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{
vt + f(vx) = 0, x ∈ R, t > 0,
v(x, 0) = v0(x),

(2.1)

�M#K!R��� hK�BXAQ${
ut + fx(u) = 0, x ∈ R, t > 0,
u(x, 0) = u0(x) =

(
v0(x)

)
x
.

(2.2)

M#!bQ$u = vx �� v(x) = c+
∫ x

0
u(s) ds. #V v0(x) ∈W 1,∞,1

(
v0(x)

)
x

= u0(x) ∈
BV (R)∩L1(R), BV (R) .2��/#��K�� f(u) Q Lipschitz 54K Hamilton �
��

W�XA (2.1), YlW��',N%��
3 Γ � R K!INq6h�0, Ij ∈ Γ, Ij = [xj , xj+1]. d hj = xj+1 − xj ,

xj+ 1
2

= xj + 1
2hj , j = 0,±1,±2, · · ·.

2.1 b5�he
w(x) � Ij ��7 Newton 1B��I.2Q$

Ihw(x) = wj + w
[
xj , xj+1

]
(x− xj) + w

[
xj , xj+ 1

2
, xj+1

]
(x− xj)(x− xj+1).

#V w[y1, y2, · · · , yk] .2 w(x) !�P y1, y2, · · · , yk K k 7#4�I�. Ihw(x) v�M
#z#$

Ihw(x) = wj +
(x− xj)
hj

(wj+1 − wj) +
(x− xj)(x− xj+1)

2
Sj ,

�H wj = w(xj), wj+ 1
2

= w(xj+ 1
2
), Sj = 4(wj+1 − 2wj+ 1

2
+ wj)/h2

j , Sjhj ≈ w′′(xj+ 1
2
)hj .

'0h258��Q$

ϕj(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 +

x− xj

hj − 1
, x ∈ Ij−1,

1 − x− xj

hj
, x ∈ Ij ,

0, x /∈ Ij−1 ∪ Ij ;

ψj(x) =

⎧⎨⎩
(x− xj)(x− xj+1)

2
, x ∈ Ij ,

0, x /∈ Ij ,

(2.3)

#V j = 0,±1,±2, · · ·. 91B��K� Vh = Span
{
ϕj(x), ψj(x)

}+∞
−∞ ⊂ H1, 6 (2.1) K

:��Q$

vh(t, x) =
+∞∑
−∞

[
vj(t)ϕj(x) + Sj(t)ψj(x)

]
.

�"���#7)O!oQj�1B3h�O�oQ683h���c (2.1) K4R
7�'�i,c�Q$% vh ∈ Vh, �HW8(K w(x) ∈ Vh, d#�Y$

d
dt

(
vh(t, x), w

)
+

(
f(vh,x), w

)
= 0,
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#V vh,x .2 vh(t, x) W x KC����#Hh295 w = ϕj(x), w = ψj(x) �Wj�
3h8�G;�H�H$

1
2
(hj−1 + hj)

d
dt
vj(t) − 1

24
d
dt

(
h3

j−1Sj−1(t) + h3
jSj(t)

)
+

∫ xj+1

xj−1

f(vh,x)ϕj(x) dx = 0, (2.4a)

h5
j

120
d
dt
Sj(t) −

h3
j

24
d
dt

(
vj(t) + vj+1(t)

)
+

∫ xj+1

xj

f(vh,x)ψj(x) dx = 0. (2.4b)

doQ9jc9:$�5MBNq6h�� hj ≡ h. �d D+vj = (vj+1 − vj)/h,
D−D+vj = (D+vj −D+vj−1)/h. +�W# (2.4a) 8�aG;�Hc��xIW# (2.4a)
HK,ho8�;z%,�6�O(F f(vh,x) �0,<P(Iw�e�V�YlW�
-*<:K68�dD��ee T:A�∫ xj+1

xj−1

f(vh,x)ϕj(x) dx− h3

24
d
dt

(
Sj−1(t) + Sj(t)

)
≈1

2
h
[
f
(
D+vj(t) − Sj(t)

2
h
)

+ f
(
D+vj−1(t) +

Sj−1(t)
2

h
)]

− h3

24
d
dt

(
Sj−1(t) + Sj(t)

)
≈hH

(
D+vj(t) − Sj(t)

2
h, D+vj−1(t) +

Sj−1(t)
2

h
)
.

#V�B Hamilton�� H kU0Q��k(��� H(a, b)Wh; a�'�Wh;
b �=�1 H(a, a) = f(a). H KAB5�.�d!<Hs��doQa.;c9���
;:>sK"Mdi!/; t K=v�FfF (2.4b) #HK Sj ���)0Q v′′(xj) K
:�B�xW�,ho8�um7K%,v#�X' Simpson v#�<ZIHXA (2.1)
K4R7�'�i,q#Q$

d
dt
vj +H

(
D+vj − Sj

2
h, D+vj−1 +

Sj−1

2
h
)

= 0, (2.5a)

d
dt
Sj +

4
h2

[
H

(
D+vj − Sj

2
h, D+vj−1 +

Sj−1

2
h
)

+H
(
D+vj+1 − Sj+1

2
h, D+vj +

Sj

2
h
)
− 2f(D+vj)

]
= 0. (2.5b)

58�� (2.3) K9W<(��$W8(K j, D� ψ′
j(xj+ 1

2
) = 0 �Y�<Z�

vh,x(xj+ 1
2
) = (vj+1−vj)/h,� vh,x(xj+ 1

2
)KB$ Sj Z!�==YlI�W�!b uj+ 1

2
=

vh,x(xj+ 1
2
) N%�� hcK�B�$")N�"I*N� hcK�B�K�G

Nh, H-J c�B�K�G�
2.2 zkth>?@�iy

�OhcV (2.5) Q Hamilton-Jacobi cK�7?TK4R7q#�I8��7
TVD Runge-Kutta[10] c�%��+��7 TVD Runge-Kutta ��> Euler q�#hc
��>q# (2.5) W� Euler q�#hc�� TVD yK�6W��7 TVD Runge-Kutta
c�"kU TVD �G�#V TVD �G�C� hcK�B�@ H-J cK�B�
K!7#4K/#�'�doEs�a (2.5a) # Euler q�#hKR7/0��Ec
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KR7IP�%H�

vn+1
j − vn

j + ∆tH
(
D+v

n
j − Sn

j

2
h, D+v

n
j−1 +

Sn
j−1

2
h
)

= 0. (2.6)

�%�� v [�'0d

uj+ 1
2
(t) =

vj+1(t) − vj(t)
h

, (2.7)

un
j+ 1

2
=
vn

j+1 − vn
j

h
, (2.8)

6IH� hc (2.2) K�Bq#�q# (2.5)–(2.7) P���7?TK?) MUSCL
q# [11].

2.3 ���iy?��
q# (2.5) HK H Q0Q�B Hamiltonian, I89db<!�
d I =

[
min(a, b),max(a, b)

]
,

(1) Engquist-Osher y

H(a, b) =
∫ a

0

min
(
f ′(s), 0

)
ds+

∫ b

0

max
(
f ′(s), 0

)
ds+ f(0).

(2) Lax-Friedrichs y

H(a, b) =
1
2
[
f(a) + f(b) − θ(a− b)

]
,

θ Q
∣∣f ′(u)∣∣ �)� [

inf u0(x), supu0(x)
]
KW@B�

(3) \3 Lax-Friedrichs y

H(a, b) =
1
2
[
f(a) + f(b) − β(a− b)

]
, β = max

u∈I

∣∣f ′(u)∣∣.
(4) Godunov y

H(a, b) =

⎧⎨⎩
max
u∈I

f(u), : a ≤ b �;

min
u∈I

f(u), : a > b �.

d λ = ∆t/h, H1, H2 h2.2 H WO!�O�rh;K Lipschitz b��!��'
,q#�Yl�db/j$

aq 1 (1) '0

−1 ≤ Sj − Sj−1

2D−D+vj
≤ 1, (2.9)

6 H-J cK4R7q# (2.5) kU TVD �G�� d
dtTV

(
D+vj(t)

) ≤ 0.
(2) '0

−1 ≤ Sn
j − Sn

j−1

2D−D+vn
j

≤ 1 (2.10)

1kU CFL E&�� λ(H2 −H1)j+ 1
2
≤ 1

2 , ∀ j, 6q# (2.5), (2.6) kU TV (D+v
n+1
j ) ≤

TV (D+v
n
j ).
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� YlEKq/j (2). /j (1) KqP��<i�
+��IH$

D+v
n+1
j =D+v

n
j − λ

[
H

(
D+v

n
j+1 −

Sn
j+1

2
h, D+vj +

Sn
j

2
h
)

−H
(
D+v

n
j − Sn

j

2
h, D+v

n
j−1 +

Sn
j−1

2
h
)]

=D+v
n
j + λ

[
Cj+ 1

2
(D+v

n
j+1 −D+v

n
j ) −Dj− 1

2
(D+v

n
j −D+v

n
j−1)

]
.

#V

Cj+ 1
2

= −(H1)j+ 1
2

[
1 − (Sn

j+1 − Sn
j )h

2(D+vn
j+1 −D+vn

j )

]
,

Dj− 1
2

= (H2)j− 1
2

[
1 +

(Sn
j − Sn

j−1)h
2(D+vn

j −D+vn
j−1)

]
,

(H1)j+ 1
2

=
H(D+v

n
j+1 − Sj+1

2 h,D+vj + Sj

2 h) −H(D+v
n
j − Sj

2 h,D+vj + Sj

2 h)
D+vn

j+1 −D+vn
j − 1

2 (Sn
j+1 − Sn

j )h
,

(H2)j− 1
2

=
H(D+v

n
j − Sn

j

2 h,D+vj + Sn
j

2 h) −H(D+v
n
j − Sn

j

2 h,D+v
n
j−1 + Sn

j−1
2 h)

D+vn
j −D+vn

j−1 + 1
2 (Sn

j − Sn
j−1)h

.

+E& (2.10)��H K0Q�S Cj+ 1
2
≥ 0, Dj− 1

2
≥ 0,T+E& λ(H2 −H1)j+ 1

2
≤ 1

2

S λ(Cj+ 1
2

+Dj+ 1
2
) ≤ 1. ==�YlIHdoK/j$

TV (D+v
n+1
j ) =

+∞∑
−∞

|D+v
n+1
j+1 −D+v

n+1
j |

=
+∞∑
−∞

∣∣ [1 − λ(Cj+ 1
2

+Dj+ 1
2
)
]
(D+v

n
j+1 −D+v

n
j ) + λCj+ 3

2
(D+v

n
j+2 −D+v

n
j+1)

+ λDj− 1
2
(D+v

n
j −D+v

n
j−1)

∣∣
≤

+∞∑
−∞

[
1 − λ(Cj+ 1

2
+Dj+ 1

2
)
] |D+v

n
j+1 −D+v

n
j | + λCj+ 3

2
|D+v

n
j+2 −D+v

n
j+1|

+ λDj− 1
2
|D+v

n
j −D+v

n
j−1|

=
+∞∑
−∞

|D+v
n
j+1 −D+v

n
j | = TV (D+v

n
j ).

Qa�q#kUE& (2.9), (2.10) ��Jn�B��e:A�Yl�� min mod �
�W Sj , Sn

j %�iF�d$
Bj = min mod (Sj ,D−D+vj ,D−D+vj+1), Bn

j = min mod (Sn
j ,D−D+v

n
j ,D−D+v

n
j+1),

�H min mod iF?R)'d$

min mod (s1, s2, s3) =

{
sign(s1)min

(|s1|, |s2|, |s3|), > s1, s2, s3 Ki]kG�

0, > s1, s2, s3 Ki]�G,
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��q# (2.5), (2.6) K H H� Bj �Bn
j h2[C Sj , Sn

j . + min mod iF?KR)�
YlH

−1 ≤ Bj −Bj−1

2D−D+vj
≤ 1, −1 ≤ Bn

j −Bn
j−1

2D−D+vn
j

≤ 1,

��� minmod iF?Kq# (2.5), (2.6) h2kUE& (2.9), (2.10), <ZRT 1 K/j
�Y�:W�q# (2.5) @% (2.5), (2.6) %�c (2.1) K�B�[�-!>W�!b
(2.7), (2.8) h2�� uj+ 1

2
(t), un

j+ 1
2
. +RT 1 �!b (2.7), (2.8) IH� hc (2.2)

K�B�A� TVD �G�� d
dtTV

(
uj+ 1

2
(t)

) ≤ 0, TV (un+1
j+ 1

2
) ≤ TV (un

j+ 1
2
), x� hc

 (2.2) K�B�@^�����
v� �"��RT 1 HK λmax

j∈Z
(H2 −H1)j+ 1

2
≈ λmax

∣∣f ′(u)∣∣, xI�Q CFL E

&�cM+���a minmodiF?�.�CEq# (2.5)�zP(K?TL_Q!7�
'0 f QI����uWKiFd�W�4R7Kq#Yl�db@^�RT�d

ûj =

∫ D+vj+1

D+vj
sf ′(s) ds

f(D+vj+1) − f(D+vj)
.

aq 2 '0 (1) E& (2.9) �Y�
(2) W� D+vj > D+vj+1 K"M�dbE&�Y${
Sjh ≥ 2(ûj −D+vj), 1 Sj+1h ≥ 2(D+vj+1 − ûj), : ûj ∈ [D+vj+1,D+vj ] �;

Sj+1 = Sj = 0, : ûj /∈ [D+vj+1,D+vj ] �,

6q# (2.5) K�B�@^� H-J c (2.1) K*���
� P�� [11] KRT 3.1 KKq�IHdb/j�Yli!aJj�KKq�
: h → 0 ��q# (2.5)–(2.7) K�B� uh(x, t) � L1 \�()d@^�� hc

 (2.2) X� u(x, t), �

lim
h→0

∫ +∞

−∞

∣∣u(x, t) − uh(x, t)
∣∣dx = 0,

�H�B� uh(x, t) KR)Q$
: xj−1 ≤ x < xj �� uh(x, t) = uj− 1

2
(t), j = 0,±1,±2, · · · .

-!>�+!b (2.7) H$

vj(t) =
j∑

k=−∞
uk− 1

2
(t)h.

+�� hc (2.2) KX� u(x, t) W�� H-J c (2.1) K*�� v(x, t), � v(x, t) =∫ x

−∞ u(x, t) dx, xWyRK x0, : h→ 0 ��1 xj → x0, db/j�Y

∣∣v(x0, t) − vj(t)
∣∣ =

∣∣∣∫ x0

−∞
u(x, t) dx−

j∑
k=−∞

uk− 1
2
h
∣∣∣

≤
∣∣∣∫ xj

−∞
u(x, t) dx−

j∑
k=−∞

uk− 1
2
h
∣∣∣ +

∣∣∣∫ x0

xj

u(x, t) dx
∣∣∣ −→ 0.
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3 Z�xrlnu
]V8�a�rryXA-*[��AB��H��X 1, 2HYl��aq# (2.5)

� 2 7 TVD Runge-Kutta c� [10], H D5 Lax-Friedrichs y�<��/0NE�#Ic
��E���)0� 'mK?T�Z1W\P (C�K�V() Kh^w� '{�
�]�KJzH��j.2?��� “+” .2q# (2.5) K�B�� “∇” .2!7\3
Lax-Friedrichs q# (�� L-F q#) K�B� [6].

s 1 ��A�I Hamilton ��K H-J cKK|�BXA⎧⎨⎩ vt +
(vx + 1)2

2
= 0, −1 < x < 1, t > 0,

v(x, 0) = − cos πx.
(3.1)

: t ≥ 1.5/π2 ��XA (3.1) K�KC���e�V�YlI�F)do.qNF
_�'�i,c� (2.5) K?T�_#h,.qq# (2.5) A��7?T�do.qHK
0,T���)� [−1, 1] �5HK�

Y ``gh
p{`` ^} L-F p{ _h`p{ (2.5) ^} L-F p{ _h`p{ (2.5)

�
�

�
��

(L1 ``) (L1 ``) (L∞ ``) (L∞ ``)

b`S}
20 5.09 × 10−2 1.46 × 10−3 1.18 × 10−1 3.35 × 10−3

50 2.03 × 10−2 1.58 × 10−4 4.75 × 10−2 6.76 × 10−4

80 4.33 × 10−3 6.92 × 10−5 3.23 × 10−2 2.40 × 10−4

�oK.q� t = 0.5/π2 K/0�doJ 1, 2 h2s�aXA (3.1) � t = 0.5/π2

t = 1.5/π2 �K?����i,�B���!7 L-F q#K�B�K '�
s 2 ��A�eI Hamilton ��K H-J cKK|�BXA�{

vt − cos(vx + 1) = 0, −1 < x < 1, t > 0,
v(x, 0) = − cos πx.

(3.2)

J 3(a), 3(b) h2s�aXA (3.2) � t = 0.5/π2, t = 1.5/π2 ��B���%��
V~S�e<�K�KJz�[%��V1z�<��KJz�

{ 1 (a) b| (3.1) J~~ t = 0.5/π2, h = 0.2 { 1 (b) b| (3.1) J~~ t = 1.5/π2, h = 0.05
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{ 2 (a) b| (3.1) J~~ t = 0.5/π2, h = 0.1 { 2 (b) b| (3.1) J~~ t = 1.5/π2, h = 0.04

{ 3 (a) b| (3.2) J~~ t = 0.5/π2, h = 0.1 { 3 (b) b| (3.2) J~~ t = 1.5/π2, h = 0.04

J�.q�i,q# (2.5) �EA�'mK?T�Z1WA�eI Hamilton ��K
XA"��{KWR��@^��
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FINITE ELEMENT METHODS FOR
HAMILTON-JACOBI EQUATIONS

LI Xianggui

(Department of Mathematics, University of Petroleum, Dongying 257062)
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Abstract In this paper, numerical schemes are presented for Hamilton-Jacobi equa-
tions by using Galerkin finite element with second order. These schemes belong to TVD
type. If the semi-discrete scheme among them is given more limitations, its numerical so-
lution converges to the viscosity solution of Hamilton-Jacobi equation. Numerical tests are
given to illustrate these schemes with high resolution for discontinuities of derivatives.

Key words Galerkin finite element, Hamilton-Jacobi equation, conservation laws


