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� � �F Leray-SchauderH��rc	�XT
�����Z
� y′′(t)+g(t,y)=0, y′(0)

=0, y(1)=b≥0�T��N�	Ma g �
 Lipschitz ��	 g(t,0)≥0, �p��p�olw

f���p�	k g(t,y) N y=+∞ 
m�f���R���	�S�Nl� β(1)>0 ��
ac� β, P�NTw B l�� 0<b<B j	�e�N�fT��� b=0 y b=B j	�e
�N�fT��O� b>B j	��NT�


�w �Z
�	T�	�N�	c	�	�JH

1 ��x�v�����
��
�S������Z�����

{
y′′(t) + g

(
t, y(t)

)
= 0, t ∈ (0, 1),

y′(0) = 0, y(1) = b ≥ 0
(1.1)

�V��O��Nbnz g ��Eq�bnz��T�FO t = 1 c��DP��� 
�n

(H1) g : [0, 1) × [0,∞) → (−∞,∞) q��nz�! t ∈ (0, 1) k g(t, 0) ≥ 0.
(H2) J� � ε ∈ (0, 1) � m > 0, �O L > 0 m"

∣∣g(t, z1) − g(t, z2)
∣∣ ≤ L|z1 − z2|, t ∈ [0, 1 − ε], z1, z2 ∈ [0,m]. (1.2)

(H3) �O��nz f : [0,+∞) → (−∞,∞) m" inf
t∈(0,1)

g(t, z) ≥ f(z), z ≥ 0.

(H4) J� � m > 0,
∫ 1

0
(1 − s) max

z∈[0,m]

∣∣g(s, z)
∣∣ ds < ∞.

�� (1.1) �lGz!t"B�#N�I#! g ≥ 0 k��$�B#N��tZU�%
�NV���O��&���N��$�� [1−3]. ! g ≤ 0 k�'�$�BH [4] ���
�ZU�%�! b % &kV���O�# J g q'qnz��(V(�JV���
O����DR�FmB�ZUt)X���Zvf#���g*D�qJ g !�F
OBgD"WIdd')q�V(��B+KI#�td,�ZU�%�V���O
�#O��bnc$%u

X = C[0, 1] ∩ C1[0, 1) ∩ C2(0, 1), X+ =
{
y ∈ X; y(t) ≥ 0, t ∈ [0, 1]

}
. (1.3)
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�Tw-g f C0. (H3) h0#1/m"%�Z1Q0�t2h0�g12��#
3� 1.1 g b ≥ 0, g �n0. (H1) H (H2). a y ∈ X+ q���� (1.1) ��b

���TO [0, 1] d y(t) �w12�QO [0, 1) d y(t) > 0.
� $ E =

{
t ∈ [0, 1); y(t) = 0

}
. 43 E q [0, 1) �3%#54C [0, 1) ��6

��!78W E 'q [0, 1) �4%#J� � r ∈ E, X m = 1 + max
t∈[0,1]

y(t), ε > 0 �n
r + ε < 1 − ε, L > 0 C (H2) h0�QC (H1), (H2) � y(r) = y′(r) = 0 �X

0 ≤y(t) = −
∫ r

t

ds

∫ r

s

g
(
v, y(v)

)
dv ≤

∫ r

t

ds

∫ r

s

[
g(v, 0) − g(v, y(v))

]
dv

≤L

∫ r

t

ds

∫ r

s

y(v) dv ≤ Lε

∫ r

t

y(v) dv, t ∈ (r − ε, r] ∩ [0, 1),

0 ≤y(t) = −
∫ t

r

ds

∫ s

r

g
(
v, y(v)

)
dv ≤

∫ t

r

ds

∫ s

r

[
g(v, 0) − g(v, y(v))

]
dv

≤L

∫ t

r

ds

∫ s

r

y(v) dv ≤ Lε

∫ t

r

y(v) dv, t ∈ [r, r + ε).

C4�B Gronwall �$o9" (r − ε, r + ε) ∩ [0, 1) ⊂ E, 5 E q [0, 1) �4%#
OE# 1.1 �56d����g*��q
3� 1.2 g g �n0. (H1)–(H4). a�O M > 0, β ∈ X+ �n0.
(A1) ! u > M , u > v ≥ 0 k� f(u) > 0,

∫ u

v
f(z) dz > 0,

(A2) ! u > M k�
∫ u

0

( ∫ u

v
f(z) dz

)−1/2 dv <
√

2,
(A3) β′(0) ≤ 0, β′′(t) + g

(
t, β(t)

) ≤ 0, t ∈ (0, 1). β(1) > 0,
Q�OV7z B ∈ [

β(1),M
]
m"! 0 ≤ b < B k����� (1.1) :f�O6g�b

�8! b = B k����� (1.1) :f�O�g�b�8! b > B k����� (1.1) �
�O�b�#

E# 1.2 �WA7O���A 3 8bh0#P1/1GWA4E#�OA 2 8bh
0�;J9<##,9p1E# 1.2 �:;��%�0. (A1), (A2) � (A3) �B;=
uV(#

3� 1.3 a lim
z→+∞ f(z)/z = +∞, Q�O M > 0 �n0. (A1) H (A2).

� X c > 0, m"! z ≥ c k f(z) ≥ 2π2z. X M > c, m"! u ≥ M k
∫ u

c
f(z) dz −∫ c

0

∣∣f(z)
∣∣dz ≥ 4c2, Q! u > M , u > v ≥ 0 k�

∫ u

v

f(z) dz ≥
∫ u

v

2π2z dz = π2(u2 − v2) > 0, v > c, (1.4)
∫ u

v

f(z) dz ≥
∫ u

c

f(z) dz −
∫ c

0

∣∣f(z)
∣∣dz ≥ 4c2 > 0, v ∈ [0, c]. (1.5)

�TC (1.4), (1.5) 9"
∫ u

0

(∫ u

v

f(z) dz
)−1/2

dv =
∫ c

0

(∫ u

v

f(z) dz
)−1/2

dv +
∫ u

c

( ∫ u

v

f(z) dz
)−1/2

dv

≤1
2

+
1
π

∫ u

c

(u2 − v2)−1/2 dv <
1
2

+
1
π

∫ u

0

(u2 − v2)−1/2 dv = 1 <
√

2. (1.6)

C4�XJ4 M > 0 0. (A1) H (A2) �n#
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3� 1.4 a�O b0 > 0 m" g(t, b0) ≤ 0, t ∈ (0, 1), Q�O β ∈ X+ �n0. (A3).
� X β(t) ≡ b0, Q43 β ∈ X+ �n0. (A3).
3� 1.5 a�O2DBS��nz a : (0, 1) → (0,+∞), ��nz h : (0,+∞) →

(0,+∞) � c > 0 m"

g(s, z) ≤ a(s)h(z), s ∈ (0, 1), z ∈ (0, c), (1.7)∫ c

0

(∫ c

v

h(z) dz
)−1/2

dv >

∫ 1

0

√
2a(s) ds, (1.8)

Q�O β ∈ X+ �n0. (A3).
� J:g δ ∈ (0, 1/2), $ aδ(s) =

[
δ(1 − s)

]−1 ∫ s+δ(1−s)

s
a(r) dr, QC a 2DBS�

X a(s) ≤ aδ(s) ≤ a
(
(1 + s)/2

)
, a′

δ(s) ≥ 0. �B;Es<E#�XE δ ∈ (0, 1/2) �n
∫ c

0

(∫ c

v

h(z) dz
)−1/2

dv >

∫ 1

0

√
2aδ(s) ds. (1.9)

X β(t) 1=�Z�
∫ c

β(t)

( ∫ c

v

h(z) dz
)−1/2

dv =
∫ t

0

√
2aδ(s) ds, t ∈ [0, 1] (1.10)

�n0. β(t) ∈ (0, c] �&���QC aδ q2DBS����nz� (1.9) �X
β(0) = c; 0 < β(t) < c, t ∈ (0, 1); β(1) > 0, (1.11)

β′(t) = −
(
2aδ(t)

∫ c

β(t)

h(z) dz
)1/2

< 0, t ∈ (0, 1), (1.12)

β′(t)
[
β′′(t) + aδ(t)h(β(t))

]
= a′

δ(t)
∫ c

β(t)

h(z) dz ≥ 0, t ∈ (0, 1). (1.13)

=P�u (1.7) � a(t) ≤ aδ(t) 9" β ∈ X+ �n0. (A3).
3� 1.6 a�O��nz a : [0, 1) → (0,+∞) m"

lim
z→0+

sup
s∈(0,1)

max
{
0, g(s, z)

}
a(s)z

= 0,
∫ 1

0

√
max

r∈[0,s]
a(r) ds < ∞, (1.14)

Q�O β ∈ X+ �n0. (A3).
� $

λ = π2
(
4
∫ 1

0

√
2 max

r∈[0,s]
a(r) ds

)−2

.

X c > 0 �n
g(s, z) ≤ 2λz max

r∈[0,s]
a(r), s ∈ (0, 1), z ∈ (0, c). (1.15)

$ h(z) = 2λz. C max
r∈[0,s]

a(r) iG s ∈ [0, 1) q2DBS��nz�T
∫ c

0

(∫ c

v

h(z) dz
)−1/2

dv =
∫ c

0

( ∫ c

v

2λz dz
)−1/2

dv =
π

2
√

λ
= 2

∫ 1

0

√
2 max

r∈[0,s]
a(r) ds,
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�BE# 1.5 �X�O β ∈ X+ �n0. (A3).
oxh0�g>j�1*>?Adv���"B#
� 1.1 g a1, a2 : [0, 1) → [0,+∞) q�b��nz� h1, h2 : [0,+∞) → [0,+∞) q

�b�@? Lipschitz ��nz��T

inf
s∈[0,1)

a1(s) > 0, sup
s∈[0,1)

a2(s) < +∞,

∫ 1

0

(1 − s)a1(s) ds < ∞,

h2(0) = 0, lim
z→+∞h1(z)/z = +∞, lim

z→+∞h2(z)/z = 0.

a$,60.Y��n@
(1) �O b0 > 0 m" h1(b0) = 0;

(2) lim
z→0+

h1(z)/z = 0,
∫ 1

0

√
max

r∈[0,s]
a1(r) ds < ∞,

QJ����
{

y′′(t) + a1(t)h1

(
y(t)

) − a2(t)h2

(
y(t)

)
= 0, t ∈ (0, 1),

y′(0) = 0, y(1) = b ≥ 0
(1.16)

�O B > 0 m"! b = 0 z b = B k:f�O�gV�8! 0 < b < B k:f�O6g
V�8! b > B k��O�b�#
� X g(t, z) = a1(t)h1(z) − a2(t)h2(z), f(z) = h1(z) inf

t∈[0,1)
a1(t) − h2(z) sup

t∈[0,1)

a2(t),

Q43 (H1)–(H4) �n��TCE# 1.3 �X�O M > 0 �n (A1) H (A2). ECE#
1.4 H 1.6 �X�O β ∈ X+ �n (A3). oxCE# 1.1 H 1.2 9"4>b���CE#
2 ���r��
�� 2.1 g b ≥ 0, g �n (H1)–(H4), x1 ∈ X+, g1 : [0, 1) × [0,∞) → (−∞,∞) q

��nz#a
(1) x′

1(0) ≥ 0, O (0, 1) d x′′
1(t) + g

(
t, x1(t)

) ≥ 0, �T x1(1) ≤ b,
(2) ! t ∈ (0, 1), z ≤ x1(t) k� g1(t, z) = g

(
t, x1(t)

)
,

Q! y ∈ X q����
y′′(t) + g1

(
t, y(t)

)
= 0, t ∈ (0, 1); y′(0) = 0, y(1) = b (2.1)

��k�O [0, 1] d y(t) ≥ x1(t).
� $ z(t) = y(t) − x1(t). a z(0) < 0, QC z(1) ≥ 0, X t2 = inf

{
t; z(t) ≥ 0

}
. C

GO (0, t2) d z′′(t) ≤ g
(
t, x1(t)

) − g1

(
t, y(t)

)
= 0, 54�u z′(0) ≤ 0 9"O (0, t2) d

z′(t) ≤ 0, H z(t2) = 0 IK#a r ∈ (0, 1) m" z(r) < 0, X t1 = sup
{
t < r; z(t) ≥ 0

}
,

t2 = inf
{
t > r; z(t) ≥ 0

}
, QO (t1, t2) d z′′(t) ≤ g

(
t, x1(t)

) − g1

(
t, y(t)

)
= 0, H z(t1) =

z(t2) = 0, z(r) < 0 T r ∈ (t1, t2) IK#
BUY���ZU�$8WO,�<# 2.2.
�� 2.2 g b ≥ 0, g �n (H1)–(H4), x2 ∈ X+, g2 : [0, 1)× [0,∞) → (−∞,∞) q�

�nz#a
(1) x′

2(0) ≤ 0, O (0, 1) d x′′
2(t) + g

(
t, x2(t)

) ≤ 0, �T x2(1) ≥ b,
(2) ! t ∈ (0, 1), z ≥ x2(t) k� g2(t, z) = g

(
t, x2(t)

)
,
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Q! y ∈ X q����
y′′(t) + g2

(
t, y(t)

)
= 0, t ∈ (0, 1); y′(0) = 0, y(1) = b (2.2)

��k�O [0, 1] d y(t) ≤ x2(t).
�� 2.3 g g �n (H1)–(H4), x1, x2 ∈ X+ �TO [0, 1] d x1(t) ≤ x2(t). aE[=

�Uj
T (y)(t) =

∫ t

0

(1 − t)G
(
s, y(s)

)
ds +

∫ 1

t

(1 − s)G
(
s, y(s)

)
ds, (2.3)

Nb
G(s, z) =

⎧⎪⎨
⎪⎩

g
(
s, x2(s)

)
, z > x2(s),

g(s, z), x1(s) ≤ z ≤ x2(s),
g
(
s, x1(s)

)
, z < x1(s),

(2.4)

Q T : C[0, 1] → C[0, 1] qY��Uj#
� C G : [0, 1) × [0,∞) → (−∞,∞) q��nz��T

sup
z∈(−∞,∞)

∣∣G(s, z)
∣∣ ≤ max

{
|g(s, z)|; z ∈

[
0, max

t∈[0,1]
x2(t)

]}
, s ∈ (0, 1), (2.5)

�B0. (H4) �E8W<#��CE#
�� 2.4 g g �n (H1)–(H4), 0 ≤ b1 < b2. a y1 H y2 �Gq�� (1.1) ! b = b1

H b = b2 k��b���TO [0, 1] d y1(t) ≤ y2(t), QO [0, 1] d y1(t) < y2(t).
� t2C y′

1(0) = y′
2(0), �BM�����&���X y1(0) < y2(0). NR-a

r ∈ (0, 1) m" y1(r) = y2(r), QC r q y1(t) − y2(t) �V&�C�X y′
1(r) = y′

2(r), HM
�����&��IK#
�� 2.5 g b ≥ 0, g �nE# 1.2 �0.#a y q�� (1.1) ��b���T

max
t∈[0,1]

y(t) > M , Q y(0) > M .

� X r ∈ (0, 1)�n max
t∈[0,r]

y(t) > M . !78W y(0) = max
t∈[0,r]

y(t). VW-g t0 ∈ (0, r]

m" y(t0) = max
t∈[0,r]

y(t). C (H3) � (A1) �X y′′(t0) = −g
(
t0, y(t0)

) ≤ −f
(
y(t0)

)
< 0. �

u y′(t0) ≥ 0 �X�O ε > 0 m"O (t0 − ε, t0) d y′(t) > 0. EC y′(0) = 0, X
t1 = sup

{
t ≤ t0 − ε; y′(t) ≤ 0

}
. 43 y′(t1) = 0, TO (t1, t0) d y′(t) > 0. =P�B (H3)

9"

−[
y′(t0)

]2
/2 = −

∫ t0

t1

y′′(t)y′(t) dt =
∫ t0

t1

g
(
t, y(t)

)
y′(t) dt

≥
∫ t0

t1

f
(
y(t)

)
y′(t) dt =

∫ y(t0)

y(t1)

f(z) dz,

H y(t0) > M , y(t1) < y(t0) � (A1) IK#
�� 2.6 g b ≥ 0, g �nE# 1.2 �0.#a y q�� (1.1) ��b���T

max
t∈[0,1]

y(t) > M , Q
(1) ! t ∈ (0, 1) k y′(t) < 0,
(2)

∫ y(0)

b

( ∫ y(0)

v
f(z) dz

)−1/2 dv ≥ √
2.
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� C<# 2.5 � (A1) �X�O ε > 0 m"O (0, ε) d y′′(t) = −g
(
t, y(t)

) ≤
−f

(
y(t)

)
< 0. =P�u y′(0) = 0 9"O (0, ε) d y′(t) < 0. a�� (1) �CE�Q

X t2 = inf
{
t > ε; y′(t) ≥ 0

}
. 43O (0, t2) d y′(t) < 0, �T y′(t2) = 0. C4�B (H3)

9"
0 =

∫ t2

0

y′′(t)y′(t) dt ≥
∫ t2

0

f
(
y(t)

)[ − y′(t)
]
dt =

∫ y(0)

y(t2)

f(z) dz. (2.6)

H y(0) > M , y(t2) < y(0) � (A1) IK#J�� (2), C�� (1), (H3) � y′(0) = 0 �X
[
y′(t)

]2 =2
∫ t

0

y′′(t)y′(t) dt = 2
∫ t

0

g
(
t, y(t)

)( − y′(t)
)
dt

≥2
∫ t

0

f
(
y(t)

)( − y′(t)
)
dt = 2

∫ y(0)

y(t)

f(z) dz. (2.7)

M�B�� (1), <# 2.5 � (A1) �X

−y′(t)
(∫ y(0)

y(t)

f(z) dz
)−1/2

≥
√

2, t ∈ (0, 1). (2.8)

=G ∫ y(0)

b

( ∫ y(0)

v

f(z) dz
)−1/2

dv =
∫ 1

0

−y′(t)
(∫ y(0)

y(t)

f(z) dz
)−1/2

dt ≥
√

2.

�� 2.7 g b ≥ 0, g �nE# 1.2 �0.#a y q�� (1.1) ��b��Q
max

t∈[0,1]
y(t) ≤ M . =G! b > M k��� (1.1) ��O�b�#
� C<# 2.6 �0. (A2) �X<#��CE#
�� 2.8 a g �nE# 1.2 �0.�Q! b = β(1) k��� (1.1) �O�b�

y ∈ X+.
� X x1(t) ≡ 0, x2(t) = β(t),=�Uj T �nz G�GC (2.3)H (2.4)h0#a$

ω(t) ≡ β(1),QC<# 2.3� Schauder�GCE#�X�O y ∈ C[0, 1]m" y = T (y)+ω.
EC (2.3) 9" y ∈ X q����

y′′(t) + G
(
t, y(t)

)
= 0, t ∈ (0, 1); y′(0) = 0, y(1) = β(1) (2.9)

��#oxC<# 2.1 H 2.2 �XO [0, 1] d 0 ≤ y(t) ≤ β(t), =P y ∈ X+ q�� (1.1)
��b�#

3 z� 1.2x !
C<# 2.7 H 2.8, X B ∈ [

β(1),M
] 1

B = sup{b ≥ β(1); ���� (1.1) �O�b�}. (3.1)

43! b > B k��� (1.1) ��O�b�#aX bn ≤ B, bn → B, yn q�� (1.1)
! b = bn k��b��QC yn(t) = yn(0) − ∫ t

0
(t − s)g

(
s, yn(s)

)
ds �B (H4) �<# 2.7

�X {yn} O C[0, 1] b�Os<j\#�i�(��g yn → yB . QC;Es<E#�
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X yB ∈ X+ q�� (1.1) ! b = B k��b���T 0 ≤ yB (t) ≤ M . ,9�8W!
0 ≤ b < B k�� (1.1) �O6g�b�#O Banach ]^ C[0, 1] bX4%

Ω0 =
{
y ∈ C[0, 1]; −2 < y(t) < M + 1, t ∈ [0, 1]

}
, (3.2)

Ω1 =
{
y ∈ C[0, 1]; −1 < y(t) < yB (t), t ∈ [0, 1]

}
. (3.3)

C<# 2.3, E[Y��Uj T0, T1 : C[0, 1] → C[0, 1] 1

Ti(y)(t) =
∫ t

0

(1 − t)Gi

(
s, y(s)

)
ds +

∫ 1

t

(1 − s)Gi

(
s, y(s)

)
ds, i = 0, 1, (3.4)

Nb

G0(s, z) =

⎧⎪⎨
⎪⎩

g(s,M + 1), z > M + 1,
g(s, z), 0 ≤ z ≤ M + 1,
g(s, 0), z < 0,

(3.5)

G1(s, z) =

⎧⎪⎨
⎪⎩

g
(
s, yB (s)

)
, z > yB (s),

g(s, z), 0 ≤ z ≤ y
B
(s),

g(s, 0), z < 0.
(3.6)

_]J b ≥ 0, $ ω(b) ∈ C[0, 1] 1 ω(b)(t) ≡ b.
"#$ a b ≥ 0, y ∈ Ω0, y = T0(y) + ω(b), QC (3.4) �X y ∈ X q����

y′′(t) + G0

(
t, y(t)

)
= 0, y′(0) = 0, y(1) = b (3.7)

��#=P�B<# 2.1 (Nb x1 ≡ 0) �XO [0, 1]d 0 ≤ y(t). �u y ∈ Ω0 9" y ∈ X+

q�� (1.1)��b�#EC<# 2.7�XO [0, 1]d y(t) ≤ M . ox�B Leray-Schauder
I��^ [5, A 20 8] 9"! b ≥ 0 k

deg
(
I − [

T0 + ω(b)
]
, Ω0, 0

)
= deg

(
I − [

T0 + ω(M + 1)
]
, Ω0, 0

)
= 0. (3.8)

"%$ g 0 ≤ b < B. �Z9a y ∈ C[0, 1], y = T1(y) + ω(b), QC (3.4) �X y ∈ X

q��
y′′(t) + G1

(
t, y(t)

)
= 0, y′(0) = 0, y(1) = b (3.9)

��#=P�B<# 2.1 (Nb x1 ≡ 0) � 2.2(Nb x2 = yB ) �XO [0, 1] d 0 ≤ y(t) ≤
yB (t). C49" y ∈ X+ q�� (1.1)��b�#EC<# 2.4�XO [0, 1]d y(t) < yB (t),
=G y ∈ Ω1. _�Z9C 0 ≤ yB (t) ≤ M �XJ� � y ∈ C[0, 1]

max
t∈[0,1]

∣∣T1(y)(t) + ω(b)(t)
∣∣ ≤

∫ 1

0

(1 − s) max
z∈[0,M ]

∣∣g(s, z)
∣∣ds + B. (3.10)

ox�B Leray-Schauder I��^9"! 0 ≤ b < B k

deg
(
I − [

T1 + ω(b)
]
, Ω1, 0

)
= 1. (3.11)

"&$ CG! y ∈ Ω1 k T0(y) = T1(y), 54C (3.11) 9"! 0 ≤ b < B k

deg
(
I − [

T0 + ω(b)
]
, Ω1, 0

)
= deg

(
I − [

T1 + ω(b)
]
, Ω1, 0) = 1. (3.12)



2L .+e�Q,//X.�Z
��LdT� 279

EC (3.8), (3.12) � Ω1 ⊂ Ω0 �X! 0 ≤ b < B k

deg
(
I − [

T0 + ω(b)
]
, Ω0\Ω1, 0

)
= −1. (3.13)

oxC (3.12), (3.13)9"! 0 ≤ b < Bk�O y1 ∈ Ω1, y2 ∈ Ω0\Ω1m" yi = T0(yi)+ω(b),
i = 1, 2. PCA�\�WA�X y1 H y2 q�� (1.1) ��b�#
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MULTIPLE POSITIVE SOLUTIONS FOR
BOUNDARY VALUE PROBLEM OF SECOND

ORDER DIFFERENTIAL EQUATIONS

CHENG Jiangang

(Department of Mathematics, Yantai University, Yantai 264005)

Abstract The existence of positive solutions has been discussed for the nonlinear boundary
value problem y′′(t) + g(t, y) = 0, y′(0) = 0 and y(1) = b ≥ 0, where g is locally Lipschitz
continuous, g(t, 0) ≥ 0 and may change sign. The main result as follows: If g(t, y) satisfies
a superlinear condition at y = +∞ and there exists a nonnegative supersolution β with
β(1) > 0, then there exists a positive number B such that this problem has at least two
positive solutions for 0 < b < B, at least one for b = 0 or b = B, and none for b > B.
Our approach is based on the Leray-Schauder degree arguments and the method of sub- and
supersolutions.

Key words Boundary value problem, positive solution, existence, sub- and supersolution,
topological degree


