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− ε∆u + b · ∇u + cu = f, in Ω, (1)
u = 0, on ∂Ω (2)

�/"0���#1 Ω $/��2%3� ε &'�4 () ε ≤ h, b = (b1, b2) &*+
!(� b1, b2, c, f "&#$%&�!(�),5

inf
x∈Ω

(
c(x) − 1

2
div b(x)

)
≥ c0 > 0. (3)
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� ! (1), (2), [4] OE0F�?8>� [5] OE0M ε ≤ h2 G�NHI>P2+
JOPK1(L ε = O(h), QRMNQS$TUO@OEM ε ≤ h G�?@R�2P$
Q� [5] �S.HI>PTRVÆ2
2 UVWXYZ[\]^_

L V = H1
0 (Ω), ` ! (1), (2) �': Galerkin ���S2O&W ∀ ∈ v ∈ V , 2

u ∈ V ,5W
ε(∇u,∇v) + (b · ∇u + cu, v) = (f, v). (4)

RM1 (·, ·) XT L2(Ω) U�VS�‖ · ‖m, | · |m $YXT Sobolev WZ Hm(Ω)(Wm,2(Ω))
U�X4[X2YaOEW? (3) VÆG (4) /Z@72\b9NQ': Galekin ��
27 ! (1), (2) ?JOPK1(;7]?8�M+((^Q�1���2�1���
&W ∀ v ∈ V , 2 u ∈ V ,5

B(u, v) = L(v), (5)

#1[1>2O B(u, v) 41>2O L(v) $Y&

B(u, v) = ε(∇u,∇v) + (b · ∇u + cu, v) + (ε∆u + b · ∇u + cu, δb · ∇v),
L(v) = (f, v + δb · ∇v),

L\ δ = O(h). 8c
|‖v|‖2 = ε|v|21 + c0‖v‖2

0 + δ‖b · ∇v‖2
0.

�%3 Ω _d@R�2P$�`aP$ Γh = {τk}, /"0WZ
V h

0 =
{
v : v ∈ H1

0 (Ω) ∩ C(Ω), v|τk
∈ Q1(τk), ∀ τk ∈ Γh

}
,

#1
Q1(τk) = span {1, x, y, xy}.

V h
0 I/aQ]>PWb?e h ^c�(( C, ∀ v ∈ V h

0 d/
‖∇v‖0 ≤ Ch−1‖v‖0, ‖v‖2

0 =
∫

Ω

v2dΩ.

� V ∈ V h
0 , ∆V = 0, M h _M'G�

B(V, V ) =ε|V |21 + (c − 1
2
∇ · b, V 2) + δ‖b · ∇V ‖2 + δ(−ε∆V + cV, b · ∇V )

=ε|V |21 + (1 − δ)(c − 1
2
∇ · b, V 2) + δ‖b · ∇V ‖2 ≥ 1

2
|‖V |‖2. (6)

L`E ! (5) I/Z@7�`)eO (5) ?82&fG L2 X�aghP�bCfc
(1), (2) 7�[1>i; uI . dR

|||u − uI ||| ≤ C
(
δ

1
2 h + ε

1
2 h + h2

) |u|2.
M&

B(uh − uI , v) = B(u − uI , v), v ∈ V h
0 , (7)
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#1� uh ∈ V h
0 &O (5) �72

b
(
b · ∇(u − uI), v

)
= −(u − uI , b · ∇v) +

(∇ · b, (u − uI)v
)
,∣∣(b · ∇(u − uI), v)

∣∣ ≤ C(δ−
1
2 h2 + h2) |u|2|||v|||,

YafG ∣∣B(u − uI , v)
∣∣ ≤ C

(
ε

1
2 h + δ−

1
2 h2 + h2 + εδ

1
2 + δ

1
2 h

) |u|2|||v|||.
M ε ≤ h, δ = O(h) G� |||u − uh||| ≤ Ch

3
2 |u|2.

3 L2(Ω) j]klmnop
hi� ∀ τ ∈ Γh, fcag!(jQW

E(x) =
1
2
(
(x − xτ )2 − h2

x

)
, F (y) =

1
2
(
(y − yτ )2 − h2

y

)
,

#1 (xτ , yτ ) &o0 τ �1qpr'� hx, hy $Y&o0 τ � x 4 y �*Uqr�@
[� uh &eO (5) �7� uI ∈ V h

0 & u �[1>i;� w = u − uI .
st 3.1 k u ∈ H3(Ω)∩H1

0 (Ω), b1 ∈ W 1,∞ (i = 1, 2), h = max {hx, hy},` ∀ v ∈ V h
0 ,

∣∣(b · ∇w, v)
∣∣ ≤ Ch2‖u‖3‖v‖0.

	 ��lsmno0 τ1 4 τ2, jo2k z = (xi, yj), z1 = (xi, yj − 2hy), z4 =
(xi + 2hx, yj), V (zi) & V ? zi p�!(;� z1, z & τ1 e τ2 �tp�

τ2 τ1

τ4 τ3

Z ′
3

Z ′
4

Z ′
5

Z3

Z4

Z5

Z1

Z

Z2

ko0�lq$Ypd9 x u4 y u� ϕz(x, y) &/"0WZ V h
0 �u!(�

z = (xi, yj), `

ϕz(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(xi + 2hx − x)(y + 2hy − yj)
4hxhy

, (xi, yj) ∈ τ1,

(x + 2hx − xi)(y − yj + 2hy)
4hxhy

, (xi, yj) ∈ τ2,

(xi + 2hx − x)(yj + 2hy − y)
4hxhy

, (xi, yj) ∈ τ3,

(x − xi + 2hx)(yj + 2hy − y)
4hxhy

, (xi, yj) ∈ τ4,

0, #F2
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hi� ∀ v ∈ V h
0 , b

v(x, y) = v(x1, y1) + (x − x1)vx(x1, y1) + (y − y1)vy(x1, y1) + (x − x1)(y − y1)vxy,

vx(x1, y1) = vx(x, y) − (y − y1)vxy, vy(x1, y1) = vy(x, y) − (x − x1)vxy,

f ∣∣v(x1, y1)
∣∣ ≤ 2hx|vx| + 2hy|vy | + 4hxhy|vxy|.

vÆG
(b · ∇w, v) = −(w, b · ∇v) + (∇ · b, wv),

b Schwartz ]UOvi;uR8q�f
∣∣(∇ · b, wv)

∣∣ ≤ Ch2‖u‖2‖v‖0,

(w, b · ∇v) =
∑

τ∈Γh

∫
τ

(b1wvx + b2wvy) dxdy.

? τ2 1�r X = x + 2hx, Y = y, f
∫

τ1

⋃
τ2

b1wv(z1)
(2hy − y)

4hxhy
dxdy

=
∫

τ1

(
b1(x, y)w(x, y) − b1(x + 2hx, y)w(x + 2hx, y)

)
v(z1)

(2hy − y)
4hxhy

dxdy

=
∫

τ1

(
b1(x, y) − b1(x + 2hx, y)w(x, y)

)
v(z1)

(2hy − y)
4hxhy

dxdy

+
∫

τ1

b1(x + 2hx, y)
(
w(x, y) − w(x + 2hx, y)

)
v(z1)

(2hy − y)
4hxhy

dxdy.

vÆG
∣∣(w(x, y) − w(x + 2hx, y))

∣∣ =
∣∣[u(x, y) − u(x + 2hx, y)

] − [
uI(x, y) − uI(x + 2hx, y)

]∣∣
≤Ch2

∥∥u(x, y) − u(x + 2hx, y)
∥∥

2
= Ch2

∥∥∥
∫ x

x+2hx

∂u

∂z
(z, y) dz

∥∥∥
2
≤ Ch3‖u‖3,

Q ∫
τ1∪τ2

b1wv(z1)
(2hy − y)

4hxhy
dxdy ≤ Ch2

(‖u‖2,τ1∪τ2 + ‖u‖3,τ1∪τ2

) ‖v‖0,τ1∪τ2 ,

UO�=wNQ0]>P2x+
∣∣∣ ∑

τ∈Γh

∫
τ

b1wvx dxdy
∣∣∣ ≤ Ch2‖u‖3‖v‖0.

sqNQ τ1 4 τ3, YO
∣∣∣ ∑

τ∈Γh

∫
τ

b2wvy dxdy
∣∣∣ ≤ Ch2‖u‖3‖v‖0,

x+fqfO2
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st 3.2[6] k u ∈ H3(Ω) ∩ H1
0 (Ω), h = max {hx, hy}, ∀ v ∈ V h

0 , VÆ

(wy , vx) ≤ Ch2‖u‖3‖v‖1, (wx, vy) ≤ Ch2‖u‖3‖v‖1.

	

(wx, vy) =
∑

τ∈Γh

∫
τ

Fuxyy(vy − (x − xτ )vxy) dxdy

+
∑

τ∈Γh

∫
τ

uxxyE(x)vx −
( ∫

∂Ωt

−
∫

∂Ωu

)
uxxE(x)vx dxdy.

M v ∈ V h
0 G� vx|∂Ωt = vx|∂Ωu = 0, Q

∫
Ω

wxvydxdy ≤ Ch2‖u‖3‖v‖1.

sqYO ∣∣(wy , vx)
∣∣ ≤ Ch2‖u‖3‖v‖1.

st 3.3 k u ∈ H3(Ω) ∩ H1
0 (Ω), h = max {hx, hy}, ∀ v ∈ V h

0 , VÆ

(wx, vx) ≤ Ch2‖u‖3‖v‖1, (wy , vy) ≤ Ch2‖u‖3‖v‖1.

	

(wx, vx) =
∑

τ∈Γh

∫
τ

{
Fvx − 1

3
(F 2)yvxyuxyy

}
dxdy

≤
∑

τ∈Γh

h2
y

∫
τ

(|vx| + hy|vxy|
)
uxyy dxdy

≤Ch2‖u‖3‖v‖1.

sqYO ∣∣(wy, vy)
∣∣ ≤ Ch2‖u‖3‖v‖1.

w 1 NQ$yS$zYOE [7]

(wx, vx) ≤ Ch2‖u‖4‖v‖0, (wy , vy) ≤ Ch2‖u‖4‖v‖0.

st 3.4 ?fq 3.3 �v{QVÆaQ]UO
∣∣(b · ∇w, δb · ∇v)

∣∣ ≤ Ch2‖u‖3‖v‖0.

	 fc bi (i = 1, 2)�p"!( bi|τ =
∫

τ bi dxdy
/|τ |, L\ |τ | &o0 τ �wS�`

|bi − bi| ≤ Ch‖bi‖1,∞,

(b · ∇w, δb · ∇v)

≤
∑

τ∈Γh

(
b · ∇w, δb · ∇v

)
τ

+
∑

τ∈Γh

(
(b − b) · ∇w, δb · ∇v

)

+
∑

τ∈Γh

(
b · ∇w, δ(b − b) · ∇v

)
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≤
∑

τ∈Γh

(
b · ∇w, δb · ∇v

)
τ

+ C‖b‖1,∞h2δ‖b · ∇v‖0‖u‖2 + Ch2δ‖b‖0,∞‖b‖1,∞‖u‖2‖v‖1,

∑
τ∈Γh

(b · ∇w, δb · ∇v)τ = δ
∑

τ∈Γh

∫
τ

b
2

1wxvx + b
2

2wyvy + b1b2wxvy + b1b2wyvx dxdy.

vÆGmno0 τk, τl / |bi|τk − bi|τl| ≤ Ch, Qbfq 3.2 4fq 3.3, f
∑

τ∈Γh

(b · ∇w, δb · ∇v)τ ≤ Ch2δ‖u‖3‖v‖1.

x|} δ = O(h) 4]>P�RfqfO2
st 3.5 k b1, b2 "x9 W 1,∞(Ω), h = max {hx, hy}, ∀v ∈ V h, `

(ε∆w, δb · ∇v) ≤ Ch2‖u‖3‖v‖0.

	

(ε∆w, δb · ∇v)
=(ε∆w, δ(b − b) · ∇v) + (ε∆w, δb · ∇v)

=δ
∑

τ∈Γh

∫
τ

ε∆wb1
∂v

∂x
dxdy +

∑
τ∈Γh

∫
τ

ε∆wb2
∂v

∂y
dxdy + Cεδ‖b‖1,∞‖u‖2‖v‖0,

yzfq 3.1 �OE4 ε < h, δ = O(h), xvÆG |b1|τ1 − b1|τ3 = O(h), f
∣∣∣δ

∫
τ1∪τ3

ε∆wb1
∂v

∂x
dxdy

∣∣∣ ≤ δεC‖u‖3,τ1∪τ3‖v‖0,τ1∪τ3 ,

4 ∣∣∣δ
∫

τ1∪τ2

ε∆wb2
∂v

∂y
dxdy

∣∣∣ ≤ δεC‖u‖3,τ1∪τ3‖v‖0,τ1∪τ3.

y}aU{O�RfqfO2
zt 3.1 k ε ≤ h, b, c ,5O (3), ) b1, b2 ∈ W 1,∞(Ω), c ∈ L∞(Ω), u ∈

H3(Ω) ∩ H1
0 (Ω), uh &O (5) �7� uI & u �[1>i;�`b?e h ^c�(( C

|f |||uh − uI ||| ≤ Ch2‖u‖3.

	 ?O (6) 1r V = uh − uI , YafG
B(uh − uI , uh − uI) ≥ 1

2
|||uh − uI |||2.

bfq 3.1–3.5, 8
B(u − uI , uh − uI) ≤ Ch2|||uh − uI |||.

y}aUlO�l~}~ |||uh − uI |||, 8q 3.1 fO2
zt 3.2 ?8q 3.1 v{Q�VÆjQhPOW

||u − uh||0 ≤ Ch2‖u‖3.

	 bi;>P ‖u − uI‖0 ≤ Ch2|u|2 v
‖u − uh‖0 ≤ ‖u − uI‖0 + C|||uI − uh||| ≤ Ch2|u|2 + |||uh − uI |||,
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xb8q 3.1, R8qfO2
{ | } ~
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[3] Johnson C, Nävert U. An Analysis of Some Finite Element Methods for Advection-diffusion Problems.

In: Analytical and Numerical Approaches to Asymptotic Problems in Analysis (O. Axelsson et al.,

eds.). Amsterdam: North-Holland, 1981
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The Optimal Error Estimate of Streamline Diffusion
Finite Element Method for Convection-diffusion Problem
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Abstract In this paper, we consider the streamline diffusion finite element method (SD-
FEM) with bilinear element for convection dominated diffusion problems. In the previous
literature, under the condition of ε ≤ h2, the optimal error estimate in L2 is derived for
SDFEM scheme. However, in this paper, we’ll improve the condition ε ≤ h2 as ε ≤ h and
use a different method to prove the optimal error estimate in L2 for SDFEM scheme.

Key words streamline diffusion method; optimal error estimate; convection-dominated
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