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�p�V��sC�a��K�H���aevK���Wj� ���!ya�K
K�d�B��K δ �e�m"P�K α KWjj�x#Kt$�ZSXa���

���WjOmj�K�����������N� MSS �dK���M�N
� Feigenbaum �K δ � α M��!�����K�HO� [2–7] MM��HanOK
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� BMS[9] I�X!�#�&a Collet � Eckmann K m%��u�#Nm�� [10]
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�"�p��s MSS �dh��KWj�#�R�K�OirK��a�t

JWjh��K�v� BMS. Tq

�Z&��sRua�h���Iva��K
�K�K 0 < e < (3

√
17 − 11)/4 ≈ 0.3423 · · · '�Z�� LM[11] 'a�$K(r
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1��X0%#�R x0, ��j.!VK!U/�OHE�% �1
x0, x1 = f(x0), x2 = f(x1), · · · , xn = f(xn−1), · · · .

� 1

��uq�2 xi I0%#K"7m3�Xs�kI c RKu($+(�m0+
zny L $ R 1e��8,kI c R#L+j C, 23
X�'$WU/�!�O(#
G�GHE�%t��d a0a1a2 · · ·, �%

ak =

⎧⎪⎨
⎪⎩

L, xk < c,

C, xk = c,

R, xk > c.

9:t��d#�GIsGU/Kid#LP�34Ha�:b�Oat��d��-
f�U/5;K4aZ.#�j�2jK#/q�h6'3&�at�Z.yaKW
j�

2.2 �� !"# 
C<�uq
X L < C < R, O50%#KV�6K�y�Z�= A = a0a1 · · ·,

B = b0b1 · · · �&�t��d��� a0a1 · · · ai−1 = b0b1 · · · bi−1 3 a0a1 · · · ai−1 0�>
() K� R, 3 ai < bi (> bi) LX7 A < B.

TPOO�X7 A > B, A ≤ B, A ≥ B MM�
1juq2?t�ya%3�l�c�Ky@�

 A = a0a1 · · · an−1C, L� A K$�j |A| = n + 1. 
 A jvD$�L+ |A| = ∞.
$% 1 + φi(A) = aiai+1 · · · , i ∈ N (A K$���D'� 0 < i < |A|), L


A ≥ φi(A) 
�7K i < |A| �Z�4o A I�jt��d�X0O�� C �kKt�
�d�j MSS �d�

=I�m0% [0,1] #X7a���p5K f , �����K��s {λf |λ ∈ [0, 1]}.
&pMhvs%S��� λf , 788XK#VR c �c�C�U/5;K�GS
�
Kt��d�4o
x� λ ∈ [0, 1], λf KU/O-5;vD96K�G�8b:5
;a5T
�KvD96KB( LR ��Kt��d1be�� λ ∈ [0, 1], λf KU
/O-5;ad��G�Bd��G�0 c R'�
�Kt��dm:I�( LR &
�ny��K�Dn7KvD96Kt��d�

� (RLR)∞ 1bB�0�cR c '�L�#GU/
X�Q�9g8 c '�U/
:$W��'�G
�Kt��d:�� C �kK�D LR �d� [9] %;;Rua
MSS �d (9� C R�kKt��d) B3BBU�(x��BK λ ∈ [0, 1], �� λf

8 c R�cKU/S5;K� C �kK�D LR �d�
$% 2 
�I n ∈ N , E A = (a0a1 · · · an−1)∞, 9t�7 a0a1 · · · an−1 KvDc

u�L� A jd��d�qL�Tjld��d (h��'0 MSS �d).
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3.1 2y34
Mh�zKm>L�5K?

fe1,e2(x) =

⎧⎪⎨
⎪⎩

x/e1, 0 ≤ x ≤ e1,

1, e1 < x < 1 − e2,

(1 − x)/e2, 1 − e2 ≤ x ≤ 1,

�% 0 < e1, e2 < 1, e1 + e2 < 1, x ∈ [0, 1], �b=�b 2 S/Z&�:� fe1,e2(x) j�
�Z&���"�K� {

λfe1,e2(x)|λ ∈ [0, 1]
}
j��KZ&��s�Rj λ I [0, 1] X

K��V�HE�yd@��b#NP�"�KZ&��s��b 2 S/�

� 2

B e1 = e2 = e '�9jM>Z&��s�jazr?Gi:��#r��KZ&
��sjlM>Z&��s�

9:�M>Z&��sX�lM>Z&��s e1 = e2 = e 'KXD,&��z;
+ f = fe1,e2(x). + λf KLV<5Kj{

f−1
λ,R(x) = 1 − e2x/λ,

f−1
λ,L(x) = e1x/λ.


1�t��d P = P1P2 · · ·Pn, Pj ∈ {R,L}, j = 1, 2, · · · , n, +
(i) ρ(P ) = {j|Pj = R},
(ii)

∣∣ρ(P )
∣∣C/=> ρ(P ) @QK�K,

(iii) Gλ(P, y) = f−1
λ,P1

(
f−1

λ,P2
(· · · (f−1

λ,pn
(y)) · · ·)), y ∈ [e1, 1 − e2].

� gP (λ) = Gλ(P, y) j P K<�d5K�
ec� λ Kg! (itinerary ) +j Iλf (λ), UC/�Z&�� λfe1,e2(x) Kt@Rj

.VC�U/b5;Kt��d�IM>Z&,Qz�3� y = 1/2 '�L Iλf (λ) j
[8] #FSKg!KX7�&p%� y K�V�0% [e1, 1 − e2] #K1��R��F�
X� y wj5;t��dK#VR c, 9kI y RuJK�GR
�!ny L, kI y
+JK
�!ny R.

3.2 MSS  !567"A8
9: 1 
!Z&��s� P = RLn−1C, n ∈ N , LB 0 < e1, e2 < 1, e1 + e2 < 1

'��Ih�K λ ∈ [0, 1], E Iλf (λ) = P .
K ( [10], �I�HR�:zXRh���
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( gP (λ) = 1 − e2e
n−1
1 y/λn = λ H

λn+1 − λn + e2e
n−1
1 y = 0.

+
hn(λ) = λn+1 − λn + e2e

n−1
1 y, n = 1, 2, · · · .

C�
hn(1 − e2) < 0, hn(1) > 0,

b?i!
h′

n(λ) = (n + 1)λn − nλn−1 = 0,

S λ = 0 � λ = n
n+1 j�B�K&�#VR��>#rK&]S�?h��

9: 2 min
k,α

{
k

√
α

k+α

}
= 2

3 , �% k ∈ N,α ≥ 2.

K C<Y'K#@[dRu
k

√
2

k + 2
≥ 2

3
, k ≥ 2. (1)

B k = 1 '� 2
k+2 = 2

3 ≥ (
2
3

)1 = 2
3 ;

B k = i '�\X�j�Z�9 2
i+2 ≥ (

2
3

)i;

B k = i + 1 '�( 3
i+3 ≥ 2

i+2 �@[\=
2

i+2 ≥ (
2
3

)i S 3
i+3 ≥ (

2
3

)i, ]�]&[�

'\� 2/3, H 2
i+3 ≥ 2

[(i+1)+2] ≥
(

2
3

)i+1, 9 k = i + 1 '� (1) ]�Z�

o#�
1� k ≥ 2, (1) ]�Z�
�9C�

k

√
α

k + α
≥ k

√
2

k + 2
, α ≥ 2. (2)

( (1), (2) ]��WHR�
$: 1 
!�XKlM>Z&��s {

λfe1,e2(x) | λ ∈ [0, 1]
}
, t��d P =

P1P2 · · ·Pn, Pj ∈ {R,L}, j = 1, 2, · · · , n K<�d5K
Gλ(P, y) =

∑
j∈ρ(P )

(−1)|ρ(P1P2···Pj)|−1e
|ρ(P1P2···Pj)|−1
2 e

j−|ρ(P1P2···Pj)|
1

/
λj−1

+ (−1)|ρ(P )|e|ρ(P )|
2 e

|P |−|ρ(P )|
1 y/λ|P |.

K zrY'K#@[dRu�
B |P | = 1'�L P O-j R $ L. 
 P = R. �ir��'� ρ(P ) = {1}, |ρ(P )| =

1, |P | = 1, /� Gλ(P, y) KC]]�� Gλ(P, y) = 1 − e2y/λ. e�ir�(<�d5K
KX7� Gλ(P, y) = Gλ(R, y) = f−1

λ,R(y) = 1− e2y/λ, 9�'XW�Z�B P = L '�P
OH�!� |P | = 1 '�UR�j�Z�

�\XB |P | = |P1P2 · · ·Pn| = n '�

Gλ(P, y) =
∑

j∈ρ(P )

(−1)|ρ(P1P2···Pj)|−1e
|ρ(P1P2···Pj)|−1
2 e

j−|ρ(P1P2···Pj)|
1

/
λj−1

+ (−1)|ρ(P )|e|ρ(P )|
2 e

|P |−|ρ(P )|
1 y/λ|P |,
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4oB |P ′ | = |PPn+1| = |P1P2 · · ·PnPn+1| = n + 1 '�

Gλ(P
′
, y) = Gλ(PPn+1, y) = Gλ

(
P, f−1

λ,Pn+1
(y)

)
. (3)

�'[�&a,Q� Pn+1 = R $ Pn+1 = L. C<Ru Pn+1 = R K,Q�
B Pn+1 = R '� f−1

λ,Pn+1
(y) = f−1

λ,R(y) = 1 − (e2/λ)y, L (3) ]+JM!
∑

j∈ρ(P )

(−1)|ρ(P1P2···Pj)|−1e
|ρ(P1P2···Pj)|−1
2 e

j−|ρ(P1P2···Pj)|
1

/
λj−1

+ (−1)|ρ(P )|e|ρ(P )|
2 e

|P |−|ρ(P )|
1 (1 − (e2/λ)y)

/
λ|P |

=
∑

j∈ρ(P )

(−1)|ρ(P1P2···Pj)|−1e
|ρ(P1P2···Pj)|−1
2 e

j−|ρ(P1P2···Pj)|
1

/
λj−1

+ (−1)|ρ(P )|e|ρ(P )|
2 e

|P |−|ρ(P )|
1

/
λ|P | + (−1)|ρ(P )|+1e

|ρ(P )|+1
2 e

|P |−|ρ(P )|
1 y

/
λ|P |+1.

h�E%� Pn+1 = R, � |ρ(P )|+ 1 = |ρ(P
′
)|, b |P |+ 1 = |P ′ |, S� |P | − |ρ(P )| =

|P ′ | − |ρ(P
′
)|, :#]^j

Gλ(P
′
, y) =

∑
j∈ρ(P ′)

(−1)|ρ(P1P2···Pj)|−1e
|ρ(P1P2···Pj)|−1
2 e

j−|ρ(P1P2···Pj)|
1

/
λj−1

+ (−1)|ρ(P
′
)|e|ρ(P

′
)|

2 e
|P ′ |−|ρ(P

′
)|

1 y
/
λ|P ′ |,

Pn+1 = L K,Q5 Pn+1 = R TPOR�
!�HE |P ′ | = n + 1 '�j\�Z�
o#�XWR^�
$: 2 
!�XK 0 < e1, e2 <

{
(1+

√
513)2/3+(1+

√
513)1/3−8

}/{3(1+
√

513)1/3},

 A � MSS �d�4o�Ih�K λ ∈ [0, 1], E Iλf (λ) = A.

K �I�( [10] U1OH�:�zBRh���
C<
!1� y ∈ [e1, 1 − e2], �z�%8X7�c�^m_C_^K?
(a) B y ≤ λ ≤ 1 − e2 '� λ Kg!� R∞.
(b) B3BB λ = y '� Iλf (λ) = C.
(c) B λ < y '� Iλf (λ) = L∞.
j= A = a0a1a2 · · · an−1C. ( A � MSS �d� (a),(b),(c) O�`eK,&�u

qX_Mh λ > 1 − e2 K,&�
C<�B A = RLn−1C, n ∈ N '�(�W 1 U1OH�
�K�Kh��
�9RuB A Yd0�&� R '��j�Z�jaE`i:�uqg86E�K

M�] ρ(A)K@Q+j α0, α1, · · · , α|ρ(A)|−1. ( MSS�dKt��CS α0 = 1, α1 ≥ 3.
!�

A = RLα1−2R · · ·C, |A| = n + 1.


f t = 1/λ, 3h�E#rKCX�LXW 1 %K]lx`j?
gA(λ) = 1−e2e

α1−2
1 tα1−1+e2

2e
α2−3
1 tα2−1−e3

2e
α3−4
1 tα3−1+ · · ·+(−1)|ρ(A)|e|ρ(A)|

2 e
n−|ρ(A)|
1 tny,
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&J�'
 λ }C�h�E dt = − 1
λ2 dλ, H

g′A(λ) =
(
− 1

λ2

)[ − (α1 − 1)e2e
α1−2
1 tα1−2 + (α2 − 1)e2

2e
α2−3
1 tα2−2

− (α3 − 1)e3
2e

α3−4
1 tα3−2 + · · · + (−1)|ρ(A)|ne

|ρ(A)|
2 e

n−|ρ(A)|
1 tn−1y

]
.

zrRu
1 B 0 < e1 ≤ e2 ≤ 0.4 '�

−(αi − 1)ei
2e

αi−1−i
1 tαi−2 + (αi+1 − 1)ei+1

2 e
αi+1−1−(i+1)
1 tαi+1−2 < 0, i = 1, 2, · · · , (4)

UR (4) ]�Z�X_

tαi+1−αi <
αi − 1

αi+1 − 1
1

e2e
αi+1−αi−1
1

.

( e1 ≤ e2, X_]#]%K e1 `j e2 �X�

t < αi+1−αi

√
αi − 1

αi+1 − 1
1
e2

,

bOX� t np
t < mink,α

{
k

√
α

k + α

}
1
e2

, k ∈ N, α ≥ 2 (5)

9O�
( e2 ≤ 0.4, S 1 − e2 ≥ 3e2/2, b λ > 1 − e2, S� λ > 3e2/2, 9 1/λ < 2/(3e2) , \

9 t < 2/(3e2) = (2/3)(1/e2), G(�W 2 S (5) ]�Z�
8b�B 0 < e1 ≤ e2 ≤ 0.4 '� (4) ]�Z�!��

|g′A(λ)| ≤
∣∣∣ 1
λ2

[ − (α1 − 1)e2e
α1−2
1 tα1−2

]∣∣∣ ≤ 2e1e2

λ3
, � α1 = 3).

� 2e1e2
λ3 < 1,X_ 2e1e2 < λ3,h�E λ ≥ 1−e2,:X_ 2e1e2 < (1−e2)3,( e1 ≤ e2,

OX_? e3
2 − e2

2 + 3e2 − 1 < 0. _C?� 0 < e2 <
{
(1 +

√
513)2/3 + (1 +

√
513)1/3 −

8
}/

3(1 +
√

513)1/3 ≈ 0.36 · · · 9O�8b�' d(gA(λ) − λ)/dλ = g′A(λ) − 1 < 0, !�
gA(λ)− λ I [1− e2, 1] #�T�:<�di! gA(λ) = λ I [1− e2, 1] #Ya���?�

2 B e2 ≤ e1 ≤ 0.4 '��#X_R 2e1e2 < (1 − e2)3, ( e1 ≥ e2, :X_�
2e1e1 < (1− e1)3, 8bX� 2e2

1 < 1− e3
1 − 3e1 + 3e2

1, \9 e3
1 − e2

1 + 3e1 − 1 < 0, !��P
OH 0 < e1 <

{
(1 +

√
513)2/3 + (1 +

√
513)1/3 − 8

}/{3(1 +
√

513)1/3} ≈ 0.36 · · · < 0.4.

+ η =

{
(1 +

√
513)2/3 + (1 +

√
513)1/3 − 8

}/{3(1 +
√

513)1/3}, L(#GS�B
0 < e1, e2 < η '�

∣∣g′A(λ)
∣∣ < 1, 8b gA(λ) = λ K?I [1 − e2, 1] #Ya����

o#� MSS �d
�K�KI 0 < e1, e2 < η ��Ih�K�R^�
4 ;<=

&pY'<�di!RualM>Z&��sK MSS�dKh��I 0 < e1, e2 <{
(1 +

√
513)2/3 + (1 +

√
513)1/3 − 8

}/{3(1 +
√

513)1/3} ≈ 0.36 · · · < 0.4 '�Z�5M>Z
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UNIQUENESS OF MSS SEQUENCES FOR
NONISOSCELES TRAPEZOIDAL MAPS

ZHANG Rong

(School of Business Administration, Chongqing University, Chongqing 400044)

WANG Li

(Department of Applied Mathematics, Beijing Polytechnic University, Beijing 100022)

Abstract In this paper we study the uniqueness of MSS sequences for a family of one-
parameter nonisosceles trapezoidal maps, {λfe1,e2(x)}, defined over an interval [0,1]. We
prove that given an MSS sequence A, if 0 < e1, e2 < {(1 +

√
513)2/3 + (1 +

√
513)1/3 −

8}/3(1+
√

513)1/3 ≈ 0.36109 · · ·, there exists a unique parameter λ such that Iλfe1,e2(λ) = A.

Key words Trapezoidal maps, MSS sequence, Symbolic dynamics


