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� � ������	gb
WQ� x′(t)+p(t)[x(t−τ)]α=0 (α>1) ��WF	�TWF
		y
	��IzE�WF� “almost sharp” oS	��z

eGwo�gb
W
Q�

x′(t)+
n∑

i=1

pi(t)[x(t−τi)]
αi=0,


�vWFoS�
��� ��		gb
WQ�	WF

1 ��
���id�YS�

x′(t) + p(t)
[
x(t − τ)

]α = 0, t ≥ t0, (1.1)

Jf p ∈ C
(
[t0,∞), [0,∞)

)
, τ ∈ (0,∞), α ∈ (0,∞) nYrJYA��Kv�F�v�

� 0 < α < 1 i�S� (1.1) �����S������ [1] �J�F�YH��Y
����n

∫ ∞

t0

p(s) ds = ∞. (1.2)

(1.2) ���I���S� (1.1) L��id τ ������J��YH��
� α = 1 i�S� (1.1) �u���id�YS�

x′(t) + p(t)x(t − τ) = 0, t ≥ t0, (1.3)

�J��YH�OL��ZPL��R�MfGf�X��Y ���S� (1.3) ��
YH��!z���KFS�YH"VYHpT [2−6] ��#�B� “sharp” pTn [3]:

$� 2001 F 1 N 13 Zo%&2001 F 9 N 17 Zo% '(&
∗ d�sV��)� 95 iAql!B (19831030 k).
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 f

lim inf
t→∞

∫ t

t−τ

p(s) ds >
1
e
, (1.4)

TS� (1.3) �F�YH, f ∫ t

t−τ

p(s)ds ≤ 1
e
, (1.5)

wg-!�TS� (1.3) .RwgZ���#i�n�a"$D�/0%S� (1.3) �F
�YH&l��Y�����

� α > 1 i�S� (1.1) ��1��id�YS��DH�'2c�SN�j 3
���"���S��SN��(N)CH1��S� (1.1) (α > 1) �M"v#F0%
1��S��F�YH4.RVYH��Yn���!N� [7] v$%w��&k

lim
t→∞

∫ t

t−τ

p(s) ds = ∞ (1.6)

*�u+0%1��S��F�YH�,5z�1��S� (1.1) (α > 1) �YH4V
YHpTn��V2F-.�ax�

6/7 3 'p0(!1��S� (1.1) (α > 1) YH"VYH “almost sharp” pT�
Wq)J1b/2rKid1�� (αi > 1, i = 1, 2, · · · , n) �YS�

x′(t) +
n∑

i=1

pi(t)
[
x(t − τi)

]αi = 0, t ≥ t0, (1.7)

Jf pi ∈ C
(
[t0,∞), [0,∞)

)
, τi ∈ (0,∞), αi ∈ (0,∞) nYrJYA��Kv�F�v�

i = 1, 2, · · · , n. 7 4 'k�*C7 3 '�+�"�'���mj��xp3 (αi − 1 �
4l� i = 1, 2, · · · , n) S��YH��

U/LE��#hv�8l� ,$5�-!P6��5I�Y�� t -!�

2 7���
q-���8� 2E��J%�.xH [4] fE� 5.1.1, V/0TJ9:%��
�� 2.1 1 τ∗ = max {τ1, τ2, · · · , τn}. 2cI�Y�� t, F

n∑
i=1

pi(s) �≡ 0, s ∈ [t, t + τ∗], (2.1)

TS� (1.7) .RwgZ��N3�2r;)�8l

x′(t) +
n∑

i=1

pi(t)
[
x(t − τi)

]αi ≤ 0, t ≥ t0 (2.2)

.RwgZ��
JS� (1.7) �L�4i��2rS�

x′(t) +
n∑

i=1

qi(t)
[
x(t − τi)

]αi = 0, t ≥ t0, (2.3)
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Jf τi, αi 4S� (1.7), qi ∈
(
[t0,∞], [0,∞]

)
, i = 1, 2, · · · , n.

*CE� 2.1, 4=1:2r;5E�
�� 2.2 2c (2.1) -!�N

pi(t) ≤ qi(t), i = 1, 2, · · · , n. (2.4)

 fS� (1.7) �F�YH�TS� (2.3) �F�>YH�
3 ?�� @
�� 3.1 2c α > 1, T2r+�-!�
(i)  f.R λ > τ−1 lnα k�

lim inf
t→∞

[
p(t) exp (−eλt)

]
> 0, (3.1)

TS� (1.1) �F�YH,
(ii)  fI�Y� t, p(s) �≡ 0, s ∈ [t, t + τ ], N.R µ < τ−1 ln α k�

lim sup
t→∞

[
p(t) exp(−eµt)

]
< ∞, (3.2)

TS� (1.1) .RwgZ��
! (i) R λ1, λ2 k�

τ−1 ln α < λ2 < λ1 < λ, (3.3)

p(t) ≥ λ1e
λ1t exp

(α − 1
2

eλ1t
)
, t �Y�. (3.4)

1 q(t) = λ1e
λ1t exp

(
α−1

2 eλ1t
)
. DE� 2.2, O8%�S�

x′(t) + q(t)
[
x(t − τ

)
]α = 0, t ≥ t0 (3.5)

�F�YH�
�e�<��OcS� (3.5) .RwgZ� x(t), T.R T1 > t0 k�

1 > x(t − τ) > 0, x′(t) < 0, t ≥ T1.

6 y(t) = − ln x(t), t ≥ T1 − τ , T y(t) > 0, t ≥ T1 − τ , N

y′(t) = q(t)ey(t)−αy(t−τ), t ≥ T1. (3.6)

1 l = αe−λ2τ , T 0 < l < 1. 2-Y=hO7���
"# 1 y(t) ≤ αe(λ1−λ2)τy(t − τ) wg-!�R T2 > T1 k�

y(t) ≤ αe(λ1−λ2)τy(t − τ), t ≥ T2,

Hn
y(t)
eλ1t

≤ αeλ1t−λ2τ

eλ1t

y(t − τ)
eλ1(t−τ)

= l
y(t − τ)
eλ1(t−τ)

, t ≥ T2.

6 z(t) = y(t)e−λ1t, t ≥ T1, T
z(t) ≤ lz(t − τ), t ≥ T2. (3.7)
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2%
lim

t→∞ z(t) = 0. (3.8)

mj8� , lim sup
t→∞

z(t) = ∞, T.R>C?UQH ∞ �Q9 {sn} k� z(sn) =

max
{
z(t) : T2 ≤ t ≤ sn

}
. HnD (3.7) �

z(sn) ≤ lz(sn − τ) ≤ lz(sn), n = 1, 2, · · · ,

:J, , 0 < lim sup
t→∞

z(t) = β < ∞, T.R>C?UQH(PQ9 {sn}k� lim
n→∞ z(sn)

= β. HnQD (3.7) �

z(sn) ≤ lz(sn − τ) ≤ l
[
β +

(1 − l)β
2l

]
, n �Y�,

R8lf6 n → ∞, T� (1 − l)β ≤ 1
2 (1 − l)β, :J�

8r:J�� (3.8) -!�D (3.8) �.R T3 > T2 k�

y(t) ≤ 1
2
eλ1t, t ≥ T3 − τ. (3.9)

)5l@; (3.6) �

y′(t) ≥ q(t)e−(α−1)y(t−τ) ≥ q(t) exp
(
− α − 1

2
eλ1t

)
= λ1e

λ1t, t ≥ T3,

<LF
y(t) ≥ y(t3) + eλ1t − eλ1t3 , t ≥ T3,

5J (3.9) :J�
"# 2 y(t) − αe(λ1−λ2)τy(t − τ) YH�5i.R>C?UQH(P�Q9 {tn} k

�

y(tn) = αe(λ1−λ2)τy(tn − τ), n = 1, 2, · · · , (3.10)

y(t) > αe(λ1−λ2)τy(t − τ), t ∈ (t2n−1, t2n). (3.11)

6
u(t) = y(t) − αe(λ1−λ2)τy(t − τ),

T u(t) YH�N.R>C?UQH(P�Q9 {ξn} k� u(ξn) = max{u(t) : t2n−1 ≤
t ≤ t2n}, u′(ξn) = 0, n = 1, 2, · · ·. m-/

u′(ξn) = y′(ξn) − αe(λ1−λ2)τy′(ξn − τ)

m
y′(t) = q(t) exp

[
u(t) + α(e(λ1−λ2)τ − 1)y(t − τ)

]
, t ≥ T1, (3.12)

4=1�
q(ξn) exp

[
u(ξn) + α(e(λ1−λ2)τ − 1)y(ξn − τ)

]
=αe(λ1−λ2)τq(ξn − τ) exp

[
u(ξn − τ) + α(e(λ1−λ2)τ − 1)y(ξn − 2τ)

]
<λ1e

λ1ξn exp
[1
2
(α − 1)eλ1(ξn−τ)

]
exp

[
u(ξn − τ) + α(e(λ1−λ2)τ − 1)y(ξn − 2τ)

]
.
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D5�
u(ξn) + α(e(λ1−λ2)τ − 1)y(ξn − τ)

<u(ξn − τ) + α(e(λ1−λ2)τ − 1)y(ξn − 2τ)

− 1
2
(α − 1)(1 − e−λ1τ )eλ1ξn , n = 1, 2, 3, · · · . (3.13)

 f lim sup
t→∞

u(t) = lim sup
n→∞

u(ξn) = ∞, T.R {ξn} �rQ9 {ξnk
} k� u(ξnk

) =

max
{
u(t) : T2 ≤ t ≤ ξnk

}
, k = 1, 2, · · ·. Hn�D (3.13) �

0 <α(e(λ1−λ2)τ − 1)
[
y(ξnk

− τ) − y(ξnk
− 2τ)

]
< − 1

2
(α − 1)(1 − e−λ1τ )eλ1ξnk < 0, k = 1, 2, · · · .

:J� f lim sup
t→∞

u(t) = lim sup
n→∞

u(ξn) < ∞, TD (3.13) G:

0 < lim sup
n→∞

{
u(ξn) + α(e(λ1−λ2)τ − 1)

[
y(ξn − τ) − y(ξn − 2τ)

]}

≤ lim sup
n→∞

{
u(ξn − τ) − 1

2
(α − 1)(1 − e−λ1τ1)eλ1ξn

}
= −∞.

:J�
"# 3 y(t) ≥ αe(λ1−λ2)τy(t − τ) wg-!�5iR T4 > T2 k�

y(t) ≥ αe(λ1−λ2)τy(t − τ), t ≥ T4,

HnD (3.6) �

y′(t) = q(t)ey(t)−αy(t−τ) ≥ q(t) exp
[
(1 − e(λ2−λ1)τ )y(t)

]
, t ≥ T4.

1 a = 1 − e(λ2−λ1)τ , T 0 < a < 1, Nu8l�
y′(t)e−ay(t) ≥ q(t), t ≥ T4,

QD T4 / ∞ RY8l��
∫ ∞

T4

q(t) dt ≤
∫ ∞

T4

y′(t)e−ay(t) dt ≤ 1
a
e−ay(T4) < ∞,

5J q(t) �E.:J�
tpO7 1, 2 m 3 �S� (3.5) ��F�YH�DLS� (1.1) �F�YH�
(ii) R µ1, T5 > t0 k� µ < µ1 < τ−1 lnα N

p(t) ≤ µ1e
µ1t exp

[
(αe−µ1τ − 1)eµ1t

]
, t ≥ T5. (3.14)

6 ϕ(t) = eµ1t, x(t) = e−ϕ(t), T
x′(t) + p(t)[x(t − τ)]α = − ϕ′(t)e−ϕ(t) + p(t)e−αϕ(t−τ)

=e−αϕ(t−τ)
{
p(t) − µ1e

µ1t exp
[
(αe−µ1τ − 1)eµ1t

]}
≤0, t ≥ T5.
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U=E� 2.1, S� (1.1) .RwgZ��%X�
$ 3.1 ��1��S�

x′(t) + C exp(eλt)
[
x(t − τ)

]α = 0, t ≥ 0, (3.15)

Jf C ∈ (0,∞), λ ∈ (−∞,∞), α ∈ (1,∞) nYrJYA��Kv�F�v�U=E�
3.1, � λ > τ−1 ln α i�S� (3.15) �F�YH,� λ < τ−1 ln α i�S� (3.15) .Rw
gZ��
$ 3.2 DE� 3.1 ���1��id�YS�

x′(t) + e2t−3
[
x(t − 1)

]3 = 0, t ≥ 0 (3.16)

.RwgZ��mj8� x(t) = e−t >nV[�#��
�� 3.2 2c αi > 1, i = 1, 2, · · · , n, T2r+�-!�
(i)  f.R i ∈ {1, 2, · · · , n} " λ > τ−1

i lnαi, k�

lim inf
t→∞

[
pi(t) exp(−eλt)

]
> 0, (3.17)

TS� (1.7) �F�YH,
(ii)  f (2.1) -!�N.R µ < min{τ−1

i lnαi : i = 1, 2, · · · , n} k�
lim sup

t→∞

[
pi(t) exp(−eµt)

]
< ∞, i = 1, 2, · · · , n, (3.18)

TS� (1.7) .RwgZ��
! (i) �e�<��OcS� (1.7) .RwgZ� x(t), TD (1.7) �

x′(t) + pi(t)
[
x(t − τi)

]αi ≤ 0,

=5"E� 2.1, E� 3.1 &?G::J�%X�
(ii) R µ1 k� µ < µ1 < τ−1

i lnαi, i = 1, 2, · · · , n, N

pi(t) ≤ µ1

n
eµ1t exp

[
(αie

−µ1τi − 1)eµ1t
]
, i = 1, 2, · · · , n.

6 ϕ(t) = eµ1t, x(t) = e−ϕ(t), t ≥ t0, T

x′(t) +
n∑

i=1

pi(t)
[
x(t − τi)

]αi = −ϕ′(t)e−ϕ(t) +
n∑

i=1

pi(t) e−αiϕ(t−τi)

=
n∑

i=1

e−αiϕ(t−τi)
{
pi(t) − µ1

n
eµ1t exp

[
(αie

−µ1τi − 1)eµ1t
]} ≤ 0,

U=E� 2.1, S� (1.7) >.RwgZ��%X�
4 %&' @
�� 4.1 2c.R αi1 , αi2 , · · · , αir k�

r∑
j=1

αij < r, (4.1)
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N ∫ ∞

t0

[ r∏
j=1

pij (s)
]1/r

ds = ∞, (4.2)

TS� (1.7) �F�YH�
! �e�<��OcS� (1.7) .RwgZ� x(t), TD (1.7) �

x′(t) +
r∑

j=1

pij (t)
[
x(t − τij )

]αij ≤ 0,

<LF
x′(t) + r

[ r∏
j=1

pij (t)
]1/r[

x(t − τ∗)
](αi1+αi2+···+αir )/r ≤ 0, (4.3)

V/ τ∗ = min{τi1 , τi2 , · · · , τir}. D (4.2)4=1:�8l (4.3) (wgZ��:J�%X�
() 4.1  f α1 + α2 + · · · + αn < n, N

∫ ∞

t0

[ n∏
j=1

pj(s)
]1/n

ds = ∞, (4.4)

TS� (1.7) �F�YH�
* 4.1 �� (4.4) �� [<� [8] fE� 1 � 2��

lim inf
t→∞

[ n∏
j=1

pj(t)
]1/n

> 0

m

lim inf
t→∞

[( n∏
j=1

pj(t)
)1/n n∑

j=1

αjτj

]
>

1
e
.

$ 4.1 ��xp3id�YS�

x′(t) +
1
t3

[
x(t − 1)

]1/3 + t2
[
x(t − 2)

]7/5 + t3
[
x(t − 3)

]5/3 = 0, t ≥ 1, (4.5)

U=E� 4.1, S� (4.5) �F�YH�
�� 4.2  f α1 + α2 + · · · + αn = n, N

lim inf
t→∞

[ n∑
j=1

αj

∫ t

t−τj

( n∏
j=1

pj(s)
)1/n

ds

]
>

1
e

(4.6)

4

lim inf
t→∞

[ n∑
j=1

αj

∫ t+τj

t

( n∏
j=1

pj(s)
)1/n

ds

]
>

1
e
, (4.7)

TS� (1.7) �F�YH�
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! �e�<��Oc (1.7) .RwgZ� x(t), TD (1.7) "yq - @n�8l�

x′(t) + n
( n∏

j=1

pj(t)
)1/n[

x(t − τj)
]αj/n ≤ 0. (4.8)

U= [9] f�m 1, (4.6) 4 (4.7) Og�8l (4.8) (wgZ��:J�%X�
* 4.2 �� (4.6) j[8�R [8] f�/�5 (4.6) m (4.7) \j���\ [9].
�� 4.3  f α1 + α2 + · · · + αn = n, N

lim sup
t→∞

( n∏
j=1

∫ t+τj

t

pj(s) ds
)1/n

>
1
n

, (4.9)

TS� (1.7) �F�YH�
! �e�<��Oc (1.7).RwgZ� x(t), TD (1.7) � x(t) wg>C�U�N

x(t) ≥
n∑

j=1

∫ ∞

t

pj(s)
[
x(s − τj)

]αj ds ≥
n∑

j=1

∫ t+τj

t

pj(s)
[
x(s − τj)

]αj ds

≥
n∑

j=1

[
x(t)

]αj

∫ t+τj

t

pj(s) ds ≥ nx(t)
( n∏

j=1

∫ t+τj

t

pj(s) ds
)1/n

,

D5�
lim sup

t→∞

( n∏
j=1

∫ t+τj

t

pj(s) ds
)1/n

≤ 1
n

,

5J (4.9) :J�%X�
�� 4.4 2c.R αi1 , αi2 , · · · , αir k�

r∑
j=1

αij > r, (4.10)

N.R λ > τ−1
∗ ln

( r∑
j=1

αij /r
)
k�

lim inf
t→∞

[( r∏
j=1

pij (t)
)1/r

exp (−eλt)
]

> 0, (4.11)

V/ τ∗ = min {τi1 , τi2 , · · · , τir}, TS� (1.7) �F�YH�
! �e�<��OcS� (1.7) .RwgZ� x(t), TD (1.7) �

x′(t) + r
[ r∏

j=1

pij (t)
]1/r[

x(t − τ∗)
](αi1+αi2+···+αir )/r ≤ 0, (4.12)

8l���8l (4.12) .RwgZ��U=E� 2.1, 2r;)�S�

x′(t) + r
[ r∏

j=1

pij (t)
]1/r[

x(t − τ∗)
](αi1+αi2+···+αir )/r = 0 (4.13)
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>.RwgZ��LDE� 3.1 " (4.11) �S� (4.13) �F�YH�:J�%X�
] + , -
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OSCILLATION OF SUPERLINEAR
DELAY DIFFERENTIAL EQUATIONS

TANG Xianhua

(Department of Applied Mathematics, Central South University, Changsha 410083)

YU Jianshe

(College of Mathematics and Econometrics, Hunan University, Changsha 410082)

Abstract In this paper, we consider the oscillation of solutions for the first order superlin-
ear delay differential equations x′(t) + p(t)[x(t− τ)]α = 0 (α > 1), and obtain some “almost
sharp” oscillation criteria. In the final, by applying the obtained results in this paper, we
also obtain some oscillation conditions for the mixed type delay differential equations

x′(t) +
n∑

i=1

pi(t)[x(t − τi)]αi = 0.

Key words Superlinear, delay differential equation, oscillation


