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1 \]^_`ab
� α, 0 < α < n, � R

n ������ f , 	�
�		
 (� Riesz ��)Iα �

Iαf(x) =
∫

Rn

f(y)
|x − y|n−α

dy.

����� (u, v) � 1 < p ≤ q < ∞, Sawyer [1] ������� (p, q) ���

u({x ∈ R
n : |Iαf(x)| > λ}) ≤ C

λq

( ∫
Rn

|f(x)|pv(x)dx

)q/p

�������� ∫
Q

[Iα(χQu)(x)]p
′
v(x)1−p′

dx ≤ C

( ∫
Q

u(x)dx

)p′/q′

,
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� R
n %�&'�( Q ��. Cruz-Uribe � Pérez [2] ��� Ap ���

|Q|pα/n

(
1
|Q|

∫
Q

u(x)rdx

)1/r( 1
|Q|

∫
Q

v(x)−p′/pdx

)p/p′

≤ C < ∞, r > 1, (1)

�	�
�		
 Iα  )���� (p, p) �����	�.
!*�+��"� (1) %#, u ���, -.$%/� Orlicz &'01&. 23()�

Cruz-Uribe � Pérez �* [3, 4 1.3] 5*�.$67.
�89!*�:�+,, ;(-�(� Luxemburg .��/<. 0 B : [0,∞) → [0,∞) �

.$ Young ��, =, B �1>?�@��, B(0) = 0 A2 t → ∞ B, B(t) → ∞. �34��
�� f � Young �� B,  f C�( Q �� Luxemburg .��

‖f‖B,Q = inf
{

λ > 0 :
1
|Q|

∫
Q

B

( |f(x)|
λ

)
dx ≤ 1

}
.

D5� Young �� B(t) = t(1 + log+ t)2p−1+δ, δ > 0, E� Luxemburg .�6F�

‖ · ‖L(log L)2p−1+δ,Q.

GH�IJ�:�+,.
Æf 1.1 � 0 < α < n, 1 < p < ∞, (u, v) ����. K� δ > 0 �&'�( Q, L

|Q|pα/n‖u‖L(log L)2p−1+δ,Q

(
1
|Q|

∫
Q

v(x)−p′/pdx

)p/p′

≤ K < ∞. (2)

M�&' λ > 0 � f ∈ Lp(v), L

u({x ∈ R
n : |Iαf(x)| > λ}) ≤ C

λp

∫
Rn

|f(x)|pv(x)dx. (3)

IJN�-7 Orlicz 89�G:OP, #, Orlicz 89�%;QR<=* [4]. 0 Young �
� B �>?�, =,@C C > 0, SA B(2t) ≤ CB(t), t > 0. � Young �� B, ÆBg Young
��C� B, EJ ) t ≤ B−1(t)B

−1
(t) ≤ 2t, t > 0. DT$ Young �� A,B U C, K�&

' t > 0, A−1(t)C−1(t) ≤ B−1(t), O’Neil [5] A7G:E Hölder ���: �&'�( Q U&

'�� f, g, L

‖fg‖B,Q ≤ 2‖f‖A,Q‖g‖C,Q. (4)

D5F, � Young �� B, L
1
|Q|

∫
Q

|f(x)g(x)|dx ≤ 2‖f‖B,Q‖g‖B,Q. (5)

� 1 < p < ∞. 0>? Young �� B  ) Bp ��, K@CG� c > 0, SA∫ ∞

c

B(t)
tp

dt

t
≈

∫ ∞

c

(
tp

′

B(t)

)p−1
dt

t
< ∞.

hf 1.2[6] �B�>? Young��, 1 < p < ∞,M B ∈ Bp������MB : Lp(Rn) →
Lp(Rn) LH.

� Young �� B, UÆVIW� Orlicz JK	
�

MBf(x) = sup
Q�x

‖f‖B,Q.

>LJK	
 Md
B MX, Y�Æ%��ZH��NO x �[L>L�(\.

� α, 0 ≤ α < n, Young �� B, 	�
 Orlicz JK	


MB,αf(x) = sup
Q�x

|Q|α
n ‖f‖B,Q.
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>L	�
 OrliczJK	
Md
B,αf MX. K α = 0, B(t) = t, MB,α X� Hardy–Littlewood

JK	
 M . K 0 < α < n, B(t) = t, MB,α �	�
JK	
 Mα.
!*:�-7 Young �� B(t) = t(1 + log+ t)δ, δ > 0. �2$ Young ��, f C�(

Q �� Luxemburg .�6F� ‖f‖L(log L)δ ,Q, JK	
C� ML(log L)δf . ÆBg Young ��
B(t) ≈ et1/δ

, �f� Luxemburg .��JK	
	5C� ‖f‖exp L1/δ,Q U Mexp L1/δf .

2 MB,α ijklmnop
�� MB,α ���g����, N�Y$hZ.
hf 2.1[6] � B �>? Young ��, f �[\��, SA2 l(Q) → ∞ B, ‖f‖B,Q → 0.

� t > 0, C Ωt = {x ∈ R
n : MBf(x) > t}. K Ωt [8, M@C.:]�V^�JK>L�(

{Ct
j}, SA�_$ j, t/4n < ‖f‖B,Ct

j
≤ t/2n, Ωt ⊂

⋃
j 3Ct

j , i�

{x ∈ R
n : Md

Bf(x) > t/4n} =
⋃

j
Ct

j .

L`L

|Ωt| ≤ C

∫
{x∈Rn: |f(x)|>t/2}

B

( |f(x)|
t

)
dx. (6)

>L�(: {Ct
j} 0� f #, B Cab t � Calderón–Zygmund 	c.

hf 2.2 � α, 0 ≤ α < n, B �>? Young ��, f �[\��, SA2 l(Q) → ∞ B,
|Q|α

n ‖f‖B,Q → 0, M� t > 0, @C.:]�V^�JK>L�( {Ct
j}, SA�_$ j, t/4n <

|Ct
j |

α
n ‖f‖B,Ct

j
≤ t/2n, A

{x ∈ R
n : Md

B,αf(x) > t/4n} =
⋃

j
Ct

j , {x ∈ R
n : MB,αf(x) > t} ⊂

⋃
j
3Ct

j .

>L�(: {Ct
j} 0� f #, B U α Cab t � Calderón–Zygmund 	c.

N�j*��, Liu � Lu [7] � Young �� B(t) = t(1 + log+ t) ���hZ 2.2 �+d.
qr � t > 0, � {Ct

j} � ) t/4n < |Ct
j |

α
n ‖f‖B,Ct

j
�]�V^�JK>L�(:. C C̃t

j

�NO Ct
j , ef�Æ>?�>L�(. Mk B(t)/t g@i� Ct

j �JKlA

t/4n < |Ct
j |

α
n ‖f‖B,Ct

j
≤ 2n−α|C̃t

j |
α
n ‖f‖B,C̃t

j
≤ t/2n.

khm= {x ∈ R
n : Md

B,αf(x) > t/4n} =
⋃

j Ct
j .

� x ∈ Ωt = {y ∈ R
n : MB,αf(y) > t}, k, @CNO x ��( R, SA

|R|α
n ‖f‖B,R > t. (7)

�n� k, SA 2−(k+1)n < |R| ≤ 2−kn, M@Co; 2n $ef� 2−k ��(U R �p4V

^. m=2q�(%orL.$, �i� J1,  ) t/2n < |R|α
n ‖χJ1f‖B,R. OP�, K�_$

i = 1, 2, . . . , 2n, L |R|α
n ‖χJif‖B,R ≤ t/2n, s� R ⊂ ⋃2n

i=1 Ji, j

|R|α
n ‖f‖B,R = |R|α

n ‖χ⋃2n

i=1 Ji
f‖B,R ≤

2n∑
i=1

|R|α
n ‖χJif‖B,R ≤ t,

2U (7) kl. k, |R| ≤ |J1| ≤ 2n|R|, �A t/4n < |J1|α
n ‖f‖B,J1 . sh�t$ k, J1 ⊂ Ct

k, L
` R ⊂ 3J1 ⊂ 3Ct

k. j Ωt ⊂
⋃

j 3Ct
j . �m.

hf 2.3 � α, 0 ≤ α < n, B �>? Young ��, f �[\��, SA2 l(Q) → ∞ B,
|Q|α

n ‖f‖B,Q → 0. n a > 2n+1, �_$n� k, C Dk = {x ∈ R
n : Md

B,αf(x) > ak/4n}, >L
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�(: {Qk
j } 0� f #, B U α Cab ak � Calderón–Zygmund 	c. �&'n� k, j, C

Ek
j = Qk

j \ (Qk
j ∩ Dk+1), M {Ek

j } ]�V^A )
|Qk

j ∩ Dk+1| < 2n/a|Qk
j |, |Qk

j | <
1

1 − 2n/a
|Ek

j |.
qr {Ek

j } ]�V^�uv�. khZ 2.2 A

ak/4n < |Qk
j |α/n‖f‖B,Qk

j
≤ ak/2n. (8)

k Luxemburg .��� (8) �, A

1 <
1

|Qk
j |

∫
Qk

j

B

(
4n

ak
|Qk

j |
α
n |f(y)|

)
dy,

1
|Qk

j |
∫

Qk
j

B

(
2n

ak
|Qk

j |
α
n |f(y)|

)
dy ≤ 1.

k, B((2n/a)t) ≤ (2n/a)B(t), t > 0 i� B(t) g@A
|Qk

j ∩ Dk+1|
|Qk

j |
=

∑
i

|Qk
j ∩ Qk+1

i |
|Qk

j |
=

∑
i:Qk+1

i ⊂Qk
j

|Qk+1
i |

|Qk
j |

<
∑

i:Qk+1
i ⊂Qk

j

1
|Qk

j |
∫

Qk+1
i

B

(
4n

ak+1
|Qk+1

i |α
n |f(y)|

)
dy

<
2n

a

∑
i:Qk+1

i ⊂Qk
j

1
|Qk

j |
∫

Qk+1
i

B

(
2n

ak
|Qk

j |
α
n |f(y)|

)
dy

≤ 2n

a

1
|Qk

j |
∫

Qk
j ∩(∪iQ

k+1
i )

B

(
2n

ak
|Qk

j |
α
n |f(y)|

)
dy ≤ 2n/a.

sh |Ek
j |/|Qk

j | > 1 − 2n/a > 0. �m.
Æf 2.4 � 0 < α < n, p, 1 < p < ∞, A,B U C �T$ Young �� ) A−1(t)C−1(t) ≤

B−1(t), t > 0, A C ∈ Bp. K��� (u, v), SA�&'�( Q, L

|Q|α/n

(
1
|Q|

∫
Q

u(x)dx

)1/p

‖v−1/p‖A,Q ≤ K < ∞, (9)

M�&' f ∈ Lp(v),
∫

Rn MB,αf(x)pu(x)dx ≤ C
∫

Rn |f(x)|pv(x)dx.

qr kow�pxd��q, IJ�i� f �rsyt�[\LH��. m= l(Q) → ∞
B |Q|α/n‖f‖B,Q → 0.

n a > 2n+1, � k ∈ Z, C Ωk = {x ∈ R
n : ak < MB,αf(x) ≤ ak+1}, MkhZ 2.2,

Ωk ⊂ ⋃
j 3Qk

j , Æ% |Qk
j |α/n‖f‖B,Qk

j
> ak/4n. sh∫

Rn

MB,αf(x)pu(x)dx =
∑
k∈Z

∫
Ωk

MB,αf(x)pu(x)dx ≤ C
∑
k∈Z

akpu(Ωk)

≤ C
∑
j,k

akpu(3Qk
j ) ≤ C

∑
j,k

|Qk
j |pα/n‖f‖p

B,Qk
j

u(3Qk
j )

≤ C
∑
j,k

u(3Qk
j )|Qk

j |pα/n‖v−1/p‖p

A,Qk
j

‖fv1/p‖p

C,Qk
j

.

k (9) ��hZ 2.3, u4'7 {Ek
j } ]�V^A∫

Rn

MB,αf(x)pu(x)dx ≤ C
∑
j,k

|3Qk
j |pα/n

(
1

|3Qk
j |

∫
3Qk

j

u(x)dx

)
‖v−1/p‖p

A,3Qk
j

‖fv1/p‖p

C,Qk
j

|Ek
j |

≤ C
∑
j,k

∫
Ej,k

MC(fv1/p)pdx ≤ C

∫
Rn

fpvdx.
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sv.$����k, C ∈ Bp, w-hZ 1.2 A7. �m.

3 tu 1.1 ivw
Æf 3.1[8] � 0 < α < n, ε > 0, M�&'��� w ��� f ,

w({x ∈ R
n : |Iαf(x)| > λ}) ≤ C

λ

∫
Rn

|f(x)|Mα(ML(log L)εw)(x)dx. (10)

hf 3.2 � ε > 0, f �yx, Q ������, M
1
|Q|

∫
Q

ML(log L)εf(x)dx ≤ C

(
1 +

1
|Q|

∫
Q

|f(x)|(1 + log+ |f(x)|)1+εdx

)
.

qr �>? Young �� B(t) = t(1 + log+ t)ε, m� B(ts) ≤ CB(t)B(s), t > 0, s > 0. k
(6) �, A∫

Q

ML(log L)εf(x)dx =
∫ ∞

0

|{x ∈ Q : ML(log L)εf(x) > t}|dt

= 2
∫ ∞

0

|{x ∈ Q : ML(log L)εf(x) > 2t}|dt

≤ 2
( ∫ 1

0

|Q|dt +
∫ ∞

1

|{x ∈ Q : ML(log L)εf(x) > 2t}|dt

)

≤ 2|Q| + C

∫ ∞

1

∫
{x∈Rn:|f(x)|>t}

|f(x)|
t

(
1 + log+ |f(x)|

t

)ε

dtdx

= 2|Q| + C

∫
Rn

|f(x)|(1 + log+ |f(x)|)ε

∫ |f(x)|

1

1
t

(
1 + log+ 1

t

)ε

dtdx

≤ C|Q|
(

1 +
1
|Q|

∫
Q

|f(x)|(1 + log+ |f(x)|)1+εdx

)
.

�m.
hf 3.3 � 0 < α < n, ε > 0, ML(log L)εf �����, M@C�zy, f U x �G�

C > 0, SA
Mα(ML(log L)εf)(x) ≤ CML(log L)1+ε,αf(x). (11)

qr IJw- [9] %��hZ 2.3 ��q��. z*� ε �{n�B��� (11) �. �&
'n� x ∈ R

n �&'NO x ��( Q, 	c f = f1 + f2, Æ% f1 = fχ3Q, M

|Q|α/n−1

∫
Q

ML(log L)εf(y)dy ≤ |Q|α/n−1

∫
Q

ML(log L)εf1(y)dy + |Q|α/n−1

∫
Q

ML(log L)εf2(y)dy

= I + II.

�, II, w-* [9] %�+,, �&' y ∈ Q, IJL

|Q|α/nML(log L)εf2(y) ≤ |Q|α/nML(log L)[ε]+1f2(y) ≤ C inf
z∈Q

Mαf(z),

M

II = |Q|−1

∫
Q

|Q|α/nML(log L)εf2(y)dy ≤ C|Q|−1

∫
Q

inf
z∈Q

Mαf(z)dy

≤ CMαf(x) ≤ CML(log L)1+ε,αf(x).

�{|I, Y���&'yx, Q �� f ,

|Q|−1

∫
Q

ML(log L)εf(y)dy ≤ C‖f‖L(log L)1+ε,Q. (12)
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k|
lIJ�� f  ) ‖f‖L(log L)1+ε,Q = 1, 2'}~ |Q|−1
∫

Q
|f(y)|(1+ log+ |f(y)|)1+εdy ≤

1. sh, Y���&'yx, Q �� f ,
1
|Q|

∫
Q

ML(log L)εf(y)dy ≤ C

(
1 +

1
|Q|

∫
Q

|f(y)|(1 + log+ |f(y)|)1+εdy

)
.

`2{�hZ 3.2 �+d. sv� 3Q S- (12) �, A

I ≤ C|3Q|α/n−1

∫
3Q

ML(log L)εf1(y)dy

≤ C|3Q|α/n‖f‖L(log L)1+ε,3Q ≤ CML(log L)1+ε,αf(x).

�m.
Æf 1.1 xqr n p, 1 < p < ∞, δ > 0. C B(t) = t log(1 + t)1+ε, Æ% 0 < ε < δ/p.

Let η = δ − pε, M

B−1(t) ≈ t

log(1+t)1+ε
=

t1/p

log(1+t)1+ε+(p−1+η)/p
×t1/p′

log(1 + t)(p−1+η)/p=A−1(t)C−1(t),

Æ% A(t) ≈ tp log(1 + t)(2+ε)p−1+η = tp log(1 + t)2p−1+δ, C(t) ≈ tp
′
log(1 + t)−1−(p′−1)η. m�

C ∈ Bp′ . shkZ 2.4, MB,α : Lp′
(u−p′/p) → Lp′

(v−p′/p) LH, Y�

|Q|α/n

(
1
|Q|

∫
Q

v−p′/pdx

)1/p′

‖u1/p‖A,Q ≤ K < ∞.

2�},�� (2), s� ‖u1/p‖A,Q ≈ ‖u‖1/p

L(log L)2p−1+δ .

kow�~���, IJ�� f ∈ C∞(Rn), ursyt.
� λ > 0, Ωλ = {x ∈ R

n : |Iαf(x)| > λ} LH, j u(Ωλ) < ∞. k��l, @C[\��
G ∈ Lp′

(Rn), ‖G‖p′ = 1, SA u(Ωλ)1/p = ‖u1/pχΩλ
‖p =

∫
Ωλ

u1/pGdx. kZ 3.1 �UhZ 3.3,

u(Ωλ)1/p≤ C

λ

∫
Rn

|f |MB,α(u1/pG)dx ≤ C

(
1
λp

∫
Rn

|f |pvdx

)1/p(∫
Rn

MB,α(u1/pG)p′
v−p′/pdx

)1/p′

≤ C

(
1
λp

∫
Rn

|f |pvdx

)1/p( ∫
Rn

Gp′
dx

)1/p′

≤ C

(
1
λp

∫
Rn

|f |pvdx

)1/p

.

�m.
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[2] Cruz-Uribe D., Pérez C., Two-weight, weak-type norm inequalities for fractional integral, Calderon–Zygmund

operators and commutators, Indiana Math. J., 2000, 49(2): 697–721.
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[6] Pérez, C., On sufficient conditions for the boundedness of the Hardy–Littlewood maximal operator between

weighted Lp-spaces with different weights, Proc. London Math. Soc., 1995, 71(3): 135–157.
[7] Liu Z. G., Lu S. Z., Two-weight weak-type norm inequalities for the commutators of fractional integrals,

Integr. Equ. Oper. Theory, 2004, 48(3): 397–409.
[8] Carro M. J., Pérez C., Soria F., Soria,J., Maximal functions and the control of weighted inequalities for the

fractional integral operator, Indiana Math. J., 2005, 54(3): 627–644.
[9] Ding Y., Lu S. Z., Zhang P., Weak estimates for commutators of fractional integral operators, Science in

China, Ser. A, 2001, 44(7): 877–888.


