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Joag-Dev z Proschan[1] 
�D NA Ad��
�� 1.1  r.v. X1, · · · ,Xk, k ≥ 2 � NA (Negatively Associated) A�xsP

{1, · · · , k} AtL�� A1, A2 M�

Cov
(
f(Xi : i ∈ A1), g(Xj : j ∈ A2)

) ≤ 0,

� f z g ��Pi�f��f���QRAw�� r.v. F {Xi : i ≥ 1} � NA
F�xs {Xi : i ≥ 1} AtQLhSfO�A����M� NA A�

�� NA Fm����PzQf�����PDJd��qWUY��f�uN
�F���A���SRTbDsTqWA�Q��Z� NA F���PATp��
E���oN� r.v. FA�Q�PM��QAq�lF�q� NA F�

��Ab�L��G� NA F�j��z

n1/p
n∑

i=1

aniXi =
n∑

i=1

bniXi → 0, n → ∞ a.s. (1.1)

A���P iid F� Chow[2], Chow z Lai[3]  Thrum[4] ����D p = 1/2, 1 ≤ p < 2
 p ≥ 2 g� a.s. !!A�P�� Thrum[4] "#$D (1.1) m����DJdA
UY� Cuzick[5], BaiD [6] "��P 1 ≤ p < 2 �D%L�AG��#TT$knA [7,
J� 1(i)(ii)] (�& [8, J� 4.1.4]) Yn���� [3,4] D�%�A&U�P�RrL'
()'�S���sTA ��Q�S��(aJ��q� NA F�)�QRA��
��O��L*!�+c"�MkcA�s — ,m!!��

,m!!�Ad�z�P���� Hsu z Robbins[9] 
��A#
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�� 1.2 1 {T, Tn : n ≥ 1} � r.v. F�yP ∀ ε > 0, �

∞∑
n=1

Pr
(|Tn − T | > ε

)
< ∞, (1.2)

o {Tn : n ≥ 1} ,m!!� T , 2� Tn
c−→ T , n → ∞.

2p� Tn
c−→ T , n → ∞ �O�� Tn

a.s.−→ T , n → ∞, ,Vy-p�

KLXU�1 m ≥ 2, {Xni : i ≥ 1, n ≥ 1}� r.v. sF�.3z b−m
n

∑
1≤i1<···<im≤n

m∏
j=1

Xnij 4���zAL/5�"� U��BA�3g���Z���sTo�ArIy
L�m {Xi : i ≥ 1} � iid Ff Xni = Xi : i ≥ 1, n ≥ 1 A�3g� � Gadidov[10], 4
0D [11], Wang D [12] D��D.3zc"�MAye I��z,m!!AyeD
6���pR���k�L/�UYk�qWA�j.3zAg��7�N�F�G
��sK-Q&�

1 {Xi : i ≥ 1}� NAF�{ani : i ≥ 1, n ≥ 1}�(�sF� ∑
1≤i1<···<im

m∏
j=1

anij Xij

��j.3z���5mG�6�1 NAF�j.3zA,m!!� UY�2p�
��O7 NA F (uN�F) �j��zAc"�M�"8A�9�
2 #$%&

89�#T2��'IAo� iidF�j��zA [7,J� 1]�q�6�1 NAF
�j.3zA34�

�( 2.1 1 m �tQut�� {Xi : i ≥ 1} �6�1 NA F� {bni : i ≥ 1, n ≥ 1}
�(�sF�

∃ 5� s > 0, t > −1 − s, K > 0, � |bni| ≤ Kn−s, i ≥ 1, n ≥ 1, (2.1)

:1 F;)��yL��#
E|X1|(1+s+t)/s < ∞, (2.2)

6m 0 < δ <
1 + s + t

s
, �

∞∑
i=1

|bni|δ ≤ Knt+s−sδ , n ≥ 1, (2.3)

<q

E|X1|(1+s+t)/s log+ |X1| < ∞, (2.4)
∞∑

i=1

|bni|(1+s+t)/s ≤ Kn−1, n ≥ 1, (2.5)

(i) 7 (1 + s + t)/s ≥ 2 :�L An
∧=

∞∑
i=1

b2
ni, xs

∞∑
n=1

exp(−u/An) < ∞, ∀u > 0, (2.6)
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EX1 = 0, (2.7)

o�
∑

1≤i1<···<im

m∏
j=1

bnij Xij

c−→ 0, n → ∞. (2.8)

(ii) 7 (1 + s + t)/s = 2 :�xs (2.7) ���o� (2.8) ���
(iii) 7 1 ≤ (1 + s + t)/s < 2 :�xs F;)��yL��#

∞∑
i=1

|bni| ≤ K, n ≥ 1 f EX1 = 0 (2.9)

<q
∞∑

i=1

|bni| → 0, n → ∞, (2.10)

o� (2.8) ���
(iv) 7 0 < (1 + s + t)/s < 1 :�� (2.8) ���
* 2.1 [7, J� 1] �Ih

∞∑
i=1

b2
ni ≤ Knt−s, n ≥ 1. (2.11)

-XHv#7 (1 + s + t)/s > 2 :� (2.3) z (2.5) Mz� (2.11), � 2.1 <VJ�
2.1(i) o(b%D [7, J� 1(i)]; R7 0 < (1 + s + t)/s < 2 :� (2.3) z (2.5) Mc�
(2.11), ,r+�c�9IA�� 2.2 :V [7] �J� 1 (iii), (iv) -LJ���

, 2.1 1 bni = n−1/4i−3/8I (1 ≤ i ≤ n), "1 {Xi : i ≥ 1} � iid F�=�m6�
1 Pr

(|X1| > x
)

= c|x|−4.01, |x| > 1, P s = 1/4, t = −1/4, -XHvJ� 2.1(i) A��
M��, (2.11) -���

, 2.2 1 s = 1, t = −1/2, o (s + t + 1)/s = 3/2, l1 bni = n−1i−1/4I (1 ≤ i ≤ n),
" {Xi : i ≥ 1} �=��1 Pr

(|X1| > x
)

= c|x|−31/20, |x| > 1 A iid F�-XvV [7, J
� 1 (iii)] A=���MR-, m = 1 : (2.8) -���

O �P �<VDJ� 2.1 A'I��
./ 2.1 1 α > 0, {Xi : i ≥ 1}�6�1 NAF�{bni : 1 ≤ i ≤ n, n ≥ 1}�(�s

F�E|X1|2/α < ∞,f7 0 < α ≤ 1: (2.7)���xs |bni| ≤ Kn−α,
n∑

i=1
b2
ni = o (log−1 n),

oPtQut� m �

∑
1≤i1<···<im≤n

m∏
j=1

bnij Xij

c−→ 0, n → ∞. (2.12)

* 2.2 �P 2.1 � [7, �P 1] A>;�q�?)F�#T�O( [7] ��P 2, �
P 3 �q� NA FA�j.3z�r@<O�
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./ 2.2 1 {Xi : i ≥ 1} �I�>6�1 NA F� {ani : i ≥ 1, n ≥ 1} �(�s
F�

(i) xs
∞∑

i=1

a2
ni = O (1)  EX2

1 log
(
1 + |X1|

)
< ∞, oPtQut� m �

n−m/2
∑

1≤i1<···<im

m∏
j=1

anij Xij

c−→ 0, n → ∞. (2.13)

(ii) 1 p > 2, xs E|X1|p < ∞f6m(� 2 ≤ q < p, �
∞∑

i=1

a2
ni = o (n2/p/ log n),

oPtQut� m �

n−m/p
∑

1≤i1<···<im

m∏
j=1

anij Xij

c−→ 0, n → ∞.

* 2.3 �P 2.2 � [13, J� 2.2] A�q��Q [13, J� 2.2] XO< [7, J� 1(i)]
���r%L�<V#TP [7, J� 1(i)] Ab%��QRA�

./ 2.3 1 p > 2, 1/p = 1/α + 1/β, � p < α ≤ ∞, p ≤ β < ∞, {Xi : i ≥ 1} �
6�1 NA F� {ani : 1 ≤ i ≤ n, n ≥ 1} �(�sF�xs (2.7) ��f

E|X1|β < ∞, (2.14)
n∑

i=1

a2
ni = O (n2/α), (2.15)

oPtQut� m �

n−m/p
∑

1≤i1<···<im≤n

m∏
j=1

anij Xij

c−→ 0, n → ∞. (2.16)

* 2.4 m&6AA��zjw��� � [4] ��A iid FAc"�M��P 2.3
� β = p > 2, m = 1 A���

./ 2.4 1 1 ≤ p < 2, 1/p = 1/α + 1/β, � p < α < β < ∞, {Xi : i ≥ 1}
�6�1 NA F� {ani : 1 ≤ i ≤ n, n ≥ 1} �(�sF�R-�� (2.14) , (2.7)  
( n∑

i=1

|ani|α
)1/α = O (1), o� (2.16) ���

3 �0
1( 3.1[14] 1 {xi : i ≥ 1} �tQ(�F�oPtQt� n ≥ m ≥ 1,

∑
1≤i1<···<im≤n

m∏
j=1

xij =
∑

m∑
j=1

ljrj=m

A(m)(lj , rj : 1 ≤ j ≤ m)
m∏

j=1

( n∑
i=1

x
lj
i

)rj

, (3.1)

r@� A(m)(lj , rj : 1 ≤ j ≤ m),
m∑

j=1

rj lj = m ��c n ?oA5��
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1( 3.2 1 {xi : i ≥ 1} ��F�
∞∑

i=1

xi  
∞∑

i=1

x2
i M!!�o

∑
1≤i1<···<im

m∏
j=1

xij

∧= lim
N→∞

∑
1≤i1<···<im≤N

m∏
j=1

xij

6m�f

∑
1≤i1<···<im

m∏
j=1

xij =
∑

m∑
j=1

ljrj=m

A(m)(lj , rj : 1 ≤ j ≤ m)
m∏

j=1

( ∞∑
i=1

x
lj
i

)rj

, (3.2)

r@� A(m)(lj , rj : 1 ≤ j ≤ m),
m∑

j=1

rj lj = m ��@c m �oA5��

O ��D Jensen -D��PLeut� r ≥ 2 z N , �
N∑

i=1

|xr
i | ≤

( N∑
i=1

x2
i

)r/2, �
∞∑

i=1

x2
i !!7w

∞∑
i=1

xr
i CP!!����T� 3.1 ���

1( 3.3 xs r.v. F {Xi : i ≥ 1}  {Yi : i ≥ 1} M,m!!� 0, K ��I5
��o {KXi : i ≥ 1}, {Xi + Yi : i ≥ 1}  {XiYi : i ≥ 1} M,m!!� 0.

O �Q�P ∀ ε > 0 �
{|Xi + Yi| ≥ ε

} ⊂ {|Xi| ≥ ε/2
} ∪ {|Yi| ≥ ε/2

}
,{|XiYi| ≥ ε

} ⊂ {|Xi| ≥
√

ε
} ∪ {|Yi| ≥

√
ε
}

f7 K �= 0 :��
{KXi ≥ ε} =

{|Xi| ≥ ε/K
}
,

�T�A����T�A�P�

4 20345
CG 2.1 BOI �T� 3.2, T� 3.3  �D Jensen -D�w�v (2.8), @Iv

∞∑
i=1

bniXi
c−→ 0, n → ∞, (4.1)

∞∑
i=1

b2
niX

2
i

c−→ 0, n → ∞, (4.2)

9v (4.1): ?)� [7, J� 1], -Y:1 bni > 0. 1 ε �tQjJAu��-Xv

V�P ∀n ≥ 1,
∞∑

i=1

bniXi a.s. !!�<R6mut� kn � Pr
( ∞∑

i=kn+1

bniXi| > 3ε
)

<

1/n2, ��#T@Fv
∞∑

n=1

Pr
(∣∣∣

kn∑
i=1

bniXi

∣∣∣ > 3ε
)

< ∞, (4.3)
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(i) z (ii) L

X
(1)
ni = XiI (bniXi ≤ n−σ) + b−1

ni n−σI (bniXi > n−σ), � σ > 0 =J,

X
(2)
ni = (Xi − b−1

ni n−σ)I
(
bniXi > max(ε/N, n−σ)

)
, � N �ut�=J,

X
(3)
ni = (Xi − b−1

ni n−σ)I(n−σ < bniXi ≤ ε/N), i ≥ 1, n ≥ 1.

lL T
(l)
n

∧=
kn∑
i=1

bniX
(l)
ni , l=1, 2, 3. #TuY [7, J� 1] AHO�XU��GLOz

GHO?)� [7, J� 1(iii)] �&U���O�#T@vGSO#
L gj =

[
(jKN/ε)1/s

]
, � (2.10) � Knt+s−sδ ≥

∞∑
i=1

bδ
ni ≥ #{i : bnij > ε/N}εδ/(jN)δ,

<R #{i : bnij > ε/N} ≤ Knt+s−sδ(jN)δ/εδ,
7GL)�� (2.2), (2.3) ��:�Y?)� [7, T� 2] AXU��#

∞∑
n=1

Pr(T (2)
n > ε) ≤

∞∑
j=1

gj∑
n=1

Pr (j − 1 ≤ X1 < j)#
{
i : bni > ε/(Nj)

}

≤C

∞∑
j=1

gj∑
n=1

Pr(j − 1 ≤ X1 < j) jδnt+s−sδ ≤ C

∞∑
j=1

Pr(j − 1 ≤ X1 < j)jδgt+s−sδ+1
j

≤C

∞∑
j=1

Pr(j − 1 ≤ X1 < j)j(t+s+1)/s ≤ CE|X1|(1+s+t)/s < ∞.

7GS)�� (2.4), (2.5) ��:�6���#

∞∑
n=1

Pr(T (2)
n > ε) ≤

∞∑
j=1

gj∑
n=1

Pr(j − 1 ≤ X1 < j)#
{
i : bni > ε/(Nj)

}

≤C

∞∑
j=1

gj∑
n=1

Pr(j − 1 ≤ X1 < j)j(1+s+t)/sn−1

≤C

∞∑
j=1

Pr(j − 1 ≤ X1 < j) j(s+t+1)/s log j ≤ CE|X1|(1+s+t)/s log+ |X1| < ∞.

(iii) L

X
(1)
ni = −b−1

ni n−σI (bniXi < −n−σ) + XiI (bni|Xi| ≤ n−σ) + b−1
ni n−σI(bniXi > n−σ),

X
(2)
ni = (Xi − X

(1)
ni )I

(
bni|Xi| > max(ε/N, n−σ)

)
,

X
(3)
ni = Xi − X

(1)
ni − X

(2)
ni , i ≥ 1, n ≥ 1.

lL T
(l)
n

∧=
kn∑
i=1

bniX
(l)
ni , l = 1, 2, 3. #TuY [7, J� 1]AHO�XU��GLOz

GHO?)� [7, J� 1(iii)] �&U���GSO6 (i)(ii), O�
(iv) L X

(l)
ni , T

(l)
n , l = 1, 2, 3 6 (iii), #TuY [7, J� 1] AHO�XU��G

LO?)� (iii), GSOzGHO6 (i)(ii), O�
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 U#T�v (4.2). �QJ� 2.1PU m = 1A�PMN��vV��X>b&�
O�vV�
�AJ� 2.1�P m = 1A�P��� X2

i = X2
i I (Xi ≥ 0)+X2

i I (Xi < 0),
#T-Y1 Xi ≥ 0, i ≥ 1, � [1, �6 P3] w {X2

i : i ≥ 1} u� NA F�

L s′ = 2s, t′ = t − s, �: v′ ∧= (1 + s′ + t′)/s′ = (1 + s + t)/(2s), o7 (2.3) ��:

�
∞∑

i=1

|b2
ni|δ/2 ≤ Knt′+s′−s′δ/2, R7 (2.5) ��:�

∞∑
i=1

|b2
ni|(1+s′+t′)/s′ ≤ Kn−1.

(i), (ii)-XHv� (2.6) kv
∞∑

i=1

b2
ni → 0,��

∞∑
i=1

b2
niEX2

i ≤ C
∞∑

i=1

b2
ni → 0, n → ∞.

L X ′
i = X2

i − EX2
i , i ≥ 1, ��7 (1 + s + t)/s > 4 :�J� 2.1(i) 7� (4.2) ���7

(1 + s + t)/s = 4 :�J� 2.1(ii) 7� (4.2) ���R7 2 ≤ (1 + s + t)/s < 4 :��J
� 2.1(iii) 7� (4.2) ���

(iii) z (iv) ?)� (i), (ii), �J� 2.1(iv) 7� (4.2) ���

* 4.1 mvV (4.1)AHO�vV��GLO�UYP�-D�:9X?vP ∀n ≥
1, {Xni : i ≥ 1} � NA A�GSOAvV?Ft@&o��GHOm(ye'�.3
AdNZ"[ih'�dNA.3:\FI {Xi : i ≥ 1} � NA A�

JH 2.1 BOI ?)� [7, �P 1] AvV�O�

JH 2.2 BOI (i) L bni = n−1/2ani, i ≥ 1, n ≥ 1, s = 1/2, t = −1/2,
(1 + s + t)/s = 2, -XHv (2.1), (2.4), (2.5), (2.7) M����J� 2.1(ii) ���

(ii) L bni = n−1/pani, i ≥ 1, n ≥ 1, s = 1/p, t = −1/p, �: (1 + s + t)/s = p, -
XHv (2.1)–(2.3), (2.6), (2.7) M�� (i δ = q), �J� 2.1(i) ���

JH 2.3 BOI L bni = n−1/paniI (i ≤ n), i ≥ 1, n ≥ 1, s = 1/β, t = −1/β, �
:� (1 + s + t)/s = β > 2, wPHv (2.1)–(2.3), (2.6), (2.7) ����J� 2.1 A (i) �
��

JH 2.4 BOI L bni = n−1/paniI (i ≤ n), i ≥ 1, n ≥ 1, s = 1/β, t = −1/β, �
:� (1 + s + t)/s = β > 2, -XHv (2.1)–(2.3), (2.6), (2.7) M�� (i δ = α), �J�
2.1(i) ���
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THE COMPLETE CONVERGENCE OF WEIGHTED
PRODUCT SUMS FOR NA SEQUENCES

CHENG Fengyang WANG Yuebao YAN Jigao CAI Xinzhong
(School of Mathematical Sciences, Suzhou University, Suzhou 215006)

Abstract In this paper, we discuss the complete convergence of weighted product sums
for NA sequences, some of the results are better than that of iid sequences which has been
known.

Key words NA sequences, weighted product sums, complete convergence


