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1 ()*+,
� q ∈ C∗, Cq = Cq[x±1

1 , x±1
2 ] ��-��. � Dskew (Cq) � Cq 	�
�-��� [1]. �

L′
q ���� Cq ⊕ Dskew (Cq) ��	-��, Lq = L′

q + Cd1 + Cd2, 
. d1, d2 � Z2- 
��
�� L′

q ���
�-. � q = 1 �, Dskew (C1) /���� Virasoro–like ��. � [2] ���
Dskew (C1)+ Cd1 + Cd2 �0���� GL2(Z) � (C∗ ×C∗). � [3] ������ L′

1 �0���
� (GL2(Z) � (C∗ × C∗ × C∗)) � C2

∞, 
. C2
∞ � L′

1 .��1���0��-�. �� q �= 1
� p ��2����, � [4] �	���� Dskew (Cq1) 3 Dskew (Cq2) ����
�4��, �
5���� Dskew (Cq) �0���� GL2(Z) � (C∗ ×C∗). � q �= 0 �����, 6 �70�
� n, qn �= 1 �, ��� Dskew (Cq) �����, /���� Virasoro–like ��� q �� [5]. �
[6]������ Dskew (Cq)+Cd1 +Cd2 �0���� GL2(Z)� (C∗×C∗). ���!� q ��

������� Lq �0���. "�# , !� Γ = Ze1 ⊕Ze2, Γ∗ = Γ \ {0}, 
. e1 = (1, 0),
e2 = (0, 1).  m = (m1,m2) = m1e1 +m2e2 ∈ Z2, � xm = xm1

1 xm2
2 ∈ Cq[x±1

1 , x±1
2 ], 8���
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Lq ,-�51* E(m), xm . d1, d2, m ∈ Γ∗?��+,-/, 
�@.5/00 �11�2
[E(m), E(n)] = g(m,n)E(m + n), [E(m), xn] = g(m,n)xm+n = [xm, xn],

[di, E(m)] = miE(m), [di, x
m] = mix

m, [d1, d2] = 0, (1.1)


. m = (m1,m2), n = (n1, n2) ∈ Γ∗, g(m,n) = qm2n1 − qm1n2 , i = 1, 2.

0�23���A434.

BC � q ∈ C∗ �����, 8��� Lq = span C{E(m), xm, d1, d2 |m ∈ Γ∗} �0��
�� AutLq

∼= GL2(Z) �θ2 (C∗4 �θ1 Z/2Z).

1D�-�� Cq .
�-����!545�67678�1E. FA4GD�-��
Cq H�8?99��� [7] �I:��,:J8?99����3�3;;<=�!.>KL4
HM.1D�-�� Cq .
�-����,<�-3�<.?8?.;;<=,=N�@ [8–20].

2 OPQR
� AutLq ���� Lq �0���, A,B ���� Lq ���--/, 
.

A = span C{xm |m ∈ Γ∗}, B = span C{E(m) |m ∈ Γ∗}.
AB� Lq(0, 0) = Cd1 ⊕Cd2. 8 Lq = A+B+Lq(0, 0), 
. A,B ���� Lq ��-��, �
C��� Lq //0� Z2- 
�: Lq =

⊕
m∈Γ(Lq)m, 
.
�-/�

(Lq)m =
{

CE(m) + Cxm, m ∈ Γ∗,
Cd1 + Cd2, m = 0.

� πB : Lq → B �0�D9, E7�S9 πB >�����E. ��?�=T�@Æ, F7U2
G/H� ∑

1≤i≤l δiE(mi) A
∑

1≤i≤t δix
mi �IA;BJCVDWEKFL�GMN, HJ Γ∗

	I2Jm < n �CK� m1 < n1, L m1 = n1 C m2 < n2. ABXYOZ�--/
D = span C{E(m) − xm |m ∈ Γ∗}.

P� D A A ���� Lq ���<Q.

[C 2.1 ! 0 �= I ⊂ A⊕B � Lq �<Q, 8 I = A L I = D L I = A⊕B.

\] 5D A, B C����� (M� [6]), 8�<Q I ⊂ A C I �= 0 �, P� I = A. AB
! I � A, 
�^RH4S=.

_` 1 !J<Q I .NJZ�1* f , T� U�1* xm ∈ A / 0 �= [f, xm] ∈ A �V,
85 A ��<Q� A ⊂ I, GaNJ 0 �= ∑

i δiE(mi) ∈ I, 
. δi ∈ C∗. bc� B �����

� B ⊂ I, O� A⊕B ⊂ I, Ga I = A⊕B.

_` 2 ! G/� f ∈ I . xm ∈ A, C/ [f, xm] = 0. �W 0 �= f ∈ I, ,�

f =
∑

1≤i≤t

δiE(mi) +
∑

1≤j≤t′
μjx

nj ,


. t, t′ ≥ 1 CG/1� δi A μj C>� 0, 85 [f, x1,0] = 0 . [f, x0,1] = 0 ,� t = t′,
mi = ni, i = 1, . . . , t, C (δi + μi)g(mi, e1) = 0, (δi + μi)g(mi, e2) = 0. P�5 mi ∈ Γ∗ d
g(mi, e1) = 0 3 g(mi, e2) = 0 >X���V, Q (δi + μi) = 0, i = 1, . . . , t, Ga f ∈ D. c�
I = D. TR.
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i 1 J� [3] G�!���� A⊕B .jY/Z��^Z<Q A, PJ��GS=���
� A ⊕ B Y/���^Z�<Q A A D. k�5DFZ[l, ���T_`a>�D� [3] .
GTM�b\.

[C 2.2 ! ϕ ∈ AutLq, 8 ϕ(A) = A C ϕ(D) = D L ϕ(A) = D C ϕ(D) = A,
ϕ(B) ⊂ A⊕B, C D�7� m ∈ Γ∗, πBϕ(E(m)) ∩B �= {0}.

\]  D�7� m, n ∈ Γ∗ C n �= km, 5
[ϕ(xm−n), ϕ(xn)] = g(m − n,n)ϕ(xm)

.

[ϕ(E(m− n)), ϕ(E(n))] = g(m − n,n)ϕ(E(m)),

C [Lq, Lq] = A⊕B, �� ϕ(xm). ϕ(E(m))>Y Lq(0, 0).�1*c. c� ϕ(A⊕B) ⊂ A⊕B.
c� ϕ � Lq �0��, C A A A⊕B � Lq ��^Z�<Q, Ga ϕ(A) A ϕ(A⊕B) ���
]YD A ⊕ B � Lq ��^Z�<Q. 5Y< 2.1, A, D A A ⊕ B �K/�]YD A ⊕ B �

�^Z�<Q, Ga ϕ(A) = A L D, ϕ(A ⊕ B) = A ⊕ B. C� ϕ(A) = A �, ϕ(D) = D �̂

ϕ(A) = D � ϕ(D) = A. _04
�^RHT_�Y<�m?Z`
. ��0�/ m ∈ Γ∗, T
� πBϕ(E(m)) ∩B = {0}, 6/ ϕ(E(m)) =

∑
1≤i≤t aix

mi , F7ad	eb.
_` 1 � ϕ(A) = A C ϕ(D) = D �, 8/ ϕ(E(m) − xm) ∈ A ∩D = 0, F3 φ ���

S9eb.
_` 2 � ϕ(A) = D �, NJ xn ∈ A C n �= km, /

ϕ(xn) =
∑

1≤j≤l

bj(E(nj) − xnj ).

PZ@� ϕ([E(m), xn]) = g(m,n)ϕ(xm+n) �= 0, �AZ@�
[ϕ(E(m)), ϕ(xn)] =

[ ∑
1≤i≤t

aix
mi ,

∑
1≤j≤l

bj(E(nj) − xnj )
]

= 0.

c�eb. TR.
[C 2.3 ! ϕ ∈ AutLq, 8 ϕ(Lq(0, 0)) = Lq(0, 0).
\] �

ϕ(di) = αid1 + βid2 +
∑

1≤i≤t

λriE(ri) +
∑

1≤j≤t′
λ′sj

xsj , (2.1)


. λri �= 0, λ′sj
�= 0 �c�, 8P�/ r1 < (0, 0) L rt > (0, 0). �� r1 < (0, 0) �, 
�^R

H4T_�Y<J
_` 1 � ϕ(A) = A �, 5Y< 2.2 ,afW m ∈ Γ∗, T�

ϕ(E(m)) =
∑

1≤i′≤l

δmi′E(mi′) +
∑

1≤j′≤l′
δ′nj′x

nj′ ,


. δmi′ �= 0, i′ = 1, . . . , l, CNJ s ∈ Z, 1 ≤ s ≤ l, / g(r1,mi′) = 0, 1 ≤ i′ < s, g(r1,ms) �= 0.
5 [di, E(m)] = miE(m), /[

αid1 + βid2 +
∑

1≤i≤t

λriE(ri) +
∑

1≤j≤t′
λ′sj

xsj ,
∑

1≤i′≤l

δmi′E(mi′) +
∑

1≤j′≤l′
δ′nj′x

nj′
]

= mi

( ∑
1≤i′≤l

δmi′E(mi′) +
∑

1≤j′≤l′
δ′nj′

xnj′
)
. (2.2)
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� s = 1�,H g(r1,m1) �= 0,8 λr1δm1g(r1,m1)E(r1+m1) �= 0,C r1+m1 < m1. FdÆ
YK (2.2) �neY/�cJ λr1δm1g(r1,m1)E(r1 + m1),� (2.2) �oe>Y��cJ, eb.

� s > 1�,H g(r1,ms) �= 0,/ λr1δmsg(r1,ms)E(r1 +ms) �= 0C r1 +ms < ms. 5 (2.2)
J�dNJ i′ ∈ Z, 1 ≤ i′ < s, T� r1 + ms = mi′ , 5 g(r1,mi′) = 0 � g(r1,ms) = 0,eb.

_` 2 � ϕ(A) = D �, ,afW m ∈ Γ∗, T�

ϕ(xm) =
∑

1≤i′≤l

δmi′ (E(mi′) − xmi′ ),


. δmi′ �= 0, i′ = 1, . . . , l, CNJ s ∈ Z, 1 ≤ s ≤ l, T g(r1,mi′) = 0, 1 ≤ i′ < s, g(r1,ms) �= 0.
5 [di, x

m] = mix
m, /[

αid1 + βid2 +
∑

1≤i≤t

λriE(ri) +
∑

1≤j≤t′
λ′sj

xsj ,
∑

1≤i′≤l

δmi′ (E(mi′) − xmi′ )
]

= mi

( ∑
1≤i′≤l

δmi′ (E(mi′) − xmi′ )
)
. (2.3)

� s = 1 �, H g(r1,m1) �= 0, 8 λr1δm1g(r1,m1)E(r1 + m1) �= 0 C r1 + m1 < m1. Fd
ÆYK (2.3) �neY/�cJ λr1δm1g(r1,m1)E(r1 + m1), � (2.3) �oe>Y��cJ, f
�eb.

� s > 1 �, H g(r1,ms) �= 0, / λr1δmsg(r1,ms)E(r1 + ms) �= 0 C r1 + ms < ms. 5
(2.3) J�NJ i′ ∈ Z, 1 ≤ i′ < s, C r1 + ms = mi′ , 5 g(r1,mi′) = 0 � g(r1,ms) = 0, eb.

pga	T_dh: � r1 < (0, 0) �, (2.1) J.�1� λri = 0, i = 1, . . . , t.

�< rt > (0, 0) �RH,gh���T_ (2.1) J.�1� λri = 0, i = 1, . . . , t. p	G
3��

ϕ(di) = αid1 + βid2 +
∑

1≤j≤t′
λ′sj

xsj , (2.4)


. λ′sj
�= 0, j = 1, . . . , t′. 0�T_1� λ′sj

qh� 0. ��j4S= s1 < (0, 0) 3 st′ > (0, 0)
�^RH.

� s1 < (0, 0) �, X
�^RHS=J
_` 1 � ϕ(A) = A �, ,afW m ∈ Γ∗, T�

ϕ(xm) =
∑

1≤i′≤l

δmi′x
mi′ ,


. δmi′ �= 0, i′ = 1, . . . , l, CNJ s ∈ Z, 1 ≤ s ≤ l, T g(s1,mi′) = 0, 1 ≤ i′ < s, g(s1,ms) �= 0.
��i��RH 1, q,�	eb.

_` 2 � ϕ(A) = D �, H ϕ(D) = A, ,afW m ∈ Γ∗, T�

ϕ(E(m) − xm) =
∑

1≤i′≤l

δmi′x
mi′ ,


. δmi′ �= 0, i′ = 1, . . . , l, CNJ s ∈ Z, 1 ≤ s ≤ l, T g(s1,mi′) = 0, 1 ≤ i′ < s, g(s1,ms) �= 0.
��i��RH 2, q,�	eb.

c�� s1 < (0, 0) �, �� (2.4) J�G/1� λ′sj
iD 0, j = 1, . . . , t′. �<,T�

st′ > (0, 0) �, (2.4) �G/1� λ′sj
iD 0. c� ϕ(Lq(0, 0)) = Lq(0, 0). TR.
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[C 2.4 ! ϕ ∈ AutLq, 8 �7 m ∈ Γ∗, / m′ ∈ Γ∗, T� ϕ(E(m)) ∈ CE(m′) + Cxm′

C ϕ(xm) ∈ Cxm′
, L ϕ(E(m)) ∈ CE(m′) + Cxm′

C ϕ(xm) ∈ C(E(m′) − xm′
).

\] ! ϕ(B) ⊂ B, 8 ϕ|B⊕Lq(0,0) ��-�� B ⊕ Lq(0, 0) �0��. c�,  �7�
m ∈ Γ∗,! ϕ(E(m)) ∈ B,8Dr� [6,Y< 8]�T_dNJm′ ∈ Γ∗,T� ϕ(E(m) ∈ CE(m′).
! ϕ(E(m)) �∈ B, 8,�

ϕ(E(m)) =
∑

1≤i≤t

δmiE(mi) +
∑

1≤j≤t′
μnjx

nj ,


.1� δmi �= 0, μnj �= 0. fW (α, β) ∈ C2 \ {0} T�
[αd1 + βd2, E(m)] = (αm1 + βm2)E(m) = 0,

C ϕ(αd1 +βd2) = α1d1 +β1d2, 
. α1, β1 ∈ C. c� α1 3 β1 >Xh� 0, Ga>j� β1 �= 0,
8 [

α1d1 + β1d2,
∑

1≤i≤t

δmiE(mi) +
∑

1≤j≤t′
μnjx

nj

]

=
∑

1≤i≤t

δmi(α1mi1 + β1mi2)E(mi) +
∑

1≤j≤t′
μnj (α1nj1 + β1nj2)xnj

= ϕ([αd1 + βd2, E(m)]) = 0.

c� α1mi1 + β1mi2 = 0, α1nj1 + β1nj2 = 0, 
. i = 1, . . . , t; j = 1, . . . , t′. 5���
ϕ(E(m)) =

∑
1≤i≤t

δmiE(mi) +
∑

1≤j≤t′
μnjx

nj ,


. mi = (mi1, kmi1), nj = (nj1, knj1), k = −α1
β1

.

XfW α0d1 + β0d2 ∈ Lq(0, 0), T� [α0d1 + β0d2, E(m)] �= 0, C ϕ(α0d1 + β0d2) = α2d1 +
β2d2, 8 [

α2d1 + β2d2,
∑

1≤i≤t

δmiE(mi) +
∑

1≤j≤t′
μnjx

nj

]

=
∑

1≤i≤t

δmi(α2mi1 + β2kmi1)E(mi) +
∑

1≤j≤t′
μnj (α2nj1 + β2knj1)xnj ,

�

ϕ([α0d1 + β0d2, E(m)]) = (α0m1 + β0m2)
∑

1≤i≤t

δmiE(mi) + (α0m1 + β0m2)
∑

1≤j≤t′
μnjx

nj .

k6	���iJ, /
α2mi1 + β2kmi1 = α0m1 + β0m2 �= 0, i = 1, . . . , t;

α2nj1 + β2knj1 = α0m1 + β0m2 �= 0, j = 1, . . . , t′.

c� m11=m21 = · · · = mt1=n11=n21 = · · · = nt′1. FdT_� ϕ(E(m)) ∈ CE(m′) + Cxm′
.

0�T_Y<�lm`
, 6 �7 m ∈ Γ∗, / ϕ(xm) ∈ Cxm′
, L �7 m ∈ Γ∗, /

ϕ(xm) ∈ C(E(m′) − xm′
). 5Y< 2.2, 
�^RH, jn�

ϕ(xm) =
∑

1≤j≤l

μmj (E(mj) − xmj ),
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. μ�mj
�= 0, j = 1, . . . , l. P�NJ (α, β) ∈ C2\{0},T� [αd1+βd2, x

m] = (αm1+βm2)xm =
0, C ϕ(αd1 + βd2) = α1d1 + β1d2, α1, β1 ∈ C. c� α1 3 β1 >Xh� 0, Ga>j� β1 >�

0, 8[
α1d1 + β1d2,

∑
1≤j≤l

μmj (E(mj) − xmj )
]

=
∑

1≤j≤l

μmj (α1mj1 + β1mj2)(E(mj) − xmj )

= ϕ([αd1 + βd2, x
m]) = 0.

c� α1mj1 + β1mj2 = 0, j = 1, . . . , l. c���
ϕ(xm) =

∑
1≤j≤l

μmj (E(mj) − xmj ),


. mj = (mj1, kmj1), k = −α1
β1

.

OZoW α0d1 + β0d2 ∈ Lq(0, 0), T� [α0d1 + β0d2, x
m] �= 0, �C ϕ(α0d1 + β0d2) =

α2d1 + β2d2, 8
0 �=

[
α2d1 + β2d2,

∑
1≤j≤l

μmj (E(mj) − xmj )
]

=
∑

1≤j≤l

μmj (α2mj1 + β2kmj1)(E(mj) − xmj ),

�

ϕ([α0d1 + β0d2, x
m]) = (α0m1 + β0m2)

∑
1≤j≤l

μmj (E(mj) − xmj ).

c�, α2mj1 + β2kmj1 = α0m1 + β0m2 �= 0, j = 1, . . . , l, Ga m11 = · · · = ml1. FdT_�
ϕ(xm) ∈ C(E(m′′) − xm′′

). m?c� ϕ(E(m) − xm) = ϕ(E(m)) − ϕ(xm) ∈ A, � m′′ = m′.

�<,T_lm^RH�, 6 �7� m ∈ Γ∗, � ϕ(xm) =
∑

1≤j≤l μmjx
mj �, ,�

ϕ(xm) ∈ Cxm′
. TR.

[C 2.5 � ϕ ∈ AutLq C ϕ(d1) = α1d1 +β1d2, ϕ(d2) = α2d1 +β2d2. � ε = α1β2−α2β1,
8 m ∈ Γ∗, /

(1) � ϕ(A) = D �

ϕ(xm) = p1(m)(E(m′) − xm′
), ϕ(E(m)) = p1(m)(E(m′) − xm′

) + p2(m)xm′
,

(2) � ϕ(A) = A �

ϕ(xm) = f1(m)xm′
, ϕ(E(m)) = f2(m)(E(m′) − xm′

) + f1(m)xm′
.

J (1) A (2) . p1(m), p2(m), f1(m), f2(m) ∈ C∗, m′ = (−β1m2+β2m1
ε , α1m2−α2m1

ε ).

(3) α1, α2, β1, β2 ∈ Z, C
�
�
�

α1 α2

β1 β2

�
�
� = ±1.

\] jT_ (1), 5Y< 2.4, dNJ m′ ∈ Γ∗, T

ϕ(xm) = p1(m)(E(m′) − xm′
), ϕ(E(m)) = p2(m)xm′

+ p3(m)(E(m′) − xm′
).

b5 ϕ([di, x
m]) = [ϕ(di), ϕ(xm)], i = 1, 2, �

mip1(m)(E(m′) − xm′
) = p1(m)(αim

′
1 + βim

′
2)(E(m′) − xm′

),

c� mi = αim
′
1 + βim

′
2, i = 1, 2, H

m′
1 =

−β1m2 + β2m1

ε
, m′

2 =
α1m2 − α2m1

ε
.
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OZo, c� ϕ(E(m) − xm) = ϕ(E(m)) − ϕ(xm) ∈ A, � p3(m) = p1(m), Ga
ϕ(E(m)) = p1(m)(E(m′) − xm′

) + p2(m)xm′
.

(1) �T.
�<,T (2) �V.
m?T_ (3). kjpl ϕ(A) = D �RH, ��5 (1) �

ϕ(x(1,0)) = p1(1, 0)
(
E

(β2

ε
,−α2

ε

)
− x(

β2
ε ,−α2

ε )
)
,

ϕ(x(0,1)) = p1(0, 1)
(
E

(
− β1

ε
,
α1

ε

)
− x(− β1

ε ,
α1
ε )

)
,

5�d αi

ε , βi

ε ∈ Z, i = 1, 2, c� α1
ε

β2
ε − α2

ε
β1
ε = 1

ε ∈ Z, 6 ε = ±1, O� αi, βi ∈ Z, i = 1, 2.  
ϕ(A) = A �RH, ,�s�	3=. TR.

5Y< 2.5 ,d��m2nZ�0�� ϕ �3�, F7j4m2q� pi(m), fi(m) �"�
;BJ, 
. i = 1, 2. Ja0o�Y<.,  m = (m1,m2), n = (n1, n2) ∈ Γ∗, �

m′ =
(−β1m2 + β2m1

ε
,
α1m2 − α2m1

ε

)
, n′ =

(−β1n2 + β2n1

ε
,
α1n2 − α2n1

ε

)
.

[C 2.6 g(m,n) = 0 �CK� g(m′,n′) = 0, �� g(m,n) �= 0 �, /
(1) � ε = 1 �

g(m′,n′)
g(m,n)

=
q(α1m2−α2m1)(−β1n2+β2n1)

qm2n1
, (2.5)

(2) � ε = −1 �
g(m′,n′)
g(m,n)

= −q
(α1m2−α2m1)(−β1n2+β2n1)

qm1n2
. (2.6)

\] c�
m′

2n
′
1 −m′

1n
′
2 = (α1m2 − α2m1)(−β1n2 + β2n1) − (−β1m2 + β2m1)(α1n2 − α2n1)

= (α1β2 − α2β1)(m2n1 −m1n2) = ε(m2n1 −m1n2),

5�d g(m′,n′) = 0 �CK� g(m,n) = 0.
OZo, � g(m,n) �= 0 C ε = 1 �

g(m′,n′)
g(m,n)

=
qm′

2n′
1 − qm′

1n′
2

qm2n1 − qm1n2
=
qm′

2n′
1(1 − qm′

1n′
2−m′

2n′
1)

qm2n1(1 − qm1n2−m2n1)

=
q(α1m2−α2m1)(−β1n2+β2n1)(1 − qm1n2−m2n1)

qm2n1(1 − qm1n2−m2n1)
=
q(α1m2−α2m1)(−β1n2+β2n1)

qm2n1
.

�<,T� ε = −1 �, (2.6) J�V. TR.
[C 2.7

pi(m) = εm1+m2−1q
1
2 (−α1β1(m

2
2−m2)−α2β2(m

2
1−m1)+(α1β2+α2β1−1)m1m2)pm1

i (e1)pm2
i (e2), (2.7)

fi(m) = εm1+m2−1q
1
2 (−α1β1(m

2
2−m2)−α2β2(m

2
1−m1)+(α1β2+α2β1−1)m1m2)fm1

i (e1)fm2
i (e2), (2.8)


. i = 1, 2.
\] 1D (2.7) 3 (2.8) J�T_otgh��. 0�K p1(m) �;BJ�	pqT_.

��,  �7 m ∈ Γ∗, 0�� ϕ ru
ϕ(xm) = p1(m)(E(m′) − xm′

), (2.9)
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. m 3 m′ �11JY< 2.5.�	. � g(m,n) �= 0�, 5 ϕ([xm, xn]) = [ϕ(xm), ϕ(xn)], �

g(m,n)p1(m + n) = g(m′,n′)p1(m)p1(n). (2.10)

a	J.� n r� n + r, �

g(m,n + r)p1(m + n + r) = g(m′, (n + r)′)p1(m)p1(n + r). (2.11)

b5 ϕ([[xm, xn], xr]) = [[ϕ(xm), ϕ(xn)], ϕ(xr)], �

g(m,n)g(m + n, r)p1(m + n + r) = g(m′,n′)g((m + n)′, r′)p1(m)p1(n)p1(r). (2.12)

� g(m,n)g(m,n + r)g(m + n, r) �= 0 �, sV (2.11), (2.12) J, �

p1(n + r) =
g(m′,n′)g((m + n)′, r′)g(m,n + r)
g(m,n)g(m + n, r)g(m′, (n + r)′)

p1(n)p1(r). (2.13)

J	J.W r = (0, k1), n = (0, k2), m = (1, 0) ∈ Γ∗, 5Y< 2.6 . (2.13) J��/0Z�sd
J

p1(0, k1 + k2) = εq−α1β1k1k2p1(0, k1)p1(0, k2).

OZo,  �7� k ∈ Z \ {0}, 5�sdJtv��
p1(0, k) = εk−1q

−α1β1k(k−1)
2 pk

1(0, 1). (2.14)

AB, J (2.13) J.W r = (k2, 0), n = (k1, 0), m = (0, 1) ∈ Γ∗. �<,��

p1(k, 0) = εk−1q
−α2β2k(k−1)

2 pk
1(1, 0). (2.15)

m?, 5iJ (2.10), � p1(n+ r) = g(r′,n′)
g(r,n) p1(r)p1(n).� ε = −1�J�J.W r = (0,m2),

n = (m1, 0) ∈ Γ∗, �� ε = 1 �J	J.W r = (m1, 0), n = (0,m2). �5Y< 2.6 .iJ
(2.14), (2.15) J, �

p1(m) = εm1+m2−1q
1
2 (−α1β1(m

2
2−m2)−α2β2(m

2
1−m1)+(α1β2+α2β1−1)m1m2)pm1

1 (1, 0)pm2
1 (0, 1).

Y<TR.
[C 2.8 � ϕ ∈ AutLq, C ϕ(d1) = α1d1 + β1d2, ϕ(d2) = α2d1 + β2d2, 8 �7 m ∈ Γ∗,

/03=�V:
(1) � ϕ(A) = D �, /

ϕ(xm) = εqτum1vm2(E(m′)−xm′
), ϕ(E(m)) = εqτum1vm2E(m′)+εqτ (am1bm2 −um1vm2)xm′

.

(2) � ϕ(A) = A �, /
ϕ(xm) = εqτa′m1b′m2xm′

, ϕ(E(m)) = εqτu′m1v′m2E(m′) + εqτ (a′m1b′m2 − u′m1v′m2)xm′
.

J	��iJ.
τ =

1
2
(−α1β1m

2
2 − α2β2m

2
1 + (α1β2 + α2β1 − 1)m1m2),

m′ =
(−β1m2 + β2m1

ε
,
α1m2 − α2m1

ε

)
.

\] JiJ (2.7), (2.8) .
tu
u = εq

α2β2
2 p1(e1), v = εq

α1β1
2 p1(e2), a = εq

α2β2
2 p2(e1), b = εq

α1β1
2 p2(e2),

a′ = εq
α2β2

2 f1(e1), b′ = εq
α1β1

2 f1(e2), u′ = εq
α2β2

2 f2(e1), v′ = εq
α1β1

2 f2(e2).
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Xa pi(m), fi(m), i = 1, 2, �;BJ
t�OY< 2.5 �iJ., �Y<Æ�T. TR.

Jvu0��� AutLq �3�wi, jv�wxZ0��yxz2y. � N,F ���{w

|\�, θ �F� F �� Aut (N)���E,8 N A F 1D θ �yxz� F�θN = {(x, a) |x ∈
F, a ∈ N}, � F �θ N �|\@.�

(x, a)(y, b) = (xy, [θ(y−1)(a)]b). (2.16)

� F �θ N ���1� (e, e), � (x, a) �x1� (x−1, θ(x)(a−1)). 	��yxzq//0�i
}2y: N �θ F = {(a, x) | a ∈ N, x ∈ F}, ��� N �θ F �|\@.�

(a, x)(b, y) = (a[θ(x)(b)], xy). (2.17)

� N �θ F ���1� (e, e), � (a, x) �x1� (θ(x−1)(a−1), x−1). a	� N 3 F ���y

xz2y�i}�. yz	, 2y
σ : (x, a) �→ (θ(x)(a), x)

�	�F� F �θ N �� N �θ F ���S9.

� Z/2Z = {±1}, C∗4 = C∗ × C∗ × C∗ × C∗, . GL2(Z) � Z 	�{NJiD ±1 � 2 ~
�zh�. 0�5Fo��|Myxz�{Z�30��� AutLq ���� Ω.

kj2yF Z/2Z � Aut (C∗4) �S9 θ1:

θ1(1)((u, v, a, b)) = (u, v, a, b), θ1(−1)((u, v, a, b)) = (a, b, u, v).

 �7 u, v, a, b ∈ C∗, 8,}T θ1 �Z���ES9, c�,2y��yxz C∗4 �θ1 Z/2Z. O
Zo2yF GL2(Z) �Aut (C∗4 �θ1 Z/2Z) �S9 θ2J

θ2(M)((u, v, a, b, z)) = (ua11va12 , ua21va22 , aa11ba12 , aa21ba22 , z),


. M = (aij)2×2 ∈ GL2(Z), u, v, a, b ∈ C∗, z ∈ Z/2Z, 8>~}T θ2 �F� GL2(Z) �
�Aut (C∗4 �θ1 Z/2Z) ���ES9. c�,2y��yxz GL2(Z) �θ2 (C∗4 �θ1 Z/2Z). m?
5��E θ1 3��E θ2 �2y,.yxz|\�2y (2.16), (2.17),,�	� Ω := GL2(Z)�θ2

(C∗4 �θ1 Z/2Z) .|\@.�"�HJ
(N,u1, v1, a1, b1, z1) · (M,u, v, a, b, z)

=
(
NM,ρz1(u, a)u

a22
|M|
1 v

− a12
|M|

1 , ρz1(v, b)u
− a21

|M|
1 v

a11
|M|
1 , ρz1(a, u)a

a22
|M|
1 b

− a12
|M|

1 , ρz1(b, v)a
− a21

|M|
1 b

a11
|M|
1 , z1z

)
,


. M = (aij)2×2, ρz1(s, t) = (1+z1)
2 s + (1−z1)

2 t, M,N ∈ GL2(Z), u1, u, v1, v, a1, a, b1, b ∈ C∗,
z1, z ∈ Z/2Z.

BC 2.9 Aut Lq
∼= GL2(Z) �θ2 (C∗4 �θ1 Z/2Z).

\] 5Y< 2.8, 2yZ�S9 ψ : Ω −→ AutLq, T �7� (M,u, v, a, b, c) ∈ Ω, M =
(aij)2×2, /

ψ(M,u, v, a, b, c)(d1) = a11d1 + a21d2,

ψ(M,u, v, a, b, c)(d2) = a12d1 + a22d2,

ψ(M,u, v, a, b, c)(E(m)) = εqτum1vm2E(m′) + εqτ (am1bm2 − um1vm2)xm′
,

ψ(M,u, v, a, b, c)(xm) = εqτ
( (1 + c)

2
am1bm2xm′

+
(1 − c)

2
um1vm2(E(m′) − xm′

)
)
,
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.
τ =

1
2
(−a11a21m

2
2 − a12a22m

2
1 + (a11a22 + a21a12 − 1)m1m2),

ε = |M |, m = (m1,m2), m′ =
(−a21m2 + a22m1

ε
,
a11m2 − a12m1

ε

)
.

x_}T,d ψ ��9, Cru
ψ((N,u, v, a, b, z)(M,u1, v1, a1, b1, z1)) = ψ(N,u, v, a, b, z)ψ(M,u1, v1, a1, b1, z1),

F� ψ �Z����, Q

AutLq
∼= GL2(Z) �θ2 (C∗4 �θ1 Z/2Z).

TR.
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