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 [1]:

− ∆ψ = ∇ · u = α
(
p− e+N(x)

)
, (1.1)

∂e

∂t
= ∇ · (De(x)∇e− µe(x)e∇ψ

) −R(e, p, T ), (1.2)

∂p

∂t
= ∇ · (Dp(x)∇p+ µp(x)p∇ψ

) −R(e, p, T ), (1.3)

ρ(x)
∂T

∂t
− ∆T =

[
Dp(x)∇p+ µpp∇ψ − (De(x)∇e− µee∇ψ)

] · ∇ψ, (1.4)

x = (x1, x2, x3)T ∈ Ω, t ∈ J = (0, T ].

�U�G�

e(x, 0) = e0(x), p(x, 0) = p0(x), T (x, 0) = T0(x), x ∈ Ω. (1.5)

�R�G�
ψ = e = p = T = 0, (x, t) ∈ ∂Ω × J. (1.6)

�p Ω ⊂ R3 ��m��
��RWmR�r� T �U�d�f����c��A�R
�G�z�A�R�GeY���AW���x��W���f����Y ψ, ���
�� 2000 � 1 � 28 ��Q�
∗ ����� LZ���� (G1999032803) �Is!�X����IN��dL�T�����
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gJ�h e � p q�h�f T . x�� (1.1)–(1.4) �#�W fam�WHR�!R�
α = q

ε , q � ε $X�����S� f�a��%f� De(x) � Dp(x) �jF f�
µe(x) � µp(x) ����gJW�W��& m� Ds(x) = UTµs(x), s = e, p. UT �

y� N(x) = ND(x) −NA(x) ��dW�f� ND(x) � NA(x) �'�O"�a""
#�h� R(e, p, T ) ����gJ$c��h#c!(MW)��� R(e, p, T ) �pC
�*y� Lipschitz tDW�

�p�O��Gf��!Xm+IW %�&' Gummel p 1964 "y#hC!a
Fs"o�m�
 [2]. ##� Douglas �x$$Y [3,4] lU
�o
CJ�� (+c�
�h#c�% f) y#$,pf�"oW-�%W�R&H�c�C
rH�m�h
#cWfI��.%'(RZtc�O��GWiu%��x$$ [1] y#$
�O�
�O��Giu�!�
Ww)-�%W�QI& [5] y#$l/�d(�vxs�0
&*l)�x�+'Ww1�'y#+'Wm(v%W�B (1.1)–(1.4) eYb#��
�Y ψ �)*��'h u = −∇ψ #�$���gJ�hx�Y+�hx��W��
$,Xh2V u, l (1.1) ��Th(�vxs(Q�c�R���gJ�hx��l
)�"WjFx��U*+w1���y#-� - )�jFm(vs�lQAWnFT
h Crank-Nicolson %W� Streamline-Difusion method (SD xs) �k Hughes � Brooks
p 1980 "*#y#W(Qd%Wl),j�l)jF�
Wm(vxs� SD xsB
�w-Wf�+d��,MXh�,3-k-aR-+�Y.W&/%%4hQgm(
v��R..$f�"oW)"��/'�q5Y [6] lp0�Wo
z��l)jF
x�y#-� - )�jFs (FDSD xs) &TR!&jW L2 ,u�/"�'Q [6] 0
�#$f�or�KQAHU�mUMXh�0&Th C-N %W�&#W L2 /"�m
oMQAXh�,3e-JEWQA67�

l&�#�W121U08SWk.� (· , ·) $X L2(Ω) 3 L2(Ω)3 gAW/4�
05 φ = (φ1, φ2, φ3)T , d1 ‖φ‖ = ‖φ‖L2 =

(‖φ1‖2 + ‖φ2‖2 + ‖φ3‖2
)1/2. Wm,p(Ω) $X

)%W Sobolev gA�05 p = 2 C1� Hm(Ω),#uf1� ‖ · ‖m. K H �U9u��
gA� W d1$ [a, b] × Ω H�05 t ∈ [a, b], W (·, t) ∈ H, & ‖W‖H ∈ Lp([a, b]), 2/
W ∈ Lp(a, b;H), 0 ≤ p ≤ ∞, d1 ‖W‖Lp(a,b;H) = ‖F (t)‖Lp([a,b]), #� F (t) = ‖W‖H(t).
&�C1� ‖ · ‖Lp(H). 1

φn = φ(x, tn), φn+ 1
2 = φ(x, tn+ 1

2 ), φ
n+ 1

2 =
φn+1 + φn

2
, dtφ

n+ 1
2 =

φn+1 − φn

∆t
,

�p ∆t �QA67�
l�
WX1Q+ f%0!6d�
(R1) �
 (1.1)–(1.6) m2UQ� 

e, p, T, e0, p0, T0 ∈ Hr+1(Ω) ∩H1
0 (Ω), ∇∂2s

∂t2
,∆

∂2s

∂t2
,
∂3u

∂t3
∈ L2(L2), u ∈ (W r,∞)3,

∂s

∂t
,
∂T

∂t
,
∂u

∂t
∈ L2(Hr+1),

∂2s

∂t2
,
∂2T

∂t2
,
∂2u

∂t2
∈ L2(L2),

ψ ∈ Hr+3, ‖s‖∞ ≤ s∗, ‖u‖∞ ≤ u∗, s = e, p.

(C1) �
 (1.1)–(1.6) W fm�WHR�!R� 0 < Ds,∗ ≤ Ds(x) ≤ D∗
s , 0 <

µs,∗ ≤ µs ≤ µ∗
s , |∇µs| ≤ µs,1, s = e, p, 0 < µs,∗ ≤ µs ≤ µ∗

s.
$: 2 N����#�
 (1.1)–(1.6) W C-N FDSD "o%W�$: 3 3: 5 N�M

7%WWeQ��,u��
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2 C-N FDSDFY4V
K Th = {τk} � Ω W!U5�22�6�3cW4%<f� 0 < h ≤ h0 < 1. d1

m(vgA� Sh = {v ∈ H1
0 ; v|τk

∈ Pr(τk), ∀ τk ∈ Th}. Sh �m!3W2V�#�4�
#�C$ C0 > 0, TT

inf
vh∈Sh

(‖v − vh‖ + h‖∇(v − vh)‖) ≤ C0‖v‖r+1h
r+1, ∀ v ∈ H1

0 ∩Hr+1; (A1)

‖∇vh‖ ≤ C0h
−1‖vh‖, ‖vh‖∞ ≤ C0h

− 3
2 ‖vh‖,∑

τk∈Th

∫
∂τk

|vh|2 ds ≤ C0h
−1‖vh‖2, ∀ vh ∈ Sh. (I1)

d17f� r W Raviart-Thomas[7] 3 Nedelec[8] (�vgA Ṽh × W̃h. 8 Vh =
Ṽh, Wh = W̃h/{φ = %f }. Vh ×Wh m0!W2V�#�C$ C1 ≥ 0,

inf
vh∈Vh

‖v − vh‖ ≤ C1‖v‖Hr+1(Ω)3h
r+1, ∀ v ∈ Hr+1(Ω)3;

inf
vh∈Vh

‖v − vh‖H(div;Ω) ≤ C1‖v‖Hr+2(Ω)3h
r+1, ∀ v ∈ Hr+2(Ω)3;

inf
wh∈Wh

‖w − wh‖ ≤ C1‖w‖Hr+1(Ω)h
r+1, ∀w ∈ Hr+1(Ω).

(A2)

'Q Vh ×Wh 0�mmmp (I1) W4�#�#�W%fT1� C0.
%QA2��0 = t0 < t1 < · · · < tN = T , ∆t = T/N . 1 tn = n∆t, tn+ 1

2 = (n+ 1
2 )∆t.

Hx�� (1.1)–(1.4) 9�!3W�W�

− ∆ψ = ∇ · u = α(p− e+N(x)), (2.1)
∂e

∂t
− µeu · ∇e−∇ · (De∇e) = eu · ∇µe + αµee(p− e+N) −R(e, p, T ), (2.2)

∂p

∂t
+ µpu · ∇p−∇ · (Dp∇p) = −pu · ∇µp − αµpp(p− e+N) −R(e, p, T ),

(2.3)

ρ(x)
∂T

∂t
− ∆T = u · (De∇e−Dp∇p) + u · u(µpp− µee). (2.4)

k (2.1)–(2.4) W*��WZT C-N FDSD%W�( {un
h, ψ

n
h , e

n
h, p

n
h, T

n
h } ⊂ Vh ×Wh ×Sh ×

Sh × Sh:

(dte
n+ 1

2
h − µeû

n+ 1
2

h · ∇en+ 1
2

h , vh − δeµeû
n+ 1

2
h · ∇vh) + (De∇en+ 1

2
h ,∇vh)

+
(∇ · (De∇en+ 1

2
h ), δeµeû

n+ 1
2

h · ∇vh

)
=

(
ê
n+ 1

2
h û

n+ 1
2

h · ∇µe + αµeê
n+ 1

2
h (p̂n+ 1

2
h − ê

n+ 1
2

h +N) −R(ên+ 1
2

h , p̂
n+ 1

2
h , T̂

n+ 1
2

h ),

vh − δeµeû
n+ 1

2
h · ∇vh

)
, ∀ vh ∈ Sh, n ≥ 0; (2.5)

(dtp
n+ 1

2
h + µpû

n+ 1
2

h · ∇pn+ 1
2

h , vh + δpµpû
n+ 1

2
h · ∇vh) + (Dp∇pn+ 1

2
h ,∇vh)

− (∇ · (Dp∇pn+ 1
2

h ), δpµpû
n+ 1

2
h · ∇vh

)
= − (

p̂
n+ 1

2
h û

n+ 1
2

h · ∇µp + αµpp̂
n+ 1

2
h (p̂n+ 1

2
h − ê

n+ 1
2

h +N) +R(ên+ 1
2

h , p̂
n+ 1

2
h , T̂

n+ 1
2

h ),

vh + δpµpû
n+ 1

2
h · ∇vh

)
, ∀ vh ∈ Sh, n ≥ 0; (2.6)
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(ρdtT
n+ 1

2
h , vh) + (∇Tn+ 1

2
h ,∇vh)

=
(
û

n+ 1
2

h (De∇en+ 1
2

h −Dp∇pn+ 1
2

h ) + û
n+ 1

2
h · ûn+ 1

2
h (µpp

n+ 1
2

h − µee
n+ 1

2
h ), vh

)
,

∀ vh ∈ Sh, n ≥ 0; (2.7)
(∇ · un+1

h , φ) =
(
α(pn+1

h − en+1
h +N), φ

)
, ∀φ ∈Wh, (2.8)

(un+1
h , wh) − (ψn+1

h ,∇ · wh) = 0, ∀wh ∈ Vh, n ≥ 0; (2.9)
e0h = Πhe0(x), p0

h = Πhp0(x), T 0
h = P1T0(x), (2.10)

#�(∇ · (Ds∇en+ 1
2

h ), δsµsû
n+ 1

2
h · ∇v) =

∑
τk∈Th

(∇ · (Ds∇sn+ 1
2

h ), δsµsû
n+ 1

2
h · ∇v)

τk
, s = e, p.

ŝ
n+ 1

2
h d1��l s = e, p, T � u

ŝ
n+ 1

2
h =

⎧⎪⎨
⎪⎩

3
2
sn

h − 1
2
sn−1

h , n ≥ 1,

s0 +
∆t
2
s0ht, n = 0.

05 n = 0, u0 9� u0
h. {u0

h, ψ
0
h} ⊂ Vh ×Wh d10!�

(∇ · u0
h, φh) =

(
α(p0 − e0 +N), φh

)
, ∀φh ∈Wh, (2.11)

(u0
h, wh) − (ψ0

h,∇ · wh) = 0, ∀wh ∈ Vh. (2.12)

Πh �m(vgAW=�o�� P1 �5z6do�� δe � δp �5�EdW7<f (D
: 5 N).

d1

e0ht =µeu
0
h · ∇e0 + ∇ · (De∇e0) + e0u

0
h · ∇µe + αµee0(p0 − e0 +N) −R(e0, p0, T0),

(2.13)

p0
ht = − µpu

0
h · ∇p0 + ∇ · (Dp∇p0)

− p0u
0
h · ∇µp − αµpp0(p0 − e0 +N) −R(e0, p0, T0), (2.14)

T 0
ht =

1
ρ(x)

[
∆T0 + u0

h(De∇e0 −Dp∇p0) + u0
h · u0

h(µpp0 − µee0)
]
. (2.15)

(2.1) Wx��p t (Of�&8 t = 0. h(�vxs( {u0
ht, ψ

0
ht} ⊂ Vh ×Wh:

(∇ · u0
ht, φh) =

(
α(p0

ht − e0ht), φh

)
, ∀φh ∈Wh; (2.16)

(u0
ht, wh) − (ψ0

ht,∇ · wh) = 0, ∀wh ∈ Vh. (2.17)

C-N FDSD "o%WW"ojC��68k=�o��5z6do�"o# e0h, p0
h

� T 0
h . 8k (2.11)–(2.17) VA(# u0

h, ψ0
h, e0ht, p

0
ht, T

0
ht, u

0
ht � ψ0

ht. 8>d1"o s
1
2
h ,

s = e, p, T � u. 7#:eY>%W (2.5)–(2.9) (Q�#� (2.5) � (2.6) eY'Q"o�

3 C-N FDSD4V9KIh
1 qs = D∗

s/Ds,∗ � ds = D∗
s/h0, s = e, p. &�#�W Ci, K, K̃, C̃ � M Ya�q

h, ∆t, 1/De,∗ � 1/Dp,∗ 9�W�%f�$+'WZxF$+'W�� ε �U?W7�
f�



234 a f c F F ; 25�

:M 1 6d ‖ûn+ 1
2

h ‖∞ ≤ 2K∗, <f δe � δp 8;
δs ≤ h

16qsK∗(3µ∗
sC0 + µs,1h0)

, s = e, p; (3.1)

& QA678;
∆t = dh1+σ, (3.2)

d �U9LEW�f� σ �U7�f�2L h 9L7Q� (2.5)–(2.10) m2UQ�
� k Breezi do [9], +::# (2.9) � (2.10) W(�vQC$�8k fW�d�

Z� (2.8) Wm(vQC$2U�,3�Bc� (2.5) � (2.6) WeQ��!3�: (2.5)

k<.�1 U = û
n+ 1

2
h . (2.5) WeQ�Y;p!3W�Ax�

(2W − ∆tµeU · ∇W, vh − δeµeU · ∇vh) + ∆t(De∇W, ∇vh)
+ ∆t

(∇ · (De∇W ), δeµeU · ∇vh

)
= 0, ∀ vh ∈ Sh (3.3)

�m<Q�$ (3.3) �8 vh = W , &�;/"�=<R δeqeµ
∗
eK

∗C0h
−1 ≤ 1

48 ,

∆t(µeU · ∇W,W ) ≤ 2K∗µ∗
eC0dh

σ‖W‖2 ≤ C̃hσ‖W‖2, (3.4)

δe(µeU · ∇W, 2W ) ≤ 2K∗µ∗
eC0δeh

−1‖W‖2 ≤ 1
12

‖W‖2, (3.5)(∇ · (De∇W ), δeµeU · ∇W )
= I1 + I2 + I3. (3.6)

=<R
I1 = −

∑
τk∈Th

(
De∇W, δediv(µeU)∇W )

τk
≤ De,∗qδe(2µ∗

eK
∗C0h

−1 + 2K∗µe,1) ‖∇W‖2,

I2 = −
∑

τk∈Th

(De∇W, δeµeU∆W )τk
≤ 2De,∗qδeµ∗

eK
∗C0h

−1‖∇W‖2,

I3 =
∑

τk∈Th

∫
∂τk

De∇W · νδeµeU · ∇W ds ≤ 2qeK∗De,∗µ∗
eC0h

−1‖∇W‖2,

�p ν � ∂τk WJ�s=y�p�

I1 + I2 + I3 ≤ (6qµ∗
eK

∗C0h
−1 + 2qµe,1K

∗)δeDe,∗‖∇W‖2 ≤ 1
8
De,∗‖∇W‖2. (3.7)

O� (3.4)–(3.7) +x� (3.3):(23
12

− C̃hσ
)
‖W‖2 + δe∆t‖µeU · ∇W‖2 +

7
8
De,∗∆t‖∇W‖2 ≤ 0. (3.8)

rY�L h 9L7Q W = 0. do 1 <@�
Hbdo�W6d ‖ûn+ 1

2
h ‖∞ ≤ 2K∗ H$:>N�TRN<�

4 EA>l
�$TR&#W?-/"�0N@;=�mhW6d�c�eJ {ũh, ψ̃h} : J �→

Vh ×Wh 8;�
(∇ · ũh, φh) =

(
α(e− p+N), φh

)
, ∀φh ∈Wh, (4.1)
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(ũh, vh) − (ψ̃h,∇ · vh) = 0, ∀ vh ∈ Vh. (4.2)

k Breezi do+ (ψ, u) W
���l t ∈ J , �s/"�

‖ũh − u‖H(div;Ω) + ‖ψ̃h − ψ‖ ≤M‖ψ‖Hr+3(Ω)h
r+1. (4.3)

k [12] Wdo 3.1, ��m

‖ũh − u‖L∞ ≤M‖u‖W r,∞hr. (4.4)

l���gJ�hx�@;=�o� Πh, 1 ηs = sn − Πhs
n, s = e, p. >?m(v

gAW=�o< [10], l s = e, p �s�

‖ηn
s ‖ + h‖∇ηn

s ‖ ≤M‖sn‖r+1h
r+1, n = 0, 1, · · · , N ;

‖dtη
n+ 1

2
s ‖2 ≤M(∆t)−1h2r+2‖st‖2

L2(tn,tn+1;Hr+1(Ω)), n = 0, 1, · · · , N − 1;

‖ηn
s ‖∞ ≤M‖s‖r+1h

r− 1
2 , n = 0, 1, · · · , N.

(4.5)

>?@+YW�/=gAo< [11]:

∑
τk∈Th

∫
∂τk

|∇ηn
s |2 ds ≤Mh2r−1‖sn‖2

r+1, n = 0, 1, · · · , N. (4.6)

l�h*y�@;5z6d� P1 : J �→ Sh 8;(∇(P1T − T ),∇vh

)
= 0, ∀ vh ∈ Sh. (4.7)

1 ηT = T − P1T . >?5zx�m(vo< [10], �s2V/"�

‖ηT ‖ + h‖∇ηT ‖ ≤M‖T‖r+1h
r+1. (4.8)

5 a?BF
0N���A C-N SDFD "o%WW,u��1

ξn
s = sn

h − Πhs
n, ηn

s = sn − Πhs
n, εn

s = sn
h − sn = ξn

s − ηn
s , s = e, p,

ξn
T = Tn

h − P1T
n, ηn

T = Tn − P1T
n, εn

T = Tn
h − Tn = ξn

T − ηn
T ,

ξn
u = un

h − ũn
h, ηn

u = un − ũn
h, εn

h = un
h − un = ξn

u − ηn
u .

:M 2 6d r ≥ 2, �G (R1) � (C1) �s�<f δs (s = e, p) 8;
δs = min {C2sh,D

−1
s,∗C3sh

2}, (5.1)

#� C2s, C3s 8;�
C2s(3qsµ∗

sC0u
∗ + qsµs,1u

∗h0) ≤ 1
16
, (5.2)

C3s(q2sµ
∗
su

∗2d−2
s + 8q2sC

2
0 ) ≤ 1

2
, (5.3)
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& QA67 ∆t 8; (3.2), 2�
 (1.1)–(1.6) W C-N FDSD %Wm!3W?-/"�

max
1≤n≤N

‖εn
u‖2 + max

1≤n≤N
‖εn

e ‖2 + max
1≤n≤N

‖εn
p‖2 + max

1≤n≤N
‖εn

T ‖2

+
N−1∑
n=0

[
δe‖µeû

n+ 1
2

h · ∇εn+ 1
2

e ‖2 + δp‖µpû
n+ 1

2
h · ∇εn+ 1

2
p ‖2

]
∆t

+
N−1∑
n=0

[
De,∗‖∇εn+ 1

2
e ‖2 +Dp,∗‖∇εn+ 1

2
p ‖2 + ‖∇εn+ 1

2
T ‖2

]
∆t

+
N−1∑
n=0

[
δe‖dtε

n+ 1
2

e ‖2 + δp‖dtε
n+ 1

2
p ‖2

]
∆t

≤M{
De,∗h2r +Dp,∗h2r + h2r+1 + (∆t)4

}
. (5.4)

� k (2.11) � (2.12), qh Breezi do���m/"

‖u0
h − u0‖ ≤M‖ψ0‖Hr+3(Ω)h

r+1. (5.5)

k (2.8), (2.9), (4.1) � (4.2) T���YW?-x��L n ≥ 0 Q�

(un+1
h − ũn+1

h , vh) − (ψn+1
h − ψ̃n+1

h ,∇ · vh) = 0, ∀ vh ∈ Vh; (5.6)(∇ · (un+1
h − ũn+1

h ), φh

)
=

(
α(εn+1

e − εn+1
p ), φh

)
, ∀φh ∈Wh. (5.7)

k Breezi do [9]:

‖un+1
h − ũn+1

h ‖ + ‖ψn+1
h − ψ̃n+1

h ‖ ≤M
(‖εn+1

e ‖ + ‖εn+1
p ‖). (5.8)

O� (4.3) + (4.5) 2m
‖un+1 − un+1

h ‖ + ‖ψn+1 − ψn+1
h ‖ ≤M

(
hr+1 + ‖ξn+1

e ‖ + ‖ξn+1
p ‖). (5.9)

<@ [6] 1�

Bn(wn+ 1
2 , v) =(dtw

n+ 1
2 − µeû

n+ 1
2

h · ∇wn+ 1
2 , v − δeµeû

n+ 1
2

h · ∇v)
+ (De∇wn+ 1

2 ,∇v) +
(∇ · (De∇wn+ 1

2 ), δeµeû
n+ 1

2
h · ∇v),

ZT���hW?-x��
Bn(ξ

n+ 1
2

e , vh)

=Bn(ξ
n+ 1

2
e , vh) + (en+ 1

2
t − dte

n+ 1
2 , vh − δeµeû

n+ 1
2

h · ∇vh)

+ (µeû
n+ 1

2
h · ∇en+ 1

2 − µeu
n+ 1

2 · ∇en+ 1
2 , vh − δeµeû

n+ 1
2

h · ∇vh)

+
(
De(∇en+ 1

2 −∇en+ 1
2 ), vh − δeµeû

n+ 1
2

h · ∇vh

)
+

(∇ · (De∇(en+ 1
2 − en+ 1

2 )
)
, δeµeû

n+ 1
2

h · ∇vh

)
+ (ên+ 1

2
h û

n+ 1
2

h · ∇µe − en+ 1
2 un+ 1

2 · ∇µe, vh − δeµeû
n+ 1

2
h · ∇vh)

+
(
αµeê

n+ 1
2

h (p̂n+ 1
2

h − ê
n+ 1

2
h +N) − αµee

n+ 1
2 (pn+ 1

2 − en+ 1
2 +N), vh − δeµeû

n+ 1
2

h · ∇vh

)
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+
(
R(en+ 1

2 , pn+ 1
2 , Tn+ 1

2 ) −R(ên+ 1
2

h , p̂
n+ 1

2
h , T̂

n+ 1
2

h ), vh − δeµeû
n+ 1

2
h · ∇vh

)
,

∀ vh ∈ Sh. (5.10)

L n ≥ 1 Q�l s = e, p, T ,

‖ŝn+ 1
2

h − sn+ 1
2 ‖2 ≤M

{
‖εn

s ‖2 + ‖εn−1
s ‖2 + (∆t)3

∥∥∥∂2s

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

}

≤M
{
h2r+2 + ‖ξn

s ‖2 + ‖ξn−1
s ‖2 + (∆t)3

∥∥∥∂2s

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

}
, (5.11)

�

‖ûn+ 1
2

h − un+ 1
2 ‖2 ≤M

{
h2r+2 + ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2

+ (∆t)3
∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

}
. (5.12)

L n = 0 Q�=<R (2.13)–(2.15), l s = e, p, T , �s

‖ŝ 1
2 − s

1
2 ‖2 ≤2

[∥∥∥∆t
2

(s0ht − s0t )
∥∥∥2

+
∥∥∥∫ t

1
2

0

(t
1
2 − t)

∂2s

∂t2

∥∥∥2]

≤M
{
‖u0 − u0

h‖2 + (∆t)3
∥∥∥∂2s

∂t2

∥∥∥2

L2(0,t
1
2 ;L2)

}

≤M
{
h2r+2 + (∆t)3

∥∥∥∂2s

∂t2

∥∥∥2

L2(0,t
1
2 ;L2)

}
, (5.13)

�

‖u 1
2
h − u

1
2 ‖2 ≤M

{
‖u0

h − u0‖2 + (∆t)2‖u0
ht − u0

t ‖2 + (∆t)3
∥∥∥∂2u

∂t2

∥∥∥2

L2(0,t
1
2 ;L2)

}

≤M
{
h2r+2 + (∆t)3

∥∥∥∂2u

∂t2

∥∥∥2

L2(0,t
1
2 ;L2)

}
. (5.14)

%F=6d�
(a) ‖ûn+ 1

2
h − un+ 1

2 ‖∞ ≤ K̃h
1
2 , ‖ûn+ 1

2
h ‖∞ ≤ 2u∗, n = 0, 1, · · · , N − 1;

(b) ‖ŝn+ 1
2

h ‖∞ ≤ 3s∗, s = e, p. (5.15)

R&H�l s = e � p, D−1
s,∗ ≤ qsd

−1
s h−1. rYC$q D−1

s,∗ 9�W%f C4s TT δs ≤
C4sh. $?-x� (5.10) ��8 vh = ξ

n+ 1
2

e , ni#>;VA1� Q1 ∼ Q7. =<R
D−1

e,∗ ≤ qed
−1
e h−1, �;/" Q1 ∼ Q7, ��m�

(dtξ
n+ 1

2
e , ξ

n+ 1
2

e ) =
1

2∆t
(‖ξn+1

e ‖2 − ‖ξn
e ‖2

)
,

(dtξ
n+ 1

2
e , δeµeû

n+ 1
2

h · ∇ξn+ 1
2

e ) ≤ δe
2
‖µeû

n+ 1
2

h · ∇ξn+ 1
2

e ‖2 +
δe
2
‖dtξ

n+ 1
2

e ‖2,

(µeu
n+ 1

2 · ∇ξn+ 1
2

e , ξ
n+ 1

2
e ) = −1

2
(
ξ

n+ 1
2

e ,∇ · (µeu
n+ 1

2 )ξ
n+ 1

2
e

) ≤M‖ξn+ 1
2

e ‖2,

(
µe(un+ 1

2 − û
n+ 1

2
h ) · ∇ξn+ 1

2
e , ξ

n+ 1
2

e

)
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≤ 1
24
De,∗‖ξn+ 1

2
e ‖2 +MD−1

e,∗‖un+ 1
2 − û

n+ 1
2

h ‖2
∞‖ξn+ 1

2
e ‖2

≤ 1
24
De,∗‖∇ξn+ 1

2
e ‖2 +M(K̃)‖ξn+ 1

2
e ‖2.

rY

(µeû
n+ 1

2
h · ∇ξn+ 1

2
e , ξ

n+ 1
2

e ) ≤ 1
24
De,∗‖∇ξn+ 1

2
e ‖2 +M(K̃) ‖ξn+ 1

2
e ‖2,

(∇ · (De∇ξn+ 1
2

e ), δeµeû
n+ 1

2
h · ∇ξn+ 1

2
e

) ≤ 1
8
De,∗‖∇ξn+ 1

2
e ‖2.

J�YH)WT�
Bn(ξ

n+ 1
2

e , ξ
n+ 1

2
e ) ≥ 1

2∆t
(‖ξn+1

e ‖2 − ‖ξn
e ‖2

)
+
δe
2
‖µeû

n+ 1
2

h · ∇ξn+ 1
2

e ‖2 +
5
6
De,∗‖∇ξn+ 1

2
e ‖2

−
[δe

2
‖dtξ

n+ 1
2

e ‖2 +M(K̃) ‖ξn+ 1
2

e ‖2
]
. (5.16)

8/"ni;�=<R 2δeµ∗
eu

∗C0h
−1 ≤ 1

24 , ��m/"�

(dtη
n+ 1

2
e , ξ

n+ 1
2

e − δeµeû
n+ 1

2
h · ∇ξn+ 1

2
e ) ≤M

(‖dtη
n+ 1

2
e ‖2 + ‖ξn+ 1

2
e ‖2

)
,

(µeû
n+ 1

2
h · ∇ηn+ 1

2
e , δeµeû

n+ 1
2

h · ∇ξn+ 1
2

e ) ≤ 1
24
δe‖µeu

n+ 1
2

h · ∇ξn+ 1
2

e ‖2 +Mδe‖∇ηn+ 1
2

e ‖2,

(µeu
n+ 1

2 · ∇ηn+ 1
2

e , ξ
n+ 1

2
e )

= − (
η

n+ 1
2

e , ∇ · (µeu
n+ 1

2 )ξ
n+ 1

2
e

) − (ηn+ 1
2

e , µeu
n+ 1

2 · ∇ξn+ 1
2

e )

≤M{‖ηn+ 1
2

e ‖2 + ‖ξn+ 1
2

e ‖2
}

+
1
24
De,∗‖∇ξn+ 1

2
e ‖2 +MD−1

e,∗‖ηn+ 1
2

e ‖2,

(
µe(û

n+ 1
2

h − un+ 1
2 )∇ηn+ 1

2
e , ξ

n+ 1
2

e

) ≤M(K̃)(h2r+1 + ‖ξn+ 1
2

e ‖2),

p�

(µeû
n+ 1

2
h · ηn+ 1

2
e , ξ

n+ 1
2

e ) ≤ 1
24
De,∗‖∇ξn+ 1

2
e ‖2 +M(K̃)(h2r+1 + ‖ξn+ 1

2
e ‖2),

(De∇ηn+ 1
2

e , ∇ξn+ 1
2

e ) ≤ 1
24
De,∗‖∇ξn+ 1

2
e ‖2 +MDe,∗‖∇ηn+ 1

2
e ‖2.

mmp (3.6) W���m

(∇ · (De∇ηn+ 1
2

e ), δeµeû
n+ 1

2
h · ∇ξn+ 1

2
e

)
≤ 1

24
De,∗‖∇ξn+ 1

2
e ‖2 +MDe,∗

(
‖∇ηn+ 1

2
e ‖2 + δe

∑
τk∈Th

∫
∂τk

|∇ηn+ 1
2

e |2 ds
)
.

J�YH)W�8=<R (4.5) � (4.6), ��m/"

Bn(ηn+ 1
2

e , ξ
n+ 1

2
e ) ≤ 1

24
δe‖µeû

n+ 1
2

h · ∇ξn+ 1
2

e ‖2 +
1
8
De,∗‖∇ξn+ 1

2
e ‖2

+M(K̃)
(‖ξn+ 1

2
e ‖2 +De,∗h2r + h2r+1

)
, (5.17)
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|Q1| ≤M
(
(∆t)3

∥∥∥∂3e

∂t3

∥∥∥2

L2(tn,tn+1;L2)
+ ‖ξn+ 1

2
e ‖2

)
, (5.18)

|Q2| ≤M
(‖ûn+ 1

2
h − un+ 1

2 ‖2 + ‖∇en+ 1
2 −∇en+ 1

2 ‖2 + ‖ξn+ 1
2

e ‖2
)

≤M
(
h2r+2 + (∆t)3

(∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)

))
+M

(‖ξn−1
e ‖2 + ‖ξn−1

p ‖2 + ‖ξn
e ‖2 + ‖ξn

p ‖2 + ‖ξn+1
e ‖2

)
, (5.19)

|Q3| ≤M
(
(∆t)3

∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+ ‖ξn+ 1

2
e ‖2

)
, (5.20)

|Q4| ≤M
(
(∆t)3

(∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∆
∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)

)
+ ‖ξn+ 1

2
e ‖2

)
,

(5.21)

|Q5| + |Q6| ≤M
(‖ên+ 1

2
h − en+ 1

2 ‖2 + ‖p̂n+ 1
2

h − pn+ 1
2 ‖2 + ‖ûn+ 1

2
h − un+ 1

2 ‖2 + ‖ξn+ 1
2

e ‖2
)

≤M
{
h2r+2 + (∆t)3

(∥∥∥∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

+
∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+ ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2 + ‖ξn+1

e ‖2
}
.

(5.22)

k R W Lipschitz tD����T�

|Q7| ≤M
(‖ên+ 1

2
h − en+ 1

2 ‖2 + ‖p̂n+ 1
2

h − pn+ 1
2 ‖2 + ‖T̂n+ 1

2
h − Tn+ 1

2 ‖2 + ‖ξn+ 1
2

e ‖2
)

≤M
{
h2r+2 + (∆t)3

(∥∥∥∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

+
∥∥∥∂2T

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+ ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2

+ ‖ξn+1
e ‖2 + ‖ξn−1

T ‖ + ‖ξn
T ‖2

}
. (5.23)

05 n = 0, =<R (5.13) � (5.14), Q1 ∼ Q7 niWHH n− 1 9� 0. O� (5.16)–(5.23)
T�

1
2∆t

(‖ξn+1
e ‖2 − ‖ξn

e ‖2
)

+
11
24
δe‖µeû

n+ 1
2

h · ∇ξn+ 1
2

e ‖2 +
17
24
De,∗‖∇ξn+ 1

2
e ‖2

≤δe
2
‖dtξ

n+ 1
2

e ‖2 +M(K̃)
{
De,∗h2r + h2r+1 + (∆t)−1h2r+2

∥∥∥∂e
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)

+ (∆t)3
(∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∆
∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂3e

∂t3

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2P

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

+
∥∥∥∂2T

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+ ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2

+ ‖ξn+1
e ‖2 + ‖ξn−1

T ‖ + ‖ξn
T ‖2

}
. (5.24)

q3lcW0mgJ�hW/"�

1
2∆t

(‖ξn+1
p ‖2 − ‖ξn

p ‖2
)

+
11
24
δe‖µeû

n+ 1
2

h · ∇ξn+ 1
2

p ‖2 +
17
24
Dp,∗‖∇ξn+ 1

2
p ‖2
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≤δe
2
‖dtξ

n+ 1
2

p ‖2 +M(K̃)
{
Dp,∗h2r + h2r+1 + (∆t)−1h2r+2

∥∥∥∂p
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)

+ (∆t)3
(∥∥∥∇∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∆
∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂3p

∂t3

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

+
∥∥∥∂2T

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+ ‖ξn−1

p ‖2 + ‖ξn−1
p ‖2 + ‖ξn

p ‖2 + ‖ξn
e ‖2

+ ‖ξn+1
p ‖2 + ‖ξn−1

T ‖ + ‖ξn
T ‖2

}
. (5.25)

/" ‖dtξ
n+ 1

2
e ‖. $?-x� (5.10) ��8 vh = dtξ

n+ 1
2

e . P?mmp (5.11)–(5.24), �s

Bn(ξ
n+ 1

2
e , dtξ

n+ 1
2

e ) ≥ 5
6
‖dtξ

n+ 1
2 ‖2 − (µ∗2

e u
∗2 + 8q2eD

2
e,∗C

2
0h

−2) ‖∇ξn+ 1
2

e ‖2,

Bn(ηn+ 1
2

e , dtξ
n+ 1

2
e )

≤ε‖dtξ
n+ 1

2
e ‖2 +Mε

{
δ−1
e (h2r+1 +De,∗h2r) + (∆t)−1h2r+2

∥∥∥∂e
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)

}
.

3cW Q1 ∼ Q7 ;a�%L/"�- ε N�7eT�

2
3
‖dtξ

n+ 1
2

e ‖2

≤(µ∗2
e u

∗2 + 8q2eD
2
e,∗C

2
0h

−2) ‖∇ξn+ 1
2

e ‖2 +M(K̃)
{
δ−1
e (De,∗h2r + h2r+1

+ (∆t)−1h2r+2
∥∥∥∂e
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)
+ (∆t)3

(∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∆
∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂3e

∂t3

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2T

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+ ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2 + ‖ξn+1

e ‖2 + ‖ξn−1
T ‖ + ‖ξn

T ‖2
}
.

(5.26)

lpgJ�h ‖dtξ
n+ 1

2
p ‖ mmmW/"�

2
3
‖dtξ

n+ 1
2

p ‖2

≤(µ∗2
e u

∗2 + 8q2pD
2
p,∗C

2
0h

−2) ‖∇ξn+ 1
2

e ‖2 +M(K̃)
{
δ−1
p (Dp,∗h2r + h2r+1

+ (∆t)−1h2r+2
∥∥∥∂p
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)
+ (∆t)3

(∥∥∥∇∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∆
∂2p

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂3p

∂t3

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂2e

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2T

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+ ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2 + ‖ξn+1

p ‖2 + ‖ξn−1
T ‖ + ‖ξn

T ‖2
}
.

(5.27)
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!3/"�hx�W?-�ZT?-x��l@[ vh ∈ Sh, �s

(ρdtξ
n+ 1

2
T , vh) + (∇ξn+ 1

2
T ,∇vh)

=
(
ρ(dtη

n+ 1
2

T + T
n+ 1

2
t − dtT

n+ 1
2 ), vh

)
+

(∇(Tn+ 1
2 − T

n+ 1
2 ),∇vh

)
+

(
û

n+ 1
2

h (De∇en+ 1
2

h −Dp∇pn+ 1
2

h ) − un+ 1
2 (De∇en+ 1

2 −Dp∇pn+ 1
2 ), vh

)
+

(
û

n+ 1
2

h · ûn+ 1
2

h (µpp
n+ 1

2
h − µee

n+ 1
2

h )

− un+ 1
2 · un+ 1

2 (µpp
n+ 1

2 − µee
n+ 1

2 ), vh

)
. (5.28)

$ (5.28) ��8 vh = ξ
n+ 1

2
T , ni;VA1� W1 ∼W4. �;/"T�

(ρdtξ
n+ 1

2
T , ξ

n+ 1
2

T ) + (∇ξn+ 1
2

T ,∇ξn+ 1
2

T ) ≥ 1
2∆t

{‖ρξn+1
T ‖2 − ‖ρξn

T ‖2
}

+ ‖∇ξn+ 1
2

T ‖2,
(5.29)

W1 ≤M
(
(∆t)−1h2r+2

∥∥∥∂T
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)
+ (∆t)3

∥∥∥∂2T

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+ ‖ξn+ 1

2
T ‖2

)
,

(5.30)

W2 ≤ ε‖∇ξn+ 1
2

T ‖2 +Mε(∆t)3
∥∥∥∂2T

∂t2

∥∥∥2

L2(tn,tn+1;L2)
, (5.31)

W3 ≤ 1
24
De,∗‖∇ξn+ 1

2
e ‖2 +

1
24
Dp,∗‖∇ξn+ 1

2
p ‖2 +M(K̃)(De,∗h2r +Dp,∗h2r + h2r+2)

+M(K̃)(∆t)3
(∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∇∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)

)
+M(K̃)

(‖ξn−1
e ‖2 + ‖ξn−1

p ‖2

+ ‖ξn
e ‖2 + ‖ξn

p ‖2 + ‖ξn
T ‖2 + ‖ξn+1

T ‖2
)
. (5.32)

05 n = 0, niHH n− 1 *� 0.

W4 ≤M(h2r+2 + ‖ξn+ 1
2

e ‖2 + ‖ξn+ 1
2

p ‖2 + ‖ξn+ 1
2

T ‖2) +M
(
‖ûn+ 1

2
h − un+ 1

2 ‖2

+ (∆t)3
(∥∥∥∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)

))
. (5.33)

- ε N�7�O� (5.28)–(5.33) T�

1
2∆t

{‖ρξn+1
T ‖2 − ‖ρξn

T ‖2
}

+
1
2
‖∇ξn+ 1

2
T ‖2

≤ 1
24
De,∗‖∇ξn+ 1

2
e ‖2 +

1
24
Dp,∗‖∇ξn+ 1

2
p ‖2 +M(K̃)

{
De,∗h2r +Dp,∗h2r + h2r+1

+ (∆t)−1h2r+2
∥∥∥∂T
∂t

∥∥∥2

L2(tn,tn+1;Hr+1)
+ (∆t)3

(∥∥∥∇∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∇∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)
+

∥∥∥∂2u

∂t2

∥∥∥2

L2(tn−1,tn+1;L2)
+

∥∥∥∂2p

∂t2

∥∥∥2

L2(tn,tn+1;L2)

+
∥∥∥∂2e

∂t2

∥∥∥2

L2(tn,tn+1;L2)

)
+ ‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + ‖ξn

e ‖2 + ‖ξn
p ‖2

+ ‖ξn−1
T ‖ + ‖ξn

T ‖2 + ‖ξn+1
T ‖2

}
. (5.34)
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8 (5.24) + (5.25) + δe(5.26) + δp(5.27) + (5.34), x�V 2∆t, 7#�p n (��=<R
ξ0s = 0, s = e, p, T , qhnF Gronwall @o���m?-/"�

‖ξn
e ‖2 + ‖ξn

p ‖2 + ‖ξn
T ‖2 +

n−1∑
j=0

[
δe‖µeû

j− 1
2

h · ∇ξn+ 1
2

e ‖2 + δp‖µpû
j− 1

2
h · ∇ξj+ 1

2
p ‖2

]
∆t

+
n−1∑
j=0

[
De,∗‖∇ξj+ 1

2
e ‖2 +Dp,∗‖∇ξj+ 1

2
p ‖2 + ‖∇ξj+ 1

2
T ‖2

]

+
n−1∑
j=0

[
δe‖dtξ

j+ 1
2

e ‖2 + δp‖dtξ
j+ 1

2
p ‖2

]
∆t

≤M(K̃)
{
De,∗h2r +Dp,∗h2r + h2r+1 + (∆t)4

}
. (5.35)

!3N<F=6d (5.15). L n = 0 Q�

‖û 1
2
h − u

1
2 ‖∞ ≤ ‖u0

h − u0‖∞ +
∆t
2
‖u0

ht − u0
t ‖∞ +

∥∥∥∫ t
1
2

0

(t
1
2 − t)

∂2

∂t2
udt

∥∥∥
∞

≤Mhr +M∆t(hr + h−
3
2hr) + ∆t

∥∥∥∂2u

∂t2

∥∥∥
∞

≤Mh
1
2 , (5.36)

#� M q 1/De,∗ � 1/Dp,∗ 9��6d (5.15a) l 0 ≤ j ≤ n− 1 �s�2k (5.35) W

‖un+ 1
2

h − un+ 1
2 ‖∞

≤3
2
‖un

h − un‖∞ +
1
2
‖un−1

h − un−1‖∞ + 2∆t
∥∥∥∂2u

∂t2

∥∥∥
∞

≤M(hr + ∆t) +M(K̃)h−
3
2
[
hr+1 + ‖ξn−1

e ‖ + ‖ξn−1
p ‖ + ‖ξn

e ‖ + ‖ξn
p ‖

]
≤Mh

1
2 . (5.37)

�p M +Vlp 1/De,∗ � 1/Dp,∗. L h N�7Q� ‖ûn+ 1
2

h ‖∞ ≤ 2K∗ �s�

8N< ‖ŝn+ 1
2

n ‖∞ ≤ 3s∗, s = e, p. L n = 0 Q�

‖s 1
2
h ‖∞ ≤s∗ +

∆t
2
‖s0ht‖∞ ≤ s∗ +

∆t
2
‖s0t‖∞ +

∆t
2
‖s0t − s0ht‖∞

≤s∗ +
∆t
2
‖s0t ‖∞ +

∆t
2
‖u0 − u0

h‖∞ ≤ s∗ +Mh1+σ ≤ 2K∗. (5.38)

K (5.15b) l 0 ≤ j ≤ n− 1 �s�2k (5.34), =<R r ≥ 2,

‖ŝn+ 1
2

h ‖∞ ≤ ‖ŝn+ 1
2 ‖∞ + ‖η̂n+ 1

2
s ‖∞ + ‖ξ̂n+ 1

2
s ‖∞

≤2s∗ +M
(
hr− 1

2 + h−
3
2 (hr+1 + (

√
De,∗ +

√
Dp,∗)hr + (∆t)2)

)
. (5.39)

,3�L h 9L7Q�F=6d (5.15) �s�8k (5.34), O�6d?- (4.3), (4.5) �
(4.8) \T (5.4). do 2 <@�
qf %[][L^5y#WA9<D�
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C-N DIFFERENCE STREAMLINE DIFFUSION METHOD
FOR THREE-DIMENSIONAL SEMICONDUCTOR PROBLEM
WITH HEAT-CONDUCTION AND NUMERICAL ANALYSIS

Zhang Zhengru Yang Danping
(Department of Mathematics, Shandong University, Jinan 250100 )

Abstract In this article, we study the numerical method for simulation of three-dimensional
semiconductor problem with heat-conduction. Considering different types of partial differ-
ential equations arising from the model for the transient behavior of a semiconductor device,
we present different finite element scheme respectively. Especially, we use Crank-Nicolson
difference streamline diffusion method to treat convection-diffusion equations of the concen-
trations of electron and hole in the model. The numerical stability is improved by difference
streamline diffusion method. An error estimate in L2 norm with quasi-optimal accuracy in
space and second order accuracy in time is derived.

Key words Three-dimensional heat conduction, semiconductor, C-N scheme,
difference streamline diffusion method, error estimate


