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Q- ofi µ- bakc ∗

� � ��� ���

(R���t��B��j��L 410075)

� � O E y��at� Q=(qij ; i,j∈E) y E×E M��E��	
qij≥0, i �=j,

∑
k �=i

qik=−qii≤+∞, ∀ i∈E,

m=(mi; i∈E) ��
VI�S	N���	
∑
i∈E

miqij≤−µmj , ∀ j∈E,

�iR	� Q- 
�U� m �l� µ- �N��
�
F Q=(qij ; i,j∈E) yD��g�eR��vG���P�p�

mqg Q- 
�� Q- �W� µ- ��N�� µ- �N�

1 	
rnhez
������Xr���X

∑
i∈E

miqij ≤ −µmj , j ∈ E, (1.1)

∑
i∈E

mipij(t) ≤ e−µtmj , j ∈ E, t ≥ 0, (1.2)

D� µ ≥ 0, m = (mj ; j ∈ E) ����W�� 0�c��� (1.1) � m�z Q� µ-��
��D J!Gk� j ∈ E, (1.1) S�f"�#�� m z Q � µ- ���D �h�#
�� (1.2) � m �z P = (pij(t); i, j ∈ E, t ≥ 0) � µ- ����D J!Gk� j ∈ E h
t ≥ 0, (1.2) S�f"�#�� m z P � µ- ���D�J!n� ∑

i∈E

mi = 1, ����
m O$�z Q � µ- ���O%# Q � µ- ��O%# P � µ- ���O%h P � µ-
��O%�

G��� Q- a& F = (fij(t); i, j ∈ E, t ≥ 0), Kelly[1] h Pollett[2] wH����
(1.1) h (1.2) M'�(�#��DXA��)�D�)!*

ju 1.1 P m = (mi; i ∈ E) ����W�� 0 �c#�
(i) m � F � µ- ���+��+ m � Q � µ- ��� 
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(ii) m � F � µ- ��+��+ m � Q � µ- ���G&X (k�)v < µ, L&
∑
i∈E

yiqij = −vyj , 0 ≤ yj ≤ mj , j ∈ E (1.3)

P�'J��
z���$(hK)�L2#��g)A%&'�X*+m µ- ����D (O%)

h µ- ���D (O%).
P P �G� Q- a&# Ψ �G�� Q- '�X# m = (mj ; j ∈ E) � P � µ- ��

��D#�( Ψ �A)#���
∑
i∈E

mi(λ+ µ)ψij(λ) ≤ mj , j ∈ E, λ > 0, (1.4)

J! m � P � µ- ���D#�Gk� j ∈ E h λ > 0, (1.4) S�f"��D%#J!
(1.4) "�#�� m � Ψ � µ- ����D J! (1.4) S�f"�#�� m � Ψ � µ-
���D�

��A�+m� P h Ψ � µ-(�) ���D�(�#m�K)3 [3,4].
ju 1.2 P m �A)* E N��D (O%), P �4XW+cc#Ψ �G��'�

X#� m � P � µ-(�) ���D (O%) +��+ m � Ψ � µ-(�) ���D (O%);
Ka*#J! µ ≤ λP (E)(,S λP (E) z P * E N�d5�c), � m � P � µ-(�) �
��D (O%) +��+ m � Ψ � µ-(�) ���D (O%).

(� µ- ���D (O%) Y-'.O%/0�(#k�G µ- ���D (O%) �,
1#-2*�2N#n�*�&N#CQOT.#I��6��kL7���W+cc#
I� Q- 3F Q, /Io8���r�0q�M9�1)��

23 P E z�4cu# Q = (qij; i, j ∈ E) z E ×E N�3F#��
qij ≥ 0, i �= j,

∑
k �=i

qik = −qii ≤ +∞, ∀ i ∈ E, (1.5)

m = (mi; i ∈ E) z E N�WJT5O%#��
∑
i∈E

miqij ≤ −µmj , ∀ j ∈ E. (1.6)

0jS:* Q- a& P V; m � P � µ- ��O%<
+ µ = 0 S#wz Williams 60q [5], C#7hl [6,7] 4wH����Q0q�K

µ ≥ 0, + Q E.A� Q- ccx�S# Kelly[1] ���N(0q�+ Q E.A� Q b
�58nS# Pollett[8] ���N(0q�

�9GE.Ah=fS:6#wH����Q0q#;r)!z*
ju 1.3 P Q h m �� (1.5) h (1.6), � Q E.A#w qi < +∞, i ∈ E, ��A:

*�X Q- a& P , V; m � P � µ- ��O%�
ju 1.4 P Q h m �� (1.5) h (1.6), �<d:*�X b ∈ E, V qb = +∞, w Q

=fS#��A:*�X Q- a& P , V; m � P � µ- ��O%�
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2 pl�
h�t
+bfSnS#* Q- '�X (Q- a&) �Z:S#��U=�>OT5O�A�

(3 [9]) ?QOT.�;&#4�g�@(�bfSn Q- a&�A�<"!C=.&
?@A�#m�K)3 [9] p [10].
u 2.1 P R(λ) =

(
rij(λ); i, j ∈ E,λ > 0

)
� E N� Q- '�X#GC b ∈ E, I

Eb = E \ {b}, � R(λ) B4EYz

R(λ) =
(

0 0
0 Ψ(λ)

)
+ rbb(λ)

(
1 η(λ)

ξ(λ) ξ(λ)η(λ)

)
, (2.1)

,S (i) Ψ(λ) � Qb = (qij; i, j ∈ Eb)- '�X�
(ii) η(λ) = (ηj(λ); j ∈ Eb) �(� Ψ(λ) �H)>?[�# ξ(λ) = (ξi(λ); i ∈ Eb) �

(� Ψ(λ) �H)�?[�� ξ(λ) ≤ 1 − λΨ(λ)1, I�n�
lim

λ→+∞
ληj(λ) = qbj , j ∈ Eb; lim

λ→+∞
λξi(λ) = qib, i ∈ Eb.

(iii) rbb(λ) =
(
c + λ + λ[η(λ), ξ]

)−1, D� ξ = lim
λ→0

ξ(λ), \I 0 ≤ ξ ≤ 1, I c z@ λ

-(�9c#��
c ≥ lim

λ→+∞
λ
[
η(λ), 1 − ξ

]
.

(iv) K b zfSn#�
lim

λ→+∞
λ[η(λ), ξ] = +∞

p�z�
lim

λ→+∞
λ
[
η(λ), 1

]
= +∞.

Ka*#GC�X Qb- '�X Ψ(λ), η(λ) h ξ(λ) �� (ii) h (iv), rbb(λ) �� (iii), B]
(2.1) A) R(λ), � R(λ) ��X Q- '�X�
u 2.2 P Q = (qij ; i, j ∈ E) �� Q- 3F# m � Q � µ- ��O%# Qb =

(qij; i, j ∈ Eb) � Eb = E \ {b} NE.A� Q- 3F# Φb(λ) = (φb
ij(λ); i, j ∈ Eb, λ > 0) z

�� Qb- '�X�
x

di(λ) = mi − (λ+ µ)
∑

k∈Eb

mkφ
b
ki(λ), i ∈ Eb, λ > 0, (2.2)

��
lim

λ→+∞
λdi(λ) = mbqbi, i ∈ Eb.

� m� Q� µ-��O%#k�� ∑
i∈E

miqij = −µmj , j ∈ E,\I mb = (mi; i ∈ Eb)

� Qb � µ- ����D#(A� 1.1 L mb � Φb(λ) � µ- ����D#\I di(λ) ≥
0, i ∈ Eb, λ > 0. /z Φb(λ) ��� Qb- '�X#k���J�'�L&*

φb
ij(λ) − φb

ij(µ) + (λ− µ)φb
ik(λ)φb

kj(µ) = 0, i, j ∈ Eb, λ, µ > 0.
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P di(λ) = mi − λ
∑

k∈Eb

mkφ
b
ki(λ), i ∈ Eb, ��

di(λ) − di(µ) + (λ− µ)
∑

k∈Eb

dk(λ)φb
ki(µ) = 0, i ∈ Eb, λ, µ > 0.

N/z m z Q � µ- ��O%#k�(A� 1.1, G i ∈ Eb, di(λ) ≥ 0. /I di(λ) (� λ

=[�B#��GAX i ∈ Eb, λ
∑

k∈Eb

mkφ
b
ki(λ) � λ Bcc#\I lim

λ→+∞
λ

∑
k∈Eb

mkφ
b
ki(λ)

:*�(TQ8ZA�;
lim

λ→+∞
λ

∑
k∈Eb

mkφ
b
ki(λ) = mi, i ∈ Eb.

B( Φ ��\[L&#w
λφb

ij(λ) = δij +
∑

k∈Eb

φb
ik(λ)qkj ,

/I
di(λ) =

∑
k∈Eb

mk(δki − (λ+ µ)φb
ki(λ)), i ∈ Eb,

�����
λdi(λ) = − λ

∑
k∈Eb

mk

( ∑
j∈Eb

φb
kj(λ)qji

)
− λµ

∑
k∈Eb

mkφ
b
ki(λ)

= −
∑
j∈Eb

qji

(
λ

∑
k∈Eb

φb
kj(λ)

)
− µ

( ∑
k∈Eb

λmkφ
b
ki(λ)

)
,

k�
lim

λ→+∞
λdi(λ) = −

∑
j∈Eb

mjqji − µmi = mbqbi, i ∈ Eb.

u 2.3 P m = (mi; i ∈ E) ���WJ�T5O%#K m �6J (2.1) � Q- '
�X R(λ) � µ- ��O%#����s"�*

(i) mb = (mi; i ∈ Eb) � Ψ(λ) � µ- ����D 
(ii) ηi(λ) = di(λ)

mb
, i ∈ Eb, λ > 0, ,S di(λ) = mi− (λ+µ)

∑
k∈Eb

mkψki(λ), i ∈ Eb, λ >

0.
Ka*#K� (i) h (ii) "�#�* (2.1) S� ξi(λ) = 1 − λ

∑
j∈Eb

ψij(λ), i ∈ Eb, c =

µ
mb

+ λ
[
η(λ), 1 − ξ

]
, ,S ξ = lim

λ→0
ξ(λ), � m � R(λ) � µ- ��O%�

� K m �6J (2.1) � Q- '�X R(λ) � µ- ��O%#��
(λ+ µ)

∑
i∈E

mirij(λ) = mj , j ∈ E, λ > 0. (2.3)

( (2.1) L
ψij(λ) ≤ rij(λ), i, j ∈ Eb, λ > 0,
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k��
(λ+ µ)

∑
i∈Eb

miψij(λ) ≤ mj , j ∈ Eb, λ > 0.

k� mb = (mi; i ∈ Eb) � Ψ(λ) � µ- ����D#w (i) "��
( (2.3) 4;

(λ+ µ)rbb(λ)mb + (λ+ µ)
∑
i∈Eb

mirbb(λ)ξi(λ) = mb (2.4)

h

(λ+ µ)rbb(λ)ηi(λ)mb + (λ+ µ)
∑

k∈Eb

mkψki(λ) + (λ+ µ)
∑

k∈Eb

mkrbb(λ)ξk(λ)ηi(λ)

=mi, i ∈ Eb, λ > 0. (2.5)

( (2.4) h (2.5) ;

ηi(λ) =
di(λ)
mb

, i ∈ Eb, λ > 0,

w (ii) "��
Ka*#K (2.1)S� ξi(λ) = 1−λ ∑

j∈Eb

ψij(λ), i ∈ Eb, (� η(λ)�(� Ψ(λ)�H)
>?[�#k� λ

[
η(λ), 1−ξ] < +∞�@ λ-(#N c = µ

mb
+λ

[
η(λ), 1−ξ], ξ = lim

λ→0
ξ(λ),

^ c ��]� 2.1(iii), k� rbb(λ) =
(
µ/mb + λ+ λη(λ)1

)−1. ( (i) h (ii) "�� (2.4) h
(2.5) "�#\I (2.3) "�#/I m � R(λ) � µ- ��O%�

I^K)
u 2.4 P Ψ = (ψij(λ); i, j ∈ E, λ > 0) ��X'�X# m �T5O%#KG&

X λ0 > 0 �
(λ0 + µ)

∑
i∈E

miψij(λ0) = mj , ∀ j ∈ E,

�G�] λ > 0, �
(λ+ µ)

∑
i∈E

miψij(λ) = mj , ∀ j ∈ E.

3 	
rnh�x
�� 1.3 ��� (i) K�� Q- '�X Φ =

(
φij(λ); i, j ∈ E, λ > 0

)
_T#� m �

Φ � µ- ��O% ZTN#(� m � Q � µ- ��O%#^(A� 1.1 vA� 1.2 L#
m � Φ � µ- ���O%#w

(λ+ µ)
∑
i∈E

miφij(λ) ≤ mj , j ∈ E, λ > 0. (3.1)

K (3.1) G&X j ∈ E h λ0 > 0 �f�"�#( mi > 0, i ∈ E �v Φ _T#* (3.1) X
�EG j Ah;

1 =
∑
j∈E

(
λ

∑
i∈E

miφij(λ)
)
≤

∑
j∈E

(λ+ µ)
∑
i∈E

miφij(λ) <
∑
j∈E

mj = 1,
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iH�B(]� 2.4 L#G�] j ∈ E h λ > 0, (3.1) S�f"�#w m � Φ � µ- ��
O%�

(ii) K�� Q- '�X Φ = (φij(λ); i, j ∈ E, λ > 0) �_T#x

zi(λ) = 1 − λ
∑
k∈E

φik(λ), i ∈ E, λ > 0, (3.2)

�
zi(λ) ≥ 0, i ∈ E, λ > 0, �:* i0 ∈ E, λ0 > 0 V; zi0(λ) > 0, (3.3)

\I^KG�] λ > 0, zi0(λ) > 0.
Bx

di(λ) = mi − (λ+ µ)
∑
k∈E

mkφki(λ), i ∈ E, λ > 0,

(A� 1.1(i) L
di(λ) ≥ 0, i ∈ E, λ > 0, (3.4)

u%#4�K):* j0 ∈ E, G�] λ > 0, � dj0(λ) > 0.
I

ψij(λ) = φij(λ) +
zi(λ)dj(λ)

(λ+ µ)
∑

k∈E

mkzk(λ)
, i, j ∈ E,λ > 0. (3.5)

^K d(λ) = (di(λ); i ∈ E) �(� Φ �>?[�#w
di(λ) − di(µ) + (λ− µ)

∑
k∈E

dk(λ)φki(µ) = 0, i ∈ E, λ, µ > 0, (3.6)

( zi(λ) �A)�v Φ ��'�L&#^;
zi(λ) − zi(µ) + (λ− µ)

∑
k∈E

φik(λ)zk(µ) = 0, i ∈ E, λ, µ > 0, (3.7)

( (3.6), (3.7) �v φ ��'�L&#^;
ψij(λ) − ψij(µ) + (λ− µ)

∑
k∈E

ψik(λ)ψkj(µ) = 0, i, j ∈ E,λ, µ > 0. (3.8)

w Ψ = (ψij; i, j ∈ E, λ > 0) ��'�L&�
( (3.3), (3.4) �v (3.5) ;

ψij(λ) ≥ 0, i, j ∈ E, λ > 0. (3.9)

( [11] �v Q so;
lim

λ→∞
λzi(λ) = 0, i ∈ E, (3.10)

B( Φ z��'�X#k��
lim

λ→∞
λ(λφij − δij) = qij , i, j ∈ E, (3.11)
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(]� 2.2, (3.10), (3.11) �v (3.5) 4;

lim
λ→∞

λ(λψij(λ) − δij) = qij, i, j ∈ E, (3.12)

( (3.5) �
λ

∑
j∈E

ψij(λ) ≤ λ
∑
j∈E

φij(λ) + zi(λ) = 1. (3.13)

( (3.8), (3.9), (3.12), (3.13) �vA) (3.5) L Ψ = (ψij(λ); i, j ∈ E, λ > 0) ��X
Q- '�X#I�n�

(λ+ µ)
∑
i∈E

miψij(λ) =(λ+ µ)
∑
i∈E

miφij(λ) + (λ+ µ)
∑
i∈E

zi(λ) dj(λ)
(λ+ µ)

∑
k∈E

mkzk(λ)

=(λ+ µ)
∑
i∈E

miφij(λ) + dj(λ) = mj .

/I(A� 1.2 LA�;K�
�� 1.4 ��� * (2.1) S#C Ψ(λ) =

(
ψij(λ); i, j ∈ Eb, λ > 0

)
z�� Qb- '�

X#( m � Q � µ- ���O%#� mb = (mi; i ∈ Eb) � Qb � µ- ����D#(A
� 1.1(i) hA� 1.2 L# mb � Ψ(λ) � µ- ����D�

I

di(λ) = mi − (λ+ µ)
∑

k∈Eb

mkψki(λ), i ∈ Eb, λ > 0,

ηi(λ) =
di(λ)
mb

, i ∈ Eb, λ > 0,

ξi(λ) = 1 − λ
∑
j∈Eb

ψij(λ), i ∈ Eb, λ > 0,

rbb(λ) =
(
µ/mb + λ+ λη(λ)1

)−1
.

(]� 2.1 v]� 2.2 ;

R(λ) =
(

0 0
0 Ψ(λ)

)
+ rbb(λ)

(
1 η(λ)

ξ(λ) ξ(λ)η(λ)

)

�� Q- '�X#(]� 2.3 L#m � R(λ)� µ-��O%#B(A� 1.2 LA�;K�
� (�N��K)� “Z:_” �#����N{�� m z µ- ��O%� Q- '

�X�:*_#I�n4�;r�|DX Q- '�XZ:{*�
4 v�

w 1 ��{| Z+ = {1, 2, · · · , } N�isdB#, Q- 3Fz

qij =

⎧⎪⎨
⎪⎩
qi, j = i+ 1, i ≥ 0,
−qi, j = i ≥ 0,
0, ,m, i, j ∈ Z+,

(4.1)
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,S qi > 0, i ∈ Z+.
��L7#.s Q � µ-(�) ���D:*#B� µ≤ inf

i≥0
qi. ��kP µ < infi≥0 qi.

I^K)
y3 4.1 :*T5O% m = (mi; i ∈ Z+), V; m �6J (4.1) � Q- 3F� µ- �

�O%+��+

C
∧= 1 +

∞∑
n=1

q0 · · · qn−1

(q1 − µ) · · · (qn − µ)
< +∞, (4.2)

+ (4.2) "�S#I

m0 =
1
C
, mi =

1
C

q0 · · · qi−1

(q1 − µ) · · · (qi − µ)
, i ≥ 1,

� m = (mi; i ∈ Z+) � Q � µ- ��O%�

P M =
∞∑

j=0

1
qj

, ��
y3 4.2 (i) K M = +∞, � Q J�#k��� Q- a&� m z µ- ��O%�
(ii) K M < +∞, P Φ = (φij(λ); i, j ∈ Z+, λ > 0) z�� Q- '�X#A)

di(λ) = mi − (λ+ µ)
∑

k∈Z+

mkφki(λ), i ∈ Z+, λ > 0, (4.3)

zi(λ) = 1 − λ
∑

j∈Z+

φij(λ), i ∈ Z+, λ > 0, (4.4)

ψij(λ) = φij(λ) +
zi(λ)dj(λ)

(λ+ µ)
∑

k∈Z+

mkzk(λ)
, i, j ∈ Z+, λ > 0, (4.5)

� Ψ = (ψij(λ); i, j ∈ Z+, λ > 0) �� m z µ- ��O%� Q- '�X#mG�� Q- a&
P � m z µ- ��O%�
� �� Q- a&_T+��+ M = +∞, (A� 1.3 �K)L�~q"��
w 2 ����o2J�� Kolmogorov 3F

Q =

⎛
⎜⎜⎜⎜⎝

−∞ 1 1 1 · · ·
q1 −q1 0 0 · · ·
q2 0 −q2 0 · · ·
q3 0 0 −q3 · · ·
...

...
...

...
...

⎞
⎟⎟⎟⎟⎠ , (4.6)

,S qi > 0, i ≥ 1.
��L7#.s Q � µ-(�) ���D:*#B� µ≤ inf

i≥0
qi. ��kP µ < inf

i≥0
qi.

I^K)
y3 4.3 :*T5O% m = (mi; i ∈ Z+), V; m �6J (4.6) � Q- 3F� µ- �

�O%+��+

C
∧= 1 +

∞∑
i=1

1
qi − µ

< +∞, (4.7)
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+ (4.7) "�S#I

m0 =
1
C
, mi =

1
C

1
qi − µ

, i ≥ 1, (4.8)

� m = (mi; i ∈ Z+) � Q � µ- ��O%�
y3 4.4 A)

ψij(λ) =
δij

λ+ qi
, i, j ≥ 1, λ > 0, (4.9)

ξi(λ) =
qi

λ+ qi
, i ≥ 1, λ > 0, (4.10)

ηi(λ) =
qi

(qi − µ)(λ+ qi)
, i ≥ 1, λ > 0, (4.11)

rbb(λ) =
( µ

mb
+ λ+ λη(λ)1

)−1

, λ > 0, (4.12)

R(λ) =
(

0 0
0 Ψ(λ)

)
+ rbb(λ)

(
1 η(λ)

ξ(λ) ξ(λ)η(λ)

)
, (4.13)

� m � Q- '�X R(λ) � µ- ��O%#\I{�G� Q- a&� µ- ��O%�
� (A� 1.4 �K)w;�
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µ-INVARIANT DISTRIBUTION OF Q-PROCESS

LIN Xiang ZHANG Hanjun HOU Zhenting

(Research Department, Railway Campus, Centralsouth University, Changsha 410075)

Abstract Let E be a countable set, Q = (qij ; i, j ∈ E) be a matrix defined on E×E such
that

qij ≥ 0, i �= j,
∑
k �=i

qik = −qii ≤ +∞, ∀ i ∈ E,

m = (mi; i ∈ E) is a set of strictly positive probability distribution such that
∑
i∈E

miqij ≤ −µmj , ∀j ∈ E

in what condition does there exist Q-process such that m is a µ-invariant distribution of its?
In this paper we completely solve the problem when Q = (qij; i, j ∈ E) are total stable

and a single instantaneous state.

Key words Q-process, Q-resolvent function, µ-subinvariant distribution,
µ-invariant distribution


