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B B AXHR 4427 E MR Navier-Stokes BT AR BIPER:, TSI f(2)e
(L2(RH))? TIANEEXN f(=) FEAEFMARBKESET, WA T HRMEMER Navier-Stokes J5 12
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1 5]

ERRBMERBAFBROARBEESESRLEDOE S AARE R 0, Xk
BEARR A M RS EHIER SRR FRAENE. 4 PHRTUOT ZHELTH
B £k M B /B Navier-Stokes J5 #2 i K i 8] 1 7 -

][

% —vAu+ou+ (u-Viu+ Vp = f(z), z€R? t>0, (1.1)

divu =0, (1.2)
lim u(z,t) =0, (1.3)
|z|— 00

u(z,0) = ug(z). (1.4)

(1.1)~(1.4) 1, u=(u,u)T HMEKBEERE, p AENW, f(z) ASNEILKE
SH, v >0 AREKKERE, o> 0 ARMERESH, «w BRASHEBENE
HEATHE B W, £ [1-4] £ K% 3| F 89 Hausdorff & Fractal 45 3B S, &
MERFEXRFRAT flo) BFEYMRSHOEER. AXRARBEIEFE 8 %
f(z) € (L2(R2))2 MAFEX f(z) EEAMAUBHKE&ET, EH (1.1)-(1.4) £2R%5]
FHFELEME, H4 M T H Hausdorff & Fractal ¥4t 5 [4] PR RHLRKRARE
flz) MBUETEE, #THER.

2 E&EHR

it C3(R?) = (LA(R?)?, (u,v) = [pau-vde, |u| = (v,u)}, 2 L2(R?) MABAITE
.

A3 1998 £ 6 H 15 AWcE. 1999 45 6 B 3 HIKBIEIH.
* BHRAHANERSWHWE.
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HL(R?) = (H'(R?))®, H'(R%) = W'2(R2) 3@ % 9 Soblev 25/, HIEHIEN ||- |1

D={v:ve (C§°(R2))2, V.v =0},

((uw,v)) = /R ZVuj - Vu; de, llull = ((w,u))?,

250

(S

]|
lull} = lul® + llull®,  Yu e H'(R?).

i: VADE|- | BETHRSSNE, K' AV B EEE, ()R VXV
J:B‘Jﬁi%%ﬂ- HHNDE| | THRELZNR. P:L*(R?) > H A Leray REH T,
A = —PA 4 Stokes HF.

FHE Q.1)-(14) BFERNT, FK vwe Lo0,T;H)N L0, T;V)(VT > 0) #15:

-(%(u, v) + v((u,v)) + a(u,v) + by, u,v) = (f,v), YVoeV, 0<t<T, (2.1)

u(z,0) = up, (2.2)
He

2
Sv:
b(u,v,w) = Z /Rzuia—zj_wjdw, Yu,v,we V.

i,j=1
1) FHT V P THEFER:

Ou

at
XH Blu,u) AMTEXKV XV V' REEEF:

+ vAu + au + B(u,u) = P§, vVt > 0. (2.3)

(B(u,v),w) = b(u,v,w), VYu,v,we V.

bu,v,w) BHUTHREMEHR O b(u,v,w) = —b(u,w,v), 51 b(u,u,u) = 0,
Yu,v,w eV,

1 1 1 1
|b(w, v, w)| < clul? |jull? w] [o]Z]lv]2,  Yu,v,weV.

NIE:]
1B, w)y, <elulllull, VueV.

UEELREHEN, ¢ (i=1,2,-) ErS5BEEERLREOEE.

513 2.1 Vf(e) € CX(RY), w(z) € H, HE (1.1)~(1.4) FFEM—& u(z,t) €
Le(R*; H) N L2(0,T; V) N C(RY; H) (VT > 0).

WE| A #7 [9] H Faedo-Galerkin 7% 5% HiE i, X B BE.

THAHFRE (1.1)-(14) FvEgRMdit, (1.1) XAWB5E « BFARE:

2
% + 20ul? + 2v||u||? = 2(F, ), vt >0. (2.4)

[

d |u|2 2 0 1 .5
—_— < — . .
gr alu|® + 2v||u||? < a|f| (2.5)
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@] < fuoPe™ + (1 — e~ £ (26)
it 8 = min (o, 2v), B (2.5) R:
[ I@lias < 1P+ ol ve>o. @)

B3I 2.1, RATATLLE LT LB {S(0)) 00 - H - H, 8 S(t)uo = u(t). 1 (26) 5
HIEBE {S(t)},50 % H PHERBE B:

B={v:v€H, |'v|§poé?2|fl}.

513 2.2 & {uon} CBi A HPHWBKSFH, Bi A HPHEFMBERE, woeH
AEF/HRE, W

(i) S(t)uon — S(t)uo 7 H RFWWH, Ve>o0.

(i) S(t)ugn — S(E)uo 7 L2(0,T;V) HBK, VT > 0.

B {uon} C Br & (2.6), (2.7) RBE un(t) = S()uon T L=(R*; H)NL2(0,T;V)
(VT >0) FkFn—BER. 23) RmE V' fFRKL:

%ﬂ— = ﬁf — vAu, — au, — B(un, ty). (2.8)

MA: VoV AFREEETR | Bun,un)|ly < clun|llua] 50 {222} € L0, T :
VYHBXFn—8ER MM VveV, 0<t<t+a<TH

e Guy(s)
‘ (un(t + a) — un(t),v) = /t <T,v>ds
1 3un 1
< 2 < 2.9
<Ioli0d | 2] o g < crliolha, 29)

Heirer A5 n EXREHEE
(2.9) B v = un(t + a) — un(t) 18

|un(t + a) — un(t)|2 < cra? ||un(t +a) — un(t)Hl.

#

T—a 2 X T—a
/ lun(t + @) — un(®)| dt < eral / en(t + @) — un(8)],
0 0
T 1 T 1
<tertiad ([ Jua)l )" <Erad (e( [ w0l ) 56T n —AK),
Heper A5 n EXRIEE. W Vr>0
T—a 9
lii% 8171Lp/0 |un(t +a) — u"(t)icz(B,) dt =0, (2.10)

H B, ={z € R? |¢| <r}. i {un} & L¥(RT;H)NL2(0, T;V) HRT n —BH A

{unls,} T L= (R*; L3(B,)) N L?(0,T : H'(B,)) HRTF n —BEH, unlp. A us & B,
L By PR .
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1 s €[0,1],
T(s) = { S X¥¥ selL,2),
0 s € [2,00).
R nr = 7(|2|/7)ua(z), B (2.10) KA

. T-a 2
il—lﬂ) s171Lp/0 lvn,,(t +a)— vn,r(t)|£2(32r) dt =0, vT >0, r>0,
B {vns} % L?(0,T; Hi(Bar)) 1 L(0, T £2(Bay)) %F n —BA R T [10] s
B 13.3 & {vn.} 7 L2(0,T; L3(B2r)) HAMXEN. AT {unls.} & L2(0,T; L*(B,))
AN RN, B {u.} BETFI {un,} K@ e LR H)NL2(0,T; V) 15 u,, = 0 &
LR H) P 5 * W8, un, = a7 L20,T:V) PHK, un, = 87 L2(0,T; L%(B,))
F SR B K. '
H (2.8) &0

(ag:1 0) = (£,0) = ¥((¥n,)) = @(tn, 0) = tng, Uny,0), Vo ED.  (211)

(2.11) Xt oy BURKE, HATHREEE, AFHH
(%’”) = (f,v) —v((@,v)) - (@) - b(@,8,v), VvED. (2.12)
MTDEV HRE, AHFRRL eV,
(%f’”) = (£,v) —v((@,v) — (@, ) - b(@, T, v), (2.13)

Bah (23) XMMR, ik ©(0) = uo.

B3I 2.1 M Gt) = u(t) = S(t)uo. FIHRIEESIE {un} ¥R un = w7 L=(R*; H)
FE B, un = uE L2O0,T;V) PEBH, u. = uiE L(0,T;L%(B,)) TR,
# up - E L2(B,) PRKHET t € RY LR, WTTH (ua(t),v) = (u(t),0),
VveD RXTF t JLELALRRL.

B un(t) = S(t)uon Z LO(RY; HYNL2(0,T;V) (VT > 0) %F n —BAER K (2.9) R
(un(t),v) % [0.T] L4 REE LA

(un(t),v) = (u(t),v), Vi€ R, veD. (2.14)
B (2.14) AR D & H FHE T
(un(t),v) = (u(t),v), Vte R, VveH,
B un(t) = S(t)uon ZE H H BB u(t) = S(t)uo, 31 2.2 FEHE.
3 ZRWSIFHEEN

MBS HARTE, BB (SO}, £ H PRERME B, FERANE YL
(S®)} 50 AWHEM. 4

[u,v] = a(u,v) + 2v((u,v)), [u)? = [u, 4], Yu,v €V,
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Bllullf <[u]? <vlulll, ~=max(a,2v),

M [ 5| £V PEASMES. HEHE 24) 5

d|u|? _

T aful® + [u)* = 2(f, u). (38.1)
PNE:] t

|u(t)|2 = |u0|2e_°‘t +/ e—o(t—) (2(f, u(s)) - [u(s)]z) ds,
0

Bp

|S(t)uo|? = |ugl2e™>t + /0 e(t—2) (2(f, S(s)uo) — [S(s)uo)?) ds. (3.2)

W B, % H PHEEARE, B9 {un} C By, {ta} (tn > 0), t. — 00 (n = 00) BIF
{S())} 50 FEBMIE B, HHFEE T(By) > 0 47 S(t)Ba C B, ¥ 2 T(Ba), # {S(ta)un)
BHEAETI {S(tn)un} B weBHE

S(tn)un —w £ H FHFHHEHK. (3.3)

EEYVT > 0, % t >T+ T(Bg) HTJ' S(tnr - T)un: € B, Mﬁﬁ {S(tnl — T)un:} ﬁE?FU,
3324 {S(tn ~ Tuw} K wr € B, 18

S(tn — Tup = wr £ H FHK
5 2.231) 4n:
w=Hy ~ lim S(tn)uw = Hy— lm_S(T)S(tw ~ T)uw
—S(T) (Hw ~ lim S(tw - T)un:) = S(T)wr. (3.4)
XE H, - lim FR H PHEIMEUTORE. @ (33) T4,
[w| < lim_inf |$(tn )um|. (3.5)
TERAHEN Jim sup|S(tw )un| < |wl.
VT >0, t.o>T, B (3.2) &
1S (tnJun|* = 1S(T)S (tns — T)uw |
=|8(tns — Tup|2e™ 2T + /0 ) e~ T~ (2(f, 8(5)S (tns — T)tins)
— [S(8)S(tn — T)un]?) ds. (3.6)
Mt > T +T(Bp) W,

lim sup (e *T[S(tn — T)un|?) < ple L. (3.7)

n'—oo -
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3| B 2.2 (i) 8-

5(8)S(tns — T — S(s)wr 7E L2(0,T;V) 55l L. (3.8)
PN ]

T T
lim e T=9) (£, 5(5)S(tns — T)uns)ds = / e~ T=9)(f S(s)wr)ds. (3.9)
0

n’—o0 fq
HSh EAZSMES, 0<e T <e T2 <1, s€(0,T], ¥ (fOT e~T—9)[.]? ds)%
5 ([ 1-13ds)? B L2(0,T; V) P ML, MTh (3.8) 8

T T
/ e *T=9)[S(s)wr]?ds < lim inf/ e T =9)[8(5)S (tn: — T)uns]? ds.
0 n 0

— 00

NEC )

T
lim sup (— / e~ (T=9) [S(8)8(tn — T)un]? ds)
0

n! =00

T
=— lim inf/ e *T=9)[8(5)S(tns — T)un]?ds

n’T)roo 0
<- / =T~ [$(s)wr]? ds. (3.10)
0
TR E (3.7), (3.9), (3.10) 7%
T
lim sup |8 (tn )tuns|? < pRe T +/ e~ (T-9) (2(f,8(s)wr) — [S(s)wr]?) ds.  (3.11)
H—HHEH 3.2 7
T
(w]2 = |S(s)wrl? = |wrl?e=T + /0 (2(f, S(s)wr) — [S(s)wrl?) ds. (3.12)
B (3.11), (3.12) 78
fim_sup [S(twr Y < [0f? + (63 — fwr[)e=T < [u? + g3e™°T, VT >0. (313
BT WERE G13)XHP4LT ool
fim_sup [S(tw s < [’

e (35) A&
}i_r'noo 1S (tn Jun | = Jw].

HF H 4 Hilbert 256, # A —3 %) Banach 28], T @S| E 3.1 75
}gn S(tn)un =w fE H PIRECEL,
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W {S(tn)un} 7 H PABURE, WTTHE {S(1)},, £ H PAHHAERN. TR wB) =
0 U S(t)B K H IRz SEHE. AT AN T RO

20 t
EE 3.1 8 {S(t)},5, E H PHELRBRIF A=w(B) = S(t)B.

t>
5|3 3.1 #% B A—% /1 Banach =, {v.} C BA%E B *gglﬁtﬁlﬂ v, B
Jim joalg = [olg, -3 FR20E B hfEs, Mo, —» v B PRBSLL

UE 5| B 3 40k B0 I (8] ' Remark A.
4 =RWIIFrEEHMEIT

THERAT A K Hausdorff & Fractal 4E¥3 47411,
Vuo € A, T (2.3) T u(t) = S(t)uo LB T EA:

%+uAv+av+B(u,v)+B(v,u) =0, (4.1)
v(0) = . (4.2)

Vo e H, SSEER (4.1), (4.2) FELEME—M v(e,t) € L0, T; H) N L*(0,T;V), VT > 0.
HHERR, & F'(uv=—vAv— av — B(u,v) — B(v,u), ] (4.1), (4.2) FiE 4.

Ov ,
Fri F (u(t))v, (4.3)

v(0) = 9. (4.4)
Vpr,  ,%m € H YLK, HE 43) o) =4¢; i =1,---,m) AFERHILA

'Ui(t) (7' = 1)"'am)7 ¢i (7' = 1""7m) %J span {vl(t),"'yvm(t)} pPEg—éﬁ*/%YﬁiEiga

gm = lim sup sup %/0 Tr (F'(S(T)wp) - Qm(7)) dr

t200 yoe A g H, [9|<1,i=1,-,m

313 4.1 H A RFR (1.1)-(14) WERBS|F, BELEN >0 18 qv <0, W
A i) Hausdorff 4E¥0 4 dy(A) < N, H Fractal 4% 2

(4)+
dr(A) < N(l + \Jnax an] )

THEREAMb T Tr (F'(u(T)) . Qm(T)):
T (F'(u(7)) - Qum(T)) = D _ (F'(u(7)) i, 1)

i=1

< - VA¢i - a¢i - B(u7¢i) - B(¢i7u)7¢i>

M

-
il
o

M

(= v 16:ll? = aldal? - bl u, 6:)) = —am — Z (v 16:ll? + b(be,u,6),

.
1
—



134 BEL., ZFE. 42T H ELMHHER Navier-Stokes 97

= |§:/R2 i: ¢ikg_;:;¢ild$}

Z b(¢i1 u, ¢z)

i
—
MN
/-\
g
~~
i
e
¥
>
=
\_/

R p1=1
2 un\E o = 2
/(2 (a—w;> ) (3 (Loueu)) e
m 2 1
12 2
<l ([, (35 16:) az)"
t Lieb-Thirring R O [ (32 [6P)"do <er 3 JoulP
|3 bgi,u,80)| < lull (e Y Nleal?) ™ < g(Zuqxn) > Jlul?,
i=1 i=1
##
Tr (F'(u(r)) - Qu(r s—g(Zn@H ) —am+ =L jjul®.
i (2.5) A7 t
[ TP a5 < e 17+ F ol
e

Qm & —

B omg = [2,,2(,2 |f| ] +1, X H [ ]. FRBE, DllJ Ime < 0, AT A du(A) < 532z |fI+1.
BB my = [85 [f7], + 1, W gm, <0 B _max {8t <1 i dp(A) < 3 [£2 +2.

—_ 2
1<j<my ~1 lq via

EE 41 ¥F {S(0)},5, W2RHBS|F K Hausdorff B Fractal 4 Hffiit T

[55] 2
dn(A) < oz 1P +1, dp(4) <

+ 2.
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THE GLOBAL ATTRACTOR OF NAVIER-STOKES
EQUATIONS WITH LINEAR DAMPNESS ON
THE WHOLE TWO-DIMENSIONAL SPACE
AND ESTIMATES OF ITS DIMENSIONS

ZHAO CHUNSHAN LI KAITAl

(Research Group of Computational Physics, School of Science, Xi’an Jiaotong University, Xi’an 710049)

Abstract The long time behaviors of Navier-Stokes equations with linear dampness on
the whole two-dimensional space were investigated. The existence of global attractor of the
equations was proved under only condition f(z) € (L? (RZ))z. Moreover, the upper bounds
of Hausdorff and Fractal dimensions of the global attractor were given.

Key words Linear dampness, Navier-Stokes equations, Global attractor,

Hausdorff and Fractal dimensions



