ε} ≤ P{Tn+1 < 2} ≤ C15n
−εn/2.

w Bore1-Cantelli nJ���6k7N n, x NI ≤ n6+2ε, a.s. 
JDK N ′
I ≤ n6+2ε, a.s.,

s� N ′
I=̂#{D : D � [1,2]� n51�Mg9�)K$� (s, t) ∈ [1, 2]×Dx W̃ (s, t) ∈ I}.

3�%:�VJ 1 � N = 2 �M�
�$ N > 2 (VJ 1 b�M�� N > 2, '

A(ω)=̂
∫

[1,2]N−1

(
max
{∥∥W̃ (t1, · · · tN−1) − W̃ (〈1〉)∥∥, np2−nβ/2

})−(d−2) dF1(1, t1]

× · · · × FN−1(1, tN−1],

s� 〈1〉 = (1, · · · , 1) ∈ RN−1
+ , 6�2/DK� ∀ r ∈ N , EAr ≤ r!

(
M(n−p2nβ/2)d−4

)r, s
�

M=̂ sup
t∈[1,2]N−1

(np2−nβ/2)d−4E

∫
[1,2]N−1

(
max
{∥∥W̃ (t) − W̃ (s)

∥∥, np2−nβ/2
})−(d−2) dF1(1, s1]

× · · · × FN−1(1, sN−1].
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�2/ M , 2S$h ∀ s, t ∈ [1, 2]N−1, s < t x

E
{
min
{∥∥W̃ (t) − W̃

(〈1〉)∥∥−(d−2)
, n−p(d−2)2nβ(d−2)/2

}∣∣W̃ (u), 0 ≤ u ≤ s
}

≤min
{
C
(
F (s, t]

)−(d−2)/2
, n−p(d−2)2nβ(d−2)/2

}
,

s� F (s, t)=̂F1(s1, t1] × · · · × FN−1(sN−1, tN−1], w)D2/KH M �7 n �zN%
��>�N$h7�fga
JD$�wVJ 1 K$�

FC 3 ' W̃ �b� (1.3) N N �� d 
�l Wiener ���8 αd > 2N , %� Rd

�zd [nβ/2] 51�,Mg9 I, �> W̃−1(I) 129 RN
+ � CNn

�N u7 W̃−1(I) �.
N n 51�,Mg9%mr�s� CN �#%�� l �d27 α $ β xzNx5#%
��

0B 2 ' W̃ �b� (1.3) N N �� d 
�l Wiener ���8 αd > 2N , % a.s.
∀E ∈ B(RN

+ ) x
2
β

dimE ≤ dim
(
W̃ (E)

) ≤ 2
α

dimE, (3.13)

s� W̃ (E)=̂
{
y ∈ Rd : W̃−1(y) ∈ E

}
'+ W̃ � E �ND��dimE '+ E N Hausdorff


��
o wnJ 7 DK� W̃ � E �b�F� α/2 5d� Hölder ���5� (3.13) y4

�O��M�
�$ (3.13) �N�3�M�� η = 2

β dimE, 8$� ε > 0, )K dim W̃ (E) < η − ε,

%�zi δ > 0, $�6k7N n !dV49�<� 2−n Nu {Id
n,i}∞i=1, )K

W̃ (E) ⊂
∞⋃

i=1

Id
n,i t

∞∑
i=1

(diam Id
n,i)

η−ε < δ.

Vl ni b�� 2−(ni+1)β/2 ≤ diam (Id
n,i) < 2−niβ/2.

Y Ĩd
n,i �7 Id

n,i 
�J�49� 2−[niβ/2] Nu�% {Ĩd
n,i} h� W̃ (E) Ndumr�

w&6 3 K

E ⊂
∞⋃

i=1

W̃−1(Ĩd
n,i)

⊂
∞⋃

i=1

{RN
+ �12 CNn

lN
i u7 W̃−1(Ĩd

n,i) �.N ni 51�,Mg9��}

=̂
⋃
i,j

Qij , j = 1, · · · , CNn
lN
i .

���y=NFMg9� Qij , %E n 6k7(∑
i

∑
j

(diamQij)
β
2 (η− ε

2 ) ≤C16

∑
i

CNn
lN
i (2−ni)

β
2 (η− ε

2 ) ≤ C17

∑
i

nlN
i 2−

βεni
4 (2−ni)

β
2 (η−ε)

≤C18

∑
i

2−(ni+1)β(η−ε)/2 ≤ C19

∑
i

(diam Id
n,i)

η−ε < C19δ.

m)

dimE ≤ β

2

(
η − ε

2

)
<
β

2
η = dimE,
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c>�w�zi ε > 0, x dim W̃ (E) ≥ η − ε. w ε NziP� (3.13) �54�O��
M�

4 K./PW Packing 678GD
0B 3 ' W̃ �b� (1.3) N N �� d 
�l Wiener ���

g(s) = s2/α
( 4
α2C2

20

log s−1
)− 1

α

,

∀ψ ∈ Φ. 8 ϕ(2s) = ψ
(
g(s)
)
, % a.s. ∀E ∈ B(RN

+ ) x

ϕ− p
(
W̃ (E)

) ≤ ψ − p(E), (4.1)

s� C20 ≥ Ba, Ba 
nJ 7 N�?�
o m�

ϕ− p(E) = inf
{ ∞∑

i=1

ϕ− P (Ei) : E ⊂
∞⋃

i=1

Ei, Ei ∈ B(RN
+ )
}
,

%f��$ (4.1) �2S$�zd Borel � E ∈ B(RN
+ ), ���M%D�

ϕ− P
(
W̃ (E)

) ≤ ψ − P (E). (4.2)

8 ϕ− P
(
W̃ (E)

)
= 0, (4.2) �?y�M��' 0 < ϕ− P

(
W̃ (E)

)
< +∞.

w ϕ − P NVl�� ∀ ε > 0, ∃ η0 > 0, ) ∀ η : 0 < η < η0, x W̃ (E) Ndu@6{
B(xi, ηi) : ηi ≤ η, xi = W̃ (ti), ti ∈ E} )K

(1 − ε)ϕ− P
(
W̃ (E)

) ≤ ∞∑
i=1

ϕ(2ηi). (4.3)

w
{
B(ti, ri)

}∞ �f ti ��J�ri = g(ηi)�89NdVAu�% {B(ti, 1
2ri)
}∞

1
QQ

�.�l%�8 B
(
ti,

1
2ri)∩B(tj , 1

2rj
) 	= φ(i 	= j),�h' rj < ri,%x ‖ti−tj‖ < ri = g(ηi);

wnJ 7 �� ∣∣W̃ (ti) − W̃ (tj)
∣∣ ≤ C20‖ti − tj‖α/2

(
log ‖ti − tj‖−1

)1/2

≤C20

(
g(ηi)
)α/2(log(g(ηi))−1

)1/2 = ηi + 0 (ηi),

�7 {B(xi, ηi)
}∞

1
� W̃ (E) Ndu@6c>�w

{
B
(
ti,

1
2ri
)}
� E Ndu@6�%f

∞∑
i=1

ψ(ri) =
∞∑

i=1

ψ
(
g(ηi)
)

=
∞∑

i=1

ϕ(2ηi) ≥ (1 − ε)ϕ− P
(
W̃ (E)

)
.

5� ψ − P (E) ≥ (1 − ε)ϕ− P
(
W̃ (E)

)
, w ε NziP� (4.2) ��M�

8 ϕ− P
(
W̃ (E)

)
= +∞, 
JD$ ψ − P (E) = +∞, wVJ 3 K$�
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0B 4 ' W̃ �b� (1.3)N N �� d
�lWiener���h, ψ ∈ Φ,t
∫
0+

h(s)
s ds <

+∞, 8 2N < αd, ϕ(s) = ψ(sβ/2)h(s)(log s−1)−lN , % a.s. ∀E ∈ B(RN
+ ), ϕ− p(E) > 0 ⇒

ψ − p
(
W̃ (E)

)
= +∞.

o ' RN
+ =

∞∪
i=1

Ii, s� Ii(1 ≤ i < +∞) � RN
+ �/��.NCEMg9�8

∀E ∈ B(RN
+ ), E =

∞∪
i=1

(E ∩ Ii), x ϕ− p(E) > 0, %dV$� Ii0 ) ϕ− p(E ∩ Ii0) > 0, m

)�2S$h ∀E ∈ B([1, 2]N ) VJ�6�M%D�c$��8 ψ−p(W̃ (E)
)
< M1 < +∞,

w ψ − p(E) = inf
{

lim
n→∞ψ − P (En) : En ↑ E}, kd�$� {Am, m ∈ N}, Am ↑ W̃ (E),

) ψ − P (Am) ↑M2=̂ lim
m→∞ψ − P (Am) < M1 + 1, � W̃−1(Am) ↑ E0 ⊃ E, %f

lim
m→∞ϕ− P

(
W̃−1(Am)

)
= ϕ− P (E0) ≥ ϕ− p(E0) ≥ ϕ− p(E) > 0.

wE m 6k7(�
(�M�

ϕ− P
(
W̃−1(Am)

)
> 0 $ ψ − P (Am) < M1 + 1 < +∞. (4.4)

�fIh (4.4) Q�c>� ∀A ⊂ Rd, 8 ψ − P (A) < M1 + 1 < +∞. wVlDK�E n

6k7(�M2(2−n, A)ψ(
√
d2−n) < M3 < +∞, s� M2(2−n, A) '+�J� A ��4?

� 2−n N/��.N1�Mg9N-7u��
' E = W̃−1(A) ∩ [1, 2]N , wVJ 1 �� M2(2−n, E) ≤ CNn

�NM2(2−nβ/2, A), %f

C−1
N n−lNM2(2−n, E)ψ

(√
d 2−nβ/2

) ≤M2(2−nβ/2, A)ψ(
√
d 2−nβ/2) < M3,

%

M2(2−n, E)ψ
(√
d (2−n)

β
2
)
(log 2n)−lN < C′

N < +∞.

wnJ 9 �� ψ − P (E) = 0, 7#'c>�VJ 4 K$�
0B 5 ' W̃ �b� (1.3) N N �� d 
�l Wiener ���8 αd > 2N , % a.s.

∀E ∈ B(RN
+ ) x

2
β

DimE ≤ Dim
(
W̃ (E)

) ≤ 2
α

DimE. (4.5)

s� Dim E '+ E N Packing 
��
o wnJ 7 �� W̃ � E �b�F� α/2 5d� Hölder ���5� (4.5) �y4

�O��M�
�$ (4.5) �54�O��M�' η = DimE, �VJ 4 ��Y h(s) = sδ (δ >

0), ψ(s) = s2η/β−ε, s� β
2 ε−δ > 0, % ϕ(s) = sη−(βε/2−δ)(log s−1)−lN . m� βε/2−δ > 0,

%f ϕ− p(E) > 0. wVJ 4 � ψ − p
(
W̃ (E)

)
= +∞, %f Dim

(
W̃ (E)

) ≥ 2η/β − ε. w ε

ziP� Dim
(
W̃ (E)

) ≥ 2η/β = 2
β DimE, 5� (4.5) �54�O��M�
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Abstract In this article, we studied uniform dimension and uniform measure of image set
of N -parameter d-dimension generalized Wiener process. We obtained uniform Hausdorff
dimension and uniform Packing dimension of its image set.
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