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Abstract A continuous map from a closed interval into itself is a 3-order Feigenbaum’s
map if it is a solution of the functional equation f3(λx) = λf(x). We consider the
likely limit sets of 3-order nonsingle-valley Feigenbaum’s maps and their Hausdorff
dimensions. 3-order nonsingle-valley Feigenbaum’s maps must bring about chaos, and
chaos also brings about the complication of the problem on the existence of likely limit
sets. We testify the existence of the maps’ likely limit sets by using the method of fractal
geometry, estimate their Hausdorff dimensions. As an application, we give a idiographic
example in order to prove the existence of 3-order nonsingle-valley Feigenbaum’s maps.
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� (���
 Feigenbaum ��), �������HI�������J���. ��, K��
������ Feigenbaum ����	��
���� ��, !D��"���#
 ���
�HI��L�����, ���
�	��{

g(x) = − 1
λ
g2(−λx), (λ ∈ (0, 1) � ),

g(0) = 1, −1 ≤ g(x) ≤ 1, (x ∈ [−1, 1])

���
 �. ! "�M#, �� Feigenbaum ��
!$�"#	N%. $O�&, $'%
�%�&%'%%'()(	&
&��P�)
Q"**
+&'RS+�J�,-(.),

!$*+, Æ-/�0T,. Feigenbaum �	�����%��.1/
�, �23-.0
��1.R!42
%53
6O/0
�, 1.�	�
�4�75(.

6.234�� Feigenbaum��,78�
8�, Eckmann, Eps-tein5Wittwer [2]� 1984
�9:.679:;
 Feigenbaum �	��{

f(x) =
1
λ
fp(λx), (|λ| ∈ (0, 1) � ),

f(0) = 1, −1 ≤ f(x) ≤ 1, (x ∈ [−1, 1]).
(1.1)

8U�9 p :�;$, �<��
�;=�!<�� f(x) = 1 − 2x2.

6�=!$, ><, V=D [3] ��>!� Feigenbaum �	��{
f(x) =

1
λ
f2(λx), (λ ∈ (0, 1) � ),

f(0) = 1, 0 ≤ f(x) ≤ 1, (x ∈ [0, 1]).
(1.2)

��, >?@ [4] ?��0;
��{
f(x) =

1
λ
fp(λx), (λ ∈ (0, 1) � ),

f(0) = 1, 0 ≤ f(x) ≤ 1, (x ∈ [0, 1]).
(1.3)

8U�@A�� (1.1) ��A
R��B, 2J?���
�M��BCW@
AC. 1D�.
.D�� (1.1) 
53BEF�
�5E��.

�7CF
��G�C
XG�@
DEHF. DEHF
HG�� 1985 �I Milnor [5]

D�
I

YZ 1.1 � M 6/0HÆIJ (5)JK), f : M → M 642KL.f 
DEHF Λ =
Λ(f) 9U f � M DJ[0;MK
\N
�ÆLLFI� Lebesgue LMFMO
��

x ∈M , ω(x, f) ⊂ Λ. JM ω(x, f) NP� x 
 ω- EHF.

� Milnor  :
QRL9:;, DEHF�CFS�
E;QRL, @FD.�O�P�

N�5(, TQ!$J�LFG�9:.

1997 �, >?@%RS)5�T5 [6] !$.��UO"F Feigenbaum KL
DEHF, U
P.@/
 Hausdorff V	, 8]Q.�� 0, 1 M�
R9��N	 s, V��S��
42K
L, Æ!���) s 6 Hausdorff V	
DEHF. I� p = 2 $
 Feigenbaum KL
EWT
:42�^� 2 
�UB��, ��!WV_X6L2�� Li–Yorke �C
. ?WXY, Yorke
�Z [7] DU�B� 3 [Y�C. ��-/`XY\, � 3 Z Feigenbaum KL
DEHFY�
]/
�ab([Z�Z\D��1[\.

I� 3 ZBEW Feigenbaum KLA 3 ZEW Feigenbaum KLHc�B^]F��WV
^d [8], �Z^9:BEW
]J.
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2 efghi=j
d I = [0, 1], C0(I, I)� I 	`c
42KL��. � J, J ′ ⊂ I, ZD J < J ′ U ∀x ∈ J, y ∈

J ′, � x < y. � f ∈ C0(I, I), fn NP f 
 n <cd, O(J, f) = {J, f(J), . . . , fn−1(J)} � J �

f ;
e,.
YZ 2.1 � f ∈ C0(I, I), f f � p ZBEW Feigenbaum KL, � f ��� (1.3) d


�, 2 f |[λ,1] �EW
 (��� α ∈ (λ, 1), Æ f(α) = 0 2 f |[λ,α] eg�e, f |[α,1] eg�f), h
f �c��EW
.

� (X, d) 6HÆi
��, � |E| NP X 
LF E 
Wf, �

|E| = sup{d(x, y) |x, y ∈ E}.
� δ > 0, fLFk {Ui} 6 E 
 δ- jk, 0+ E ⊂ ⋃

i Ui, 2�g� i, 0 < |Ui| ≤ δ.
� E ⊂ X, 0 ≤ s < ∞. � δ > 0, h Hs

δ (E) = inf
∑∞

i=1 |Ui|s, dD;ij-` E 
�k5

l
5	 δ- jk {Ui}.
E 
 s- V Hausdorff OMi :6

Hs(E) = lim
δ→0+

Hs
δ (E).

��g	 r, J[
Ht(E) =

{
∞, � t < dimHE,

0, � t > dimHE.

J/
g	 r �S�i 
, f6 E 
 Hausdorff V	, d6 dim E (lmZh [9]).
f ϕ : R

n → R
n 6�ijKL, JM R

n 6 n Vnk��. 0+�� c < 1, Æ��k
x, y ∈ R

n, �
|ϕ(x) − ϕ(y)| ≤ c|x− y|. (2.1)

Æ (2.1) d*�
�k c 
;ijfR ϕ 
ijm.
-/\�	;<R�I

lm 2.1[9] � ϕ1, ϕ2, . . . , ϕm � Rn DijKL, o1��S�
B�HÆFn E, Æ(
E = ϕ(E) =

⋃m
i=1 ϕi(E), JM ϕ =

⋃m
i=1 ϕi � Rn LF
��Æo. ��p, �B�HÆF

F ⊂ Rn, ϕk(F ) lp� E (� Hausdorff i
;), 9 k → +∞ $.
lm 2.2[9] �{ϕi}m

1 � R �ijKL, J[qFMK, ��qS� V , Æ(
(1) ϕ(V ) =

⋃m
i=1 ϕi(V ) ⊂ V ;

(2) ϕ1(V ), ϕ2(V ), . . . , ϕm(V ) �??�r
.
�2 ��g� i, �� qi, ri, Æ(

qi|x− y| ≤ |ϕi(x) − ϕi(y)| ≤ ri|x− y|, ∀x, y ∈ V ,

o1 s ≤ dim HE ≤ t, JM s 5 t 0; ::
∑m

i=1 q
s
i = 1 =

∑m
i=1 r

t
i .

f E ⊂ I � f 
ENF, 0+ E �= φ 2 ω(x, f) = E �R9
 x ∈ E. Q�BT, ENF�
f 
L
%B�
%�Æ
LF, 2� f ;s�L
%B�
%�Æ
nLF. TQ, 0+ E �E

NF2 ω(x, f) ⊂ E, ��O��� x ∈ I, o1 E = Λ(f).
lm 2.3[10] � f � 3 ZBEW Feigenbaum KL, m�;<5o*�.
(1) f2(1) = λ, f3(λ) = λf(1).
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(2) d [α0, 1] = J0 ⊂ [λ, 1], J1 = f(J0), JM α0 J[ f2(α0) = 0 2 f(λ) > α0:
(a) J0, J1 ⊂ (λ, 1] �??�r
;
(b) f |J0 : J0 → J1 �Bt;
(c) α � J1 
q�, � f(α0) = α.
(3) �� f2(x) = λx � (α0, 1] �0��� x = 1 (JM λ, α B : 2.1).

3 efpq
Ym 3.1 � f � 3 ZBEW Feigenbaum KL. d f1 = f |[λ,α], f2 = f |[α,1]. 0+��I

	 M > 2, Æ( M ≤ |f ′1| < +∞, 1 ≤ f ′2 < +∞ (�q�r9:!rns	), o1
(1) f 
DEHF Λ(f) = E � f 
ENFn.
(2) s ≤ dim HE≤ t, !D

2∑
i=0

(
inf
x∈I

|(f−i
2 (λx))′|

)s

= 1 =
2∑

i=0

(
sup
x∈I

|(f−i
2 (λx))′|

)t

,

JM λ, α 0R� 2.3 D�D .
st � f �J[ �DMK
KL. d f(1) = β, J1 = [0, λ], IR� 2.3 T J2 = f(J1) =

[α0, 1], J3 = f(J2) = [α, β], 2 J1, J2, J3 t��r. � ∀x ∈ I  : ϕi : I → I, i = 1, 2, 3 0;

ϕ1(x) = λx; ϕ2(x) = f−2
2 (λx); ϕ3(x) = f−1

2 (λx).

om ϕi u6ijKL,2v� ϕ1(I)=J1, ϕ2(I)=J2, ϕ3(I)=J3,u ϕi(I)??�r. IR� 2.15
2.2, ��S�
B�HÆFn E, Æ(

E = ϕ(E) =
4⋃

i=1

ϕi(E), 2 s ≤ dim HE≤ t,

JM
3∑

i=1

(
inf
x∈I

|(ϕi(x))′|
)s

= 1 =
3∑

i=1

(
sup
x∈I

|(ϕi(x))′|
)t

,

��wP�(
2∑

i=0

(
inf
x∈I

|(f−i
2 (λx))′|

)s

= 1 =
2∑

i=0

(
sup
x∈I

|(f−i
2 (λx))′|

)t

.

;,p�]Q E � f 
ENF2QR�O��
�, (	 Λ(f) = E,v��* �
]Q.
��, ]Q 3 �wq. 6�=, xd ϕi1 ◦ ϕi2 ◦ · · · ◦ ϕik

= ϕi1i2···ik
.

uv 1 � ∀x ∈ I, f ◦ ϕ1(x) = ϕ2 ◦ f(x), f ◦ ϕ2(x) = ϕ3(x), f ◦ ϕ3(x) = ϕ1(x).
st d λf(x) = f3(λx) = f2(f2(f(λx))). � ∀x ∈ I, ϕi(x) ∈ Ji, i = 1, 2, 3, I ϕi  :

f ◦ ϕ1(x) = f(λx) = f−2
2 (λf(x)) = ϕ2 ◦ f(x);

f ◦ ϕ2(x) = f2 ◦ ϕ2(x) = f2 ◦ f−2
2 (λx) = f−1

2 (λx) = ϕ3(x);

f ◦ ϕ3(x) = f2 ◦ ϕ3(x) = f2 ◦ f−1
2 (λx) = λx = ϕ1(x);

uv 2 � ∀ k > 0, ϕk(I) =
⋃3

i1,...,ik=1 ϕi1···ik
(I) � f 
�ÆF, � f(ϕk(I)) ⊂ ϕk(I).

st Tg� ϕi1i2···ik
�Jd ϕ11···1 y ϕ11···2ir···ik

y ϕ11···3ir···ik
, Iwq 1 HxR�(

f ◦ ϕ11···1 = ϕ22···2 ◦ f, f ◦ ϕ11···2ir···ik
= ϕ22···3ir···ik

, f ◦ ϕ11···3ir···ik
= ϕ22···1ir···ik

.
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T6 f(I) ⊂ I � f ◦ ϕi1···ik
(I) ⊂ ϕk(I), ��

f(ϕk(I)) ⊂
3⋃

i1,...,ik=1

f ◦ ϕi1···ik
(I) ⊂ ϕk(I).

uv 3 �R9LF ϕi1···ik
(I), ϕj1···jk

(I), ���I	 n > 0, Æ( fn ◦ ϕi1···ik
(I) =

ϕj1···jk
(I).
st � x ∈ I, Iwq 1, f3 ◦ ϕi(x) = ϕi ◦ f(x), i = 1, 2, 3. TQ� ∀ k > 0,

f3k ◦ ϕi(x) = ϕi ◦ f3k−1
(x). (3.1)

��g� r = 1, 2, . . . , k, -/� ir = jr, o1I (3.1) d, �

f3k ◦ ϕi1···ik
(I) = ϕi1 ◦ f3k−1 ◦ ϕi2···ik

(I) = · · · = ϕi1···ik
◦ f(I) = ϕi1···ik

(I).

IQ5mQwq�Jars]J*�.  ����� r, 1 ≤ r ≤ k, Æ( ir �= jr, 2 iq = jq,

� q < r. Hx�� (3.1) d, ( f3r−1k ◦ ϕi1···ik
(I), k = 1, 2 M��Jd ϕl1···lrlr+1···lk(I), JM

lq = jq � q = 1, 2, . . . , r. Æ2HxQ��, (	�� n, 0 < n < 2(3 + 32 + · · · + 3k−1), Æ(
fn ◦ ϕi1···ik

(I) = ϕj1···jk
(I).

);t<]Q:
(1) ��O�� x ∈ I, ω(x, f) ⊂ E.

d K = [0, f(λ)]. � ∀x ∈ K,  : ψ1, ψ2 : K → K 0;Iψ1 = f−1
1 , ψ2 = f−1

2 ◦
f−1
1 . uov], ψ1, ψ2 6ijKL. IR� 2.1 5 2.2 T, ��S�
B�HÆFn F , Æ
( F = ψ1(F ) ∪ ψ2(F ). w9	 ψ−1

1 = f1, ψ
−1
2 = f1 ◦ f2, �� F � f 
�ÆF. 82� F ⊂

(λ, α) ∪ (β, α0), μ(F ) = 0 (JM μ�U LebesgueMi.wg�I� 0 < |ψ′
1| < 1

M , 0 < |ψ′
2| < 1

M ,
yzR� 1.2 P�(, 0 ≤ dim HF ≤ logM 2 < 1). @;�I� f3k

(λkx) = λkf(x), u

f3k

(λkF ) = λkf(F ) = λkF.

� A =
⋃∞

k=0O(λkF, f), T f |[λk+1,λkα], f |[λkα,λk] egEz, �

∀x ∈ (λk+1, λkα) ∪ (λkα, λk), 0 < |f ′(x)| < +∞,

�� μ(f(λkF )) = 0, u μ(A) = 0. h B =
⋃∞

i=0 f
−i(A), �R9
 k ≥ 0, f−1(O(λkF, f))

x�O"5	�EzS� (J4S�t��r), �g�EzS�) 0 < |f ′(x)| < +∞, T�

μ(f−1(O(λkF, f))) = 0, �� μ(f−1(A)) = 0, �� μ(f−i(A)) = 0, u μ(B) = 0. � ∀x ∈ I −B,

� x ∈ ϕ(I), m f0(x) ∈ ϕ(I). � x /∈ ϕ(I), h D = ψ1(K)∪ψ2(K) = [λ, α]∪ [β, α0], w9	Q$
x ∈ D \ F , I F 
5oT, �� n, Æ(

x /∈ ∪{ψi1 ◦ · · · ◦ ψin(D) : ij = 1, 2},
�) f2n(x) /∈ D, � f2n(x) ∈ ϕ(I). TQU�{a]J, V�� N1 ≥ 0, Æ( fN1(x) ∈ ϕ(I).
 �� k = p, -/+wT,�� Np ≥ 0, Æ( fNp(x) ∈ ϕp(I). uo|� fNp(x) x���
ϕi1···ip(I). Iwq 3, � l > Np J[ f l(x) ∈ ϕ11···1 = [0, λp]. yX f l(x) = λpy /∈ B [Y

y = λ−pf l /∈ A. 0��], �� N1 ≥ 0, Æ( fN1(λ−pf l(x)) ∈ ϕ(I). Æ� (3.1) (

fN13
p+l(x) = fN13

p

(f l(x)) = fN13
p

(λp(λ−pf l(x))) = fN13
p ◦ ϕ11···1(λ−pf l(x))

= ϕ11···1 ◦ fN1(λ−pf l(x)) ∈ ϕ11···1 ◦ ϕ(I) ∈ ϕp+1(I).

I{}T, �g� k ≥ 0, �� Nk ≥ 0, Æ( fNk(x) ∈ ϕk(I). ��Iwq 2, T ∀n ≥ Nk,
fn(x) ∈ ϕk(I). T ϕk(I) → E, � fn(x) → E, � E 
H5[| E L, ( ω(x, f) ⊂ E.
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(2) E � f 
ENF.
uov] ϕi 
ijmN�y}� λ, TQ ϕi1···ik


ijmN�y}� λk. v� diam
ϕi1···ik

→ 0, 9 k → ∞. � ir ∈ {1, 2, 3} �Æ*�. � x ∈ E, �R9 y ∈ E 5R9qF

V , ��� ϕj1···jk
(I) ⊂ V . T ϕ(I) ⊂ I, � ϕi+1(I) = ϕi ◦ ϕ(I) ⊂ ϕi(I), ∀ i ≥ 0. TQ�~]Q

E =
∞⋂

i=0

ϕi(I). (3.2)

u x ∈ E [| x ∈ ϕk(I). v� x x��� ϕi1···ik
(I). Iwq 3, �� n > 0, Æ( fn(x) ∈

fn(ϕi1···ik
(I)) = ϕj1···jk

(I) ⊂ V . JNQ y ∈ ω(x, f), TQ E ⊂ ω(x, f). T (3.2) d5wq 2, �
f(E) ⊂ E. QO E �LF, 1� ω(x, f) ⊂ E. u(� ω(x, f) = E. zI x 
R95T, E � f


ENF. xn (1), (2) T E = Λ(f). ��I E 5oT,  �*�.
Ym 3.2 �R9 0 < s < 1, �� 3 ZBEW
 F - KL f , Æ( dimHΛ(f) = s.

st �D 
 s, 0 < s < 1, h λ = e−
ln 3

s . T6 ln 3
s > ln 3, [Y e

ln 3
s > 3, �� λ < 1

3 . �
���< s, � ���� m > 2, Æ( λ = e−

ln 3
s < m−2

3m−2 <
1
3 .

@;�zh

α =
1
2
− 1

2
λ, β =

1
2

+
1
2
λ, α0 = 1 − λ,

m� 0 < λ < α < β < α0 < 1. � : f0 : [λ, 1] → [0, 1] 0;

f0(x) =

⎧⎨
⎩

−mx+mα, x ∈ [λ, α],
x− α, x ∈ [α, β],
x+ α− α0, x ∈ [β, 1].

��� f(λ) > α0, f0(α) = 0, f0(β) = λ, f0(α0) = α, f0(1) = β. TQ f0 5S�
TV*6 3
ZBEW F- KL f . wP�5T

9 x ∈ [λ, α] $, f ′(x) = −m < −2; 9 x ∈ [α, β] $, f ′(x) = 1; 9 x ∈ [β, 1] $, f ′(x) = 1.
~ � 3.1 P�( dimHΛ(f) = s.

yz RS{{�|s}>?@�~��Z
�{Us.
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