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1 ������ 
d���U�
	


yi = xiβ + g(ti) + ei, i = 1, 2, · · · ,


o β Nue�U� g(·) NX�R��C [0, 1] �Pue�U�
{
(xi, ti)

}
N
iI

R1 × [0, 1] �P��W�� {ei} N i.i.d. a�������

Eei = 0, Var (ei) = σ2 > 0, i = 1, 2, · · · .

�Srj��I β � g Pyzt��PF���nP��v��oIFV�f
��� (�)���S�NLy����PO� (�D [1–3]). BI�PJ�kc����
�P��n�P	���xj��Nu���E���� [4] ����d�e����
e��y β f��P��n�P Bootstrap �Vxj�J [4] �F���VPZ��r
y��T	k β f��P��n���N
�VPZ��y���a���e�qh
eEar� [5] i��eJ Efron[6] I 1979 �i�P Bootstrap heN��P�Je 
BootstrapheF��PCu�!�Ne��yu�"�P�e#dN�VZ�FFi
v# NI ��h$�ar�S [7,8] �!THqhe �Ly��"i�!�	

fo��v%�&#$he�a���heO�R�!�g" β f�&��P��n
�Pa����Vxj��&#$heNl�U��P�yiN�xPhe� [9–13]
"H�&#$%�T �Ly#��U���l�U�
�U�����U�
	

o β � g P��fo�NLy�#u�PF���n�y��a���e&Ty β f

'w 2000 $ 9 P 2 %RM(2002 $ 4 P 12 %RM$sx(
∗�YQ%&e�'R (1992005) ()*KK)D&+uKG'Rzw''(
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�&��Pa���m�v���c(yeP�VZ�fEL o
(
n−1/2

)
. *+�BF

�����Z��&#$he�a���he,��U�
	
Nf�P�

d� [0,1] �P-U�� {ti}, c {xi} r [0,1] �Pa�.v���A�

xi = f(ti) + ηi, i = 1, 2, · · · , (1.1)

/j� 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ 1, 
o f(t)rX�R [0,1]�P�U� {ηi}r i.i.d.
Pa�.v�� {ηi} J {ei} �,0r�

Eηi = 0, Var (ηi) = γ > 0, i = 1, 2, · · · . (1.2)

!" 1.1 1 Sr r Schwartz jC�)� Sr N r At+fqP�UjC� Sr oP
�URz*M2,+,I�-,I h ∈ Sr, DR-U Cpr > 0, KN

∣∣h(k)(t)
∣∣ ≤ Cpk

(
1 + |t|)−p

, k = 0, 1, · · · , r, p ∈ Z, t ∈ R.

!" 1.2 1 Hα(α ∈ R) r Sobolev jC�)�, h ∈ Hα, F

‖h‖2
α :=

∫ ∣∣ĥ(w)
∣∣2(1 + w2

)α dw < ∞,


o ĥ r h P Fourier ..�

�F�XPi��U φ(·) ∈ Sr, �3 L2(R) Pb4�n-r {Vm}, Vm PQB�
r

Em(t, s) = 2mE0

(
2mt, 2ms

)
= 2m

∑
k∈Z

φ
(
2mt − k

)
φ
(
2ms − k

)
.

K β "eH�fX� g(·) P��r

ĝ0(t, β) =
n∑

i=1

(yi − xiβ)
∫

Ai

Em(t, s) ds,


o Ai = [si−1, si), s0 = 0, sn = 1, si = 1
2 (ti + ti+1), i = 1, · · · , n − 1. *+� ti ∈ Ai,

-p {ti} N�. (1.1) P��W��.//Q,T0�xj

min
β

n∑
i=1

(
yi − xiβ − ĝ0(ti, β)

)2
.

1
Qr β̂n. 01 x̃i = xi −
n∑

j=1

xj

∫
Aj

Em(ti, s) ds, ỹi = yi −
n∑

j=1

yj

∫
Aj

Em(ti, s) ds,

i = 1, · · · , n. S̃2
n =

n∑
i=1

x̃2
i , U/e

β̂n = S̃−2
n

n∑
i=1

x̃iỹi, (1.3)
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Bc g(t) P�&��r

ĝn(t) = ĝ0(t, β̂) =
n∑

i=1

(yi − xiβ̂n)
∫

Ai

Em(t, s) ds. (1.4)

� Ẽ � Ṽar n78MR�X x1, x2, · · · ,PkE1p�kEh��1 uni = S̃−2
n

(
x̃i −

n∑
j=1

x̃j

∫
Ai

Em(tj , s) ds
)
, hni = uni

/( n∑
j=1

u2
nj

)1/2, ẽi = ei/σ, U

Qn :=
(
β̂n − Ẽβ̂n

)
/
(
Ṽarβ̂n

)1/2 =
n∑

i=1

hniẽi, (1.5)

Tn :=
(
β̂n − β

)
/
(
Ṽar β̂

)1/2
. (1.6)

ry	k Qn � Tn Pn��y���a���m�v

β∗
n =

n∑
i=1

uniêiξi, (1.7)


o ξ1, · · · , ξnr i.i.d. Pa�.v�
3ln�r Γ(2, 4),-#��Ur 24

Γ(4)x
3e−2xI(x >

0), {ξi} J {(xi, yi)} �,0r� êi r9� ei P���-

êi = yi − xiβ̂n − ĝn(ti). (1.8)

� E∗ � Var∗ n78MR�X (x1, y1), (x2, y2), · · · ,PkE1p�kEh��1

Rn =
(
β∗

n − E∗β∗
n

)/
(Var∗β∗

n)1/2. (1.9)

� Rn Pn�2	� Qn � Tn Pn��RN�� Pm�vfn��UPFVVaP
4:��NLn�P�VZ� o

(
n−1/2

)
. y�S3��),kE

(i) g(·), f(·) ∈ Hα, α > 3/2.
(ii) φ ∈ Sr, r ≥ α, φ �. 1 N Lipschitz kE�5FTd;�K ξ → 0 H�∣∣φ̂(ξ) − 1

∣∣ = O (ξ), 
o φ̂ r φ P Fourier ..�

(iii) DR�P-U d1, d2, KN

d1 · 1
n
≤ min

1≤i≤n
(ti − ti−1) ≤ max

1≤i≤n
(ti − ti−1) ≤ d2 · 1

n
;

(iv) 2m = O
(√

n log n bn

)
, 
o bn > 0 �14�5P+�6Iz*F�

(v) e1 Ph2�U p(t)�m�. CramerkE�-,4� ε > 0,DR 0 < η < 1,K
sup
|t|>ε

∣∣p(t)
∣∣ < 1 − η.

# 1 E [14] fe�K α > 3/2 H�EkE (i) f1NL g(t) � f(t) MR [0,1] �
t+fq�*+�, t ∈ (0, 1), g(t) � f(t) "�.�N Lipschitz kE�

# 2 kE (iii) "<F#v3���) [15].
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!$ 1.1 �kE (i)–(v) �r�� E|e1|3 < ∞, E|η1|3 < ∞, U,67dFP��
�� x1, x2, · · ·, F

√
n sup

y

∣∣∣P̃ (Qn ≤ y) − Φ(y) +
1
6
ϕ(y)(y2 − 1)

n∑
i=1

h3
niEẽ3

i

∣∣∣ −→ 0, a.s.,
(1.10)

√
n sup

y

∣∣∣P̃ (Tn ≤ y) − Φ(y) +
1
6
ϕ(y)(y2 − 1)

n∑
i=1

h3
niEẽ3

i

∣∣∣ −→ 0, a.s.,
(1.11)


o P̃ 8MR�X x1, x2, · · · ,PkEt7� Φ(y) � ϕ(y) n7r=y�fn��U
�t7#��U�

!$ 1.2 �kE (i)–(iv) �r�� Ee6
1 < ∞, Eη6

1 < ∞, U,67dFP����
(x1, y1), (x2, y2), · · ·, F

√
n sup

y

∣∣∣P ∗(Rn ≤ y) − Φ(y) +
1
6
ϕ(y)(y2 − 1)

n∑
i=1

h3
niê

3
i( ∑

h2
nj ê

2
j

)3/2

∣∣∣ −→ 0. (1.12)


o P ∗ 8MR�X (x1, y1), (x2, y2), · · · ,PkEt7�
!$ 1.3 �kE (i)–(v) �r�� Ee6

1 < ∞, Eη6
1 < ∞, U,67dFP����

(x1, y1), (x2, y2), · · ·, F
√

n sup
y

∣∣P̃ (Qn ≤ y) − P ∗(Rn ≤ y)
∣∣ −→ 0, (1.13)

√
n sup

y

∣∣P̃ (Tn ≤ y) − P ∗(Rn ≤ y)
∣∣ −→ 0. (1.14)

2 %&�'
,v� c 8M�P-U�8A�4HfI8/lPi�

($ 2.1 � {Xi}r0rln�Pa�.v��� E|X1|p < ∞, p > 0; �K p > 1
H EX1 = 0. H� {ani; 1 ≤ i ≤ n, n ≥ 1} N, JI85�-K i ≥ n H� ani = 0.

(I) )�DR-U ν > 0, K > 0 , K

n∑
i=1

|ani|p ≤ Kn−ν , max
1≤i≤n

|ani| ≤ Kn−1/p, (2.1)

UK 0 < p ≤ 2 H�F
n∑

i=1

aniXi −→ 0, a.s. (2.2)

(II) )�DR-U K > 0, K

n∑
i=1

a2
ni = o

(
(log n)−1

)
, max

1≤i≤n
|ani| ≤ Kn−1/p, (2.3)
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UK p > 2 H� (2.2) L6�r�
G U (I) >n-r [16] oPO"�U (II) >nkZ [16] o� O�Pc(-c�

-pD9�
($ 2.2[12,14] �kE (ii) �r�U
(I)

∣∣E0(t, s)
∣∣ ≤ Ck

/(
1 + |t − s|)k,

∣∣Em(t, s)
∣∣ ≤ 2mCk

/(
1 + 2m|t − s|)k, -p k r�

7U� Ck rUJ k F�P�7U#
(II) sup

0≤t, s≤1

∣∣Em(t, s)
∣∣ = O (2m);

(III) sup
0≤t≤1

∫ 1

0

∣∣Em(t, s)
∣∣ds ≤ c;

($ 2.3 �kE (i)–(iv) �r�U
(I) K E|e1|2+δ < ∞ (δ > 0) H�F

max
1≤i≤n

∣∣∣ n∑
j=1

ej

∫
Aj

Em(ti, s) ds
∣∣∣ −→ 0, a.s.

(II) K E|η1|2+δ < ∞ (δ > 0) H�F

max
1≤i≤n

∣∣∣ n∑
j=1

ηj

∫
Aj

Em(ti, s) ds
∣∣∣ −→ 0, a.s.

max
1≤i≤n

∣∣∣ n∑
j=1

ηj

∫
Ai

Em(tj , s) ds
∣∣∣ −→ 0, a.s.

G kZ [12] o (2.11) LPc(-c�9D9�
($ 2.4[6] �kE (i)–(iv) �r�� Ee2

1 < ∞, Eη2
1 < ∞, Var (η1) = γ > 0, U

lim
n→∞n−1S̃2 = γ, a.s.

($ 2.5 �kE (ii) � (iii) �r�U

(I) max
1≤i≤n

n∑
j=1

∫
Aj

∣∣Em(ti, s)
∣∣ds ≤ c; (II) max

1≤i≤n

n∑
j=1

∫
Ai

∣∣Em(tj , s)
∣∣ds ≤ c.

G (I) E8n 2.2 f (III) fN

max
1≤i≤n

n∑
j=1

∫
Aj

∣∣Em(ti, s)
∣∣ds ≤ sup

t

∫ 1

0

∣∣Em(t, s)
∣∣ds ≤ c.

(II) 1 	ti = ti − ti−1, i = 1, · · · , n. E8n 2.2 f (I) fN

n∑
j=1

∫
Ai

∣∣Em(tj , s)
∣∣ds ≤

n∑
j=1

∫
Ai

2mc
(
1 + 2m|tj − s|)−2 ds

≤ c

min
1≤j≤n

	tj

∫
Ai

( n∑
j=1

2m(
1 + 2m|tj − s|)2	tj

)
ds

≤cn

∫
Ai

( ∫ 1

0

2m

(1 + 2m|tj − s|)2 dt
)

ds ≤ c.
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($ 2.6 �kE (i)–(iv) �r�:;
(a) 0 Eη6

1 < ∞, U
(I) max

1≤i≤n
|x̃i| = o (n1/6), a.s. (II) max

1≤i≤n
|hni| = o (n−1/3), a.s.

(b) 0 Eη3
1 < ∞, U

(III)
√

n
n∑

i=1

|hni|3 = O (1), a.s. (IV) max
1≤i≤n

|hni| → 0, a.s.

G (I) E (1.2) L�N

max
1≤i≤n

|x̃i| ≤ max
1≤i≤n

∣∣∣f(ti) −
n∑

j=1

f(tj)
∫

Aj

Em(ti, s) ds
∣∣∣

+ max
1≤i≤n

|ηi| + max
1≤i≤n

∣∣∣ n∑
j=1

ηj

∫
Aj

Em(ti, s) ds
∣∣∣. (2.4)

[12, 8n 2.5] "cN

sup
t

∣∣∣f(t) −
n∑

j=1

f(tj)
∫

Aj

Em(t, s) ds
∣∣∣ = O

(
(n log n)−1/2b−1

n

)
. (2.5)

EI Eη6
1 < ∞, d1E [17, 8n 2.2] e

max
1≤i≤n

|ηi|/n1/6 −→ 0, a.s. (2.6)

9E (2.4)–(2.6) L�8n 2.3 f (II) -cN (I).
(II) E8n 2.4 � Cr /SLfN

(
S̃−2

n

n∑
j=1

|x̃j |
)2

≤ nS̃−4
n

n∑
j=1

x̃2
j ≤ nS̃−1

n = O (1), a.s. (2.7)

QE (2.5) L�8n 2.5 P (I) �8n 2.3 P (II) fN

max
1≤j≤n

∣∣∣ n∑
i=1

x̃i

∫
Ai

Em(tj , s) ds
∣∣∣

≤ max
1≤j≤n

∣∣∣ n∑
i=1

(∫
Ai

Em(tj , s) ds
)[

f(ti) −
n∑

k=1

f(tk)
∫

Ak

Em(ti, s) ds
]∣∣∣

+ max
1≤j≤n

∣∣∣ n∑
i=1

( ∫
Ai

Em(tj, s) ds
)( n∑

k=1

ηk

∫
Ak

Em(ti, s) ds
)∣∣∣

+ max
1≤j≤n

∣∣∣ n∑
i=1

ηi

∫
Ai

Em(tj , s) ds
∣∣∣ −→ 0, a.s. (2.8)

E (2.7) � (2.8) L�K n ?nFHF

S̃2
n

n∑
i=1

u2
ni =S̃−2

n

n∑
i=1

(
x̃2

i − 2x̃i

n∑
j=1

x̃j

∫
Ai

Em(tj , s) ds +
( n∑

j=1

x̃j

∫
Ai

Em(tj , s) ds
)2)
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≥1 − 2
(
S̃−2

n

n∑
j=1

|x̃j |
)(

max
1≤j≤n

∣∣∣ n∑
i=1

x̃i

∫
Ai

Em(tj , s) ds
∣∣∣) ≥ 1

2
, a.s. (2.9)

*+�E8n 2.4, 8n 2.5 P (II) ��8nP (I) fN�K n ?nFH�F

max
1≤i≤n

|hni| ≤
√

2 S̃−1
n max

1≤i≤n

∣∣∣x̃i −
n∑

j=1

x̃j

∫
Ai

Em(tj, s) ds
∣∣∣

≤
√

2 S̃−1
n max

1≤i≤n
|x̃i|

(
1 + max

1≤i≤n

n∑
j=1

∫
Ai

Em(tj , s) ds
)
≤ cn−1/3, a.s.

(III) E (2.5), 8n 2.3 P (II) ��FUX<fN

1
n

n∑
i=1

|x̃i|3 ≤9
(

1
n

n∑
j=1

∣∣∣f(ti) −
n∑

j=1

f(tj)
∫

Aj

Em(ti, s) ds
∣∣∣3) +

9
n

n∑
i=1

|ηi|3

+
9
n

n∑
i=1

∣∣∣ n∑
j=1

ηj

∫
Aj

Em(ti, s) ds
∣∣∣3 = O (1), a.s. (2.10)

q� (2.5) L�8n 2.5 P (II) �8n 2.3 P (II), kZ (2.8) LPc(fcN

max
1≤i≤n

∣∣∣ n∑
j=1

x̃j

∫
Ai

Em(tj , s) ds
∣∣∣ −→ 0, a.s. (2.11)

*+�E (2.9)–(2.11) L:8n 2.4, K n ?nFH�F

√
n

n∑
i=1

|hni|3 ≤ 16
√

n S̃−3
n

( n∑
i=1

|x̃i|3 + max
1≤i≤n

∣∣∣ n∑
j=1

x̃j

∫
Ai

Em(tj , s) ds
∣∣∣3) = O (1), a.s.

(IV) l=I�8nf (II) Pc(he-c�B9�
($ 2.7 �kE (i)–(iv) �r�� Ee4

1 < ∞, Eη4
1 < ∞, U,4; 0 < Mn → ∞,

β̂n − β = o
(
(log n/n)1/2Mn

)
, a.s. (2.12)

G >/NL

S̃2
n

(
β̂n − β

)
=

n∑
i=1

x̃i

(
g(ti) −

n∑
j=1

g(tj)
∫

Aj

Em(ti, s) ds
)

+
n∑

i=1

(
x̃i −

n∑
j=1

x̃j

∫
Ai

Em(tj , s) ds
)

ei =: In1 + In2. (2.13)

l=I [12, 8n 5] P (2.25) LPc(hef1cN

sup
t

∣∣∣g(t) −
n∑

j=1

g(tj)
∫

Aj

Em(t, s) ds
∣∣∣ = O

(
(n log n)−1/2b−1

n

)
. (2.14)
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1 gni = g(ti) −
n∑

j=1

g(tj)
∫

Aj
Em(ti, s) ds, i = 1, · · · , n, UF

|In1| ≤
∣∣∣ n∑

i=1

gni

(
f(ti) −

n∑
k=1

f(tk)
∫

Ak

Em(ti, s) ds
)∣∣∣

+
∣∣∣ n∑

i=1

gniηi

∣∣∣ +
∣∣∣ n∑

k=1

( n∑
i=1

gni

∫
Ak

Em(ti, s) ds
)
ηk

∣∣∣
=: I

(1)
n1 + I

(2)
n1 + I

(3)
n1 . (2.15)

E (2.5) � (2.14) LfN

I
(1)
n1 −→ 0. (2.16)

,I I
(2)
n1 , E (2.14) L/e� max

1≤i≤n
|gni| ≤ c(n log n)−1/2b−1

n ,
n∑

i=1

g2
ni = o

(
(log n)−1

)
.

x�L E|η1|3 < ∞, *+�R8n 2.1 P (II) o
 p = 3, N

I
(2)
n1 −→ 0, a.s. (2.17)

1 ank =
n∑

i=1
gni

∫
Ak

Em(ti, s) ds. E (2.14) L�8n 2.5 P (II), >/9c

max
1≤k≤n

|ank| ≤ c(n log n)−1/2b−1
n ,

n∑
k=1

a2
nk = o

(
(log n)−1

)
.

9E8n 2.1 P (II) fN

I
(3)
n1 −→ 0, a.s. (2.18)

H (2.16)–(2.18) LI?L (2.15) LfN

In1 −→ 0, a.s. (2.19)

,I In2. 1 bni = (n log n)−1/2M−1
n

(
x̃i −

n∑
j=1

x̃j

∫
Ai

Em(tj, s) ds
)
, 1 ≤ i ≤ n. R�8nk

E,�kZ8n 2.6 P (I) f1cN max
1≤i≤n

|x̃i| = o(n1/4), a.s. E+�Qq� (2.11) L/

@oN max
1≤i≤n

|bni| ≤ Cn−1/4(log n)−1/2, �

n∑
i=1

b2
ni ≤2(n log n)−1M−2

n

[ n∑
i=1

x̃2
i +

n∑
i=1

( n∑
j=1

x̃j

∫
Ai

Em(tj , s) ds
)2

]

=o
(
(log n)−1

)
, a.s.

IN�E8n 2.1 f (II) (
 p = 4) 1: Fubni Xnf1oN

(n log n)−1/2M−1
n In2 −→ 0, a.s. (2.20)

�/�q�8n 2.4, O� (2.13), (2.19) � (2.20) L-cN (2.12) L�
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($ 2.8 RXn 1.2 PkE,�K n → ∞ HF

n∑
i=1

h2
niê

2
i −→ σ2, a.s. (2.21)

√
n

n∑
i=1

h3
ni

(
ê3
i − Ee3

i

) −→ 0, a.s. (2.22)

G U�� (2.22) LPc(�l=Pfc( (2.21) L�1

mni =
n∑

j=1

ej

∫
Aj

Em(ti, s) ds, qni = x̃i(β̂n − β),

gni = g(ti) −
n∑

j=1

g(tj)
∫

Aj

Em(ti, s) ds,

UE (1.8) Lo êi PX��N

√
n

n∑
i=1

h3
ni

(
ê3
i − Ee3

i

)
=

√
n

n∑
i=1

h3
ni

[
(ei + gni − mni − qni)3 − Ee3

i

]

=
√

n

n∑
i=1

h3
ni

(
e3
i − Ee3

i

)
+ Un. (2.23)

|Un| =
∣∣∣√n

n∑
i=1

h3
ni

[
3e2

i (gni − mni − qni) + 3ei(gni − mni − qni)2 + (gni − mni − qni)3
]∣∣∣

≤3
√

n

n∑
i=1

|hni|3e2
i

(|gni| + |mni| + |qni|
)

+ 9
√

n

n∑
i=1

|hni|3|ei|
(
g2

ni + m2
ni + q2

ni

)

+ 9
√

n
n∑

i=1

|hni|3
(|gni|3 + |mni|3 + |qni|3

)
. (2.24)

,Ac(

√
n

n∑
i=1

h3
ni

(
e3
i − Ee3

i

) −→ 0, a.s. (2.25)

E8n 2.6 P (II), N

n∑
i=1

(√
nh3

ni

)2 ≤ n max
1≤i≤n

h4
ni ≤ cn−1/3, a.s.;

max
1≤i≤n

∣∣√nh3
ni

∣∣ ≤ √
n
(

max
1≤i≤n

|hni|
)3

≤ cn−1/2.
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9R8n 2.1 P (I) o
 p = 2, ν = 1/3, , a.e. 	 = (x1, x2, · · ·) F

P
(

lim
n→∞

√
n

n∑
i=1

h3
ni

(
e3
i − Ee3

i

)
= 0

∣∣	)
= 1.

*+�E Fubni Xn-cN (2.25) L�

lnfcN

√
n

n∑
i=1

|hni|3
(
e2
i − Ee2

i

) −→ 0, a.s., (2.26)

√
n

n∑
i=1

|hni|3
(|ei| − E|ei|

) −→ 0, a.s. (2.27)

E8n 2.6 P (I) �8n 2.7, N

max
1≤i≤n

|qni| = max
1≤i≤n

|x̃i| | β̂ − β| −→ 0, a.s. (2.28)

q�8n 2.3 P (I) �8n 2.6 P (III), QO� (2.23)–(2.28) � (2.14) L-cN (2.22)
L�

3 )'*+,
AC 1.1 -GE 3c (1.10). E [18] o�I0r�Pn�PFVVaXn 1 N

∣∣∣P̃ (Qn ≤ y) − Φ(y) +
1
6
ϕ(y)(y2 − 1)

n∑
i=1

h3
niEẽ3

i

∣∣∣
≤c

{
(1 + |y|)−3

n∑
i=1

Ẽ
∣∣Vni(y)

∣∣3 +
(
1 + |y|)−4

n∑
i=1

Ẽ
∣∣Zni(y)

∣∣4}

+ c
{
(1 + |y|)−4n6

(
sup

|t|≥δn

1
n

n∑
i=1

|p(thni)| + 1
2n

)n}
=:Jn1 + Jn2 + Jn3. (3.1)

�Lo p(t) N ẽ1 Ph2�U�

Vni(y) = hniẽiI
(|hniẽi| > (1 + |y|)); Zni(y) = hniẽiI

(|hniẽi| ≤ (1 + |y|));
δn =

1
12

( n∑
i=1

E|Yni|3
)−1

; Yni = hniẽiI(|hniei| ≤ 1).

,A�� (3.1) LG@z:�E8n 2.6 P (III) � (IV), N

√
n Jn1 ≤ C

√
n

n∑
i=1

|hni|3E
{∣∣ẽ1

∣∣3I(∣∣ẽ1

∣∣ >
1 + |y|

max
1≤i≤n

|hni|
)}

−→ 0, a.s. (3.2)
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� G(x) 8M ẽ1 Pn��U�1 T (z) =
∫
|y|≥z

|y|3 dG(y), UEXn 2.6 fN

√
nJn2 ≤√

n

n∑
i=1

|hni|4
1 + |y|E

{
|ẽ1|4I

(
|ẽ1| ≤ 1 + |y|

|hni|
)}

=
√

n

n∑
i=1

|hni|4
1 + |y|

[
− 1 + |y|

|hni| T
(1 + |y|

|hni|
)

+
∫ 1+|y|

|hni|

0

T (z) dz
]

≤√
n

n∑
i=1

|hni|3
[
T

( 1 + |y|
max

1≤i≤n
|hni|

)
+

∫ 1

0

T
( 1 + |y|

max
1≤i≤n

|hni|z
)

dz

]

−→0, a.s. (3.3)

4�� Jn3. E8n 2.6 P (III) eDR M > 0, K
√

n
n∑

i=1

|hni|3 ≤ M . 1 M1 =

(12ME|ẽ1|3)−1, UF

δn ≥
(
12E|ẽ1|3

n∑
i=1

|hni|3
)−1

≥ M1

√
n. (3.4)

PK;
 ε1 > 0, KN ε = M−1
1 ε1 ∈ (0, 1). 1 Nn = #{j,√n |hnj | ≥ ε}. 
o1< #(A)

8M A oLCyU�E8n 2.6 P (II), eDR K > 0, K n1/3 max
1≤i≤n

|hni| ≤
√

K, a.s. I

N�E
n∑

j=1
h2

nj = 1, N n =
n∑

j=1

(√
n|hnj |

)2 ≤ NnKn1/3 + (n − Nn)ε. *+

Nn ≥ (1 − ε)n
Kn1/3 − ε

≥ K−1(1 − ε)n2/3. (3.5)

E (3.4) � (3.5) L�Qq�kE (iv) :/SL 1 + x ≤ ex, N

√
nJn3 ≤n7

(
sup

|t|≥δn

1
n

n∑
i=1

|p(hnit)| + 1
2n

)n

≤n7

(
1
n

n∑
i=1

sup
|t|≥M1

√
n|hni|

|p(t)| + 1
2n

)n

≤n7

(
1
n

∑
{j:M1

√
n|hni|≥ε1}

sup
|t|≥ε1

|p(t)| + #{M1
√

n|hni| < ε1}
n

+
1
2n

)n

≤n7

(
Nn

n
(1 − η) +

(
1 − Nn

n

)
+

1
2n

)n

≤n7
(
1 − K−1η(1 − ε)n−1/3 +

1
2n

)n

≤ √
en7e−cn2/3 −→ 0. (3.6)

H (3.2), (3.3) � (3.6) LI?L (3.1) L-cNXn 1.1.

4Rc( (1.11) L�1

B2
n = Ṽar (β̂n) = σ2

n∑
i=1

u2
ni, rn = B−1

n S̃−2
n

n∑
i=1

x̃i

(
g(ti) −

n∑
j=1

g(tj)
∫

Aj

Em(ti, s) ds
)
.



22 ( � V ) ) * 26�

EI P̃ (Tn ≤ y) = P̃ (Qn ≤ y − rn). *+�E (1.10) LN

√
n sup

y

∣∣∣P̃ (Tn ≤ y) − Φ(y − rn) +
1
6
ϕ(y − rn)

(
(y − rn)2 − 1

) n∑
i=1

h3
niEẽ3

i

∣∣∣ −→ 0. (3.7)

E8n 2.4, (2.9) � (2.19) L�N rn = o
(
n−1/2

)
, a.s. Qq�qnoiXn/@cN

sup
y

∣∣Φ(y − rn) − Φ(y)
∣∣ ≤ sup

y
|y|ϕ(y) |rn| = o

(
n− 1

2
)
, a.s., (3.8)

sup
y

∣∣ϕ(y − rn)
(
(y − rn)2 − 1

) − ϕ(y)(y2 − 1)
∣∣

≤ sup
y

|3y − y3|ϕ(y) |rn| = o
(
n− 1

2
)
, a.s. (3.9)

*+�E (3.7)–(3.9) L-cN (1.11) L�
AC 1.2 -GE E [6] oXn 1 �I k = 3 PO��N

∣∣∣P ∗(Rn ≤ y) − Φ(y) +
1
6
ϕ(y)(y2 − 1)

n∑
i=1

h3
niê

3
i

/
D3

n

∣∣∣
≤c

{
(1 + |y|)−3

n∑
i=1

E∗∣∣Ṽni(y)
∣∣3 +

(
1 + |y|)−4

n∑
i=1

E∗∣∣Z̃ni

∣∣4

+ (1 + |y|)−4n6
(

sup
|t|≥δ̃n

n∑
i=1

∣∣p̃(thniêi)
∣∣ +

1
2n

)n}
=: Ln1 + Ln2 + Ln3, (3.10)


o p̃(t) r ξ1 Ph2�U�c

D2
n =

n∑
i=1

h2
niê

2
i ; δ̃n =

1
12

D2
n

( n∑
i=1

E∗|Ỹni|3
)−1

;

Ỹni = hniêi(ξi − 2)I
(∣∣hniêi(ξi − 2)

∣∣ ≤ Dn

)
;

Ṽni(y) = hniêi(ξi − 2)I
(∣∣hnj êi(ξi − 2)

∣∣ > Dn(1 + |y|));
Z̃ni(y) = hniêi(ξi − 2)I

(∣∣hnj êi(ξi − 2)
∣∣ ≤ Dn(1 + |y|)).

4R�� (3.10) LG@P :�kZ8n 2.8 P (2.13) Pce/@NL

lim sup
n→∞

√
n

n∑
i=1

|h3
niê

3
i | ≤ C, a.s. (3.11)

E êi PX��N

|hniêi| ≤|hniei| + |hni|
∣∣∣ n∑

j=1

ej

∫
Aj

Em(ti, s) ds
∣∣∣ + |hni| |x̃i| |β̂n − β|

+ |hni|
∣∣∣g(ti) −

n∑
j=1

g(tj)
∫

Aj

Em(ti, s) ds
∣∣∣. (3.12)
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EI Ee6
1 < ∞,q� [17,8n 2.2]fN! n−1/6 max

1≤i≤n
|ei| → 0, a.s. E+�Qq� (3.12),

8n 2.3 P (I), (II), 8n 2.6 P (I), (II) �8n 2.7 1: (2.14) Lf1NL

lim
n→∞ max

1≤i≤n
|hniêi| = 0, a.s. (3.13)

q� (3.11) � (3.13) L�f1NL

√
nLn1 ≤c

√
nD−1

n

n∑
i=1

|hniêi|4E|ξi − 2|4

≤cE |ξ1 − 2|4D−1
n

(√
n

n∑
i=1

|hniêi|3
)(

max
1≤i≤n

|hniêi|
)
→ 0, a.s.

(3.14)

√
nLn2 ≤c

√
n

n∑
i=1

|hniêi|4E|ξi − 2|4 −→ 0, a.s. (3.15)

,Ad� Ln3. E δ̃n f8EL�q� (3.11) L�8n 2.8, N

lim inf
n→∞

δ̃n√
n

≥ lim inf
n→∞

n∑
j=1

h2
nj ê

2
j

(
12
√

n

n∑
i=1

|hniêi|3E|ξi − 2|3
)−1

≥ d > 0, a.s. (3.16)

d1� δ̃n → ∞. q�/SL (1 + x)−2 ≤ 1 − x + x2 fN

sup
|t|≥δ̃n

1
n

n∑
i=1

∣∣p̃(thniêi)
∣∣ ≤ 1

n

n∑
i=1

sup
|u|≥δ̃n|hniêi|

1(
1 + u2/4

)2

≤ 1
n

n∑
i=1

1(
1 + 1

4 δ̃2
nh2

niê
2
i

)2 ≤ 1
n

n∑
i=1

1(
1 + δ̃nh2

niê
2
i

)2

≤1 − 1
n

n∑
i=1

h2
niê

2
i δ̃n +

1
n

n∑
i=1

h4
niê

4
i δ̃

2
n

≤1 − 1√
n

δ̃n√
n

( n∑
i=1

h2
niê

2
i − δ̃n

n∑
i=1

h4
niê

4
i

)
=: 1 − 1√

n
λn. (3.17)

E (3.13) L�8n 2.8, N

δ̃n

n∑
i=1

h4
niê

4
i =

( n∑
i=1

h2
niê

2
i

) ( n∑
i=1

h4
niê

4
i

)
12

n∑
i=1

|hniêi|3E|ξi − 2|3I(|hniê(ξi − 2)| ≤ Dn

)

≤
max

1≤i≤n
|hniêi|

( n∑
i=1

h2
niê

2
i

)
12E|ξ1 − 2|3I (|ξ1 − 2| ≤ Dn/ max

1≤i≤n
|hniêi|

) −→ 0, a.s.
(3.18)

*+�E8n 2.8, (3.16) � (3.18) L�N

lim inf
n→∞ λn ≥ dσ2 =: q > 0. (3.19)
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9K n ?nFH�E (3.17) L:/SL 1 + x ≤ ex, y�F

√
nLn3 ≤n7

(
1 − λn√

n
+

1
2n

)n

≤ n7
(
1 − q

2
√

n
+

1
2n

)n

≤n7e−(q
√

n−1)/2 −→ 0, a.s. (3.20)

9E (3.10), (3.14), (3.15) � (3.20) L-cNXn 1.2.
AC 1.3 -GE 3c (1.13) L�EXn 1.1 �Xn 1.2, k<c(

sup
y

∣∣∣∣ϕ(y)(y2 − 1)
( ∑

h3
niê

3
i( ∑

h2
niê

2
i

)3/2
−

∑
h3

nie
3
i

σ3

)∣∣∣∣ = o
( 1√

n

)
, a.s. (3.21)

x�L sup
y

∣∣ϕ(y)(y2 − 1)
∣∣ < ∞, E8n 2.8 fhLo� (3.21) L�

,I (1.14) L�q�Xn 1.1 P (1.11) L�Xn 1.2 �8n 2.8 r-fc�
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RATES OF RANDOM WEIGHTING
APPROXIMATION OF WAVELET ESTIMATES
IN SEMIPARAMETRIC REGRESSION MODEL

XUE Liugen

(College of Applied Mathematics Sciences, Beijing University of Technology, Beijing 100022)

Abstract Combining the wavelet smoothing method and random weighting method, we
obtain that the rates of random weighting approximation of wavelet estimates for parametric
components in the semiparametric regression model can attain the accuracy of o (n−1/2)
under suitable conditions.

Key words Semiparametric regression model, wavelet estimates, random weighting method


