
�50��2� � � � � ��� Vol.50, No.2

2007�3� ACTA MATHEMATICA SINICA, Chinese Series Mar., 2007

����: 0583-1431(2007)02-0363-10 ����	: A


����������

���
	
������ 	
 266033
E-mail: zhilinyang@qtech.edu.cn

���
��������� �� 418008

E-mail: weigengping@yahoo.com.cn

� � ������ !"#$%&, '()*+,-./0123. 456789
�:'(;<./0-.=>?@231ABC, 5678DEFGHIJKLMN
OPQRST1)U78.

��� +,-./0; 23; -.=>?@
MR(2000) V��� 45G10, 45M20, 34B08, 47H07
W��� O715.15

Positive Solutions of a Functional Integral Equation and Applications

Zhi Lin YANG

Department of Mathematics, Qingdao Technological University, Qingdao 266033, P. R. China
E-mail: zhilinyang@qtech.edu.cn

Geng Ping WEI

Department of Mathematics, Huaihua College, Huaihua 418008, P. R. China
E-mail: weigengping@yahoo.com.cn

Abstract We study the existence of positive solutions for a functional integral equation
using a fixed point theorem of expansion and compression type in a cone. Finally the
main results are used to establish some existence results for positive solutions of integral
boundary value problems for ordinary differential equations. The results presented
substantially generalize and improve some recent ones due to Ma et al.

Keywords functional integral equation; positive solution; integral boundary value prob-
lem
MR(2000) Subject Classification 45G10, 45M20, 34B08, 47H07
Chinese Library Classification O715.15

0 ��
�����������	
 �
�!	

u(t) =
∫ 1

0

K(t, s)g(s)f(s, u(s))ds+
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ), (1)
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�& K ∈ C([0, 1] × [0, 1], R
+) (R+ = [0,+∞)), f ∈ C([0, 1] × R

+, R
+), g ∈ C([0, 1], R

+),
g(t) �≡ 0; ϕi ∈ C[0, 1] �' ϕi(t) > 0, ∀ t ∈ (0, 1) (i = 1, 2, . . . , n); αi ! [0,1] �����,
! [0, 1) �(��, ! t = 1 �)��, � αi(0) = 0 (i = 1, 2, . . . , n);

∫ 1

0
u(τ)dαi(τ) ��

Riemann–Stieltjes �� (i = 1, 2, . . . , n).

� αi≡0 (i = 1, 2, . . . , n), g(t) ≡ 1,* (1) �� [0,1] �
 Hammerstein ��	���	

u(t) =
∫ 1

0

K(t, s)f(s, u(s))ds, (2)

 !�	 (1) ����	 (2) 
+" #. ,!-., �	 (2) $/0%&'"��	 Sturm–
Liouville #()1$%, 2!34*+
���& [1], 5'
,-�.(/60)7* [2], )7
*0(/6 [3]. ++�,, +-'"��	��)1$%�12�	 (1) (Æ.��3 3 4). 2
5���	 (1) .����)1$% (6()1$%.�/0) 
78, 89
��9:;1.
4<6
. 2345���	 (1) 
 �
�!	, 1:;!<,-/=0=6+-��)1$
%
 �
�!	, �&=6
>*?7@0�>AB8�?0 Thompson [4], 8�? [5, 6], 8
�?09C@ [7], AD:0;<5 [8] 5'
+=,-. >BC2
., !����)1$%?,
23E�>BFD@
 Green �A, 25��!�G��B03.�&; +C, ��&
�GE
�=Æ��H��	)IDJ
��)1$% �
�!	 (Æ.:F�G [9]).

1 HIZJ
E E = C([0, 1],R), ||u|| = maxt∈[0,1] |u(t)|, P = {u ∈ E : u(t) ≥ 0, ∀ t ∈ [0, 1]}, * (E, || · ||)

�F Banach GK, P .H
+"K. E 
LLGK� [10]

E∗ = {v : v ! [0, 1] �I44I�M, ! [0, 1) �(��, v(0) = 0},
E, E∗ MK
$J�

〈v, u〉 =
∫ 1

0

u(τ)dv(τ), ∀u ∈ E, v ∈ E∗,

P 
LLK�
P ∗ = {v ∈ E∗ : v ! [0, 1] �����}.

N<N�	 (1) &2K
 αi ∈ P ∗ (i = 1, 2, . . . , n). >6
(Au)(t) =

∫ 1

0

K(t, s)g(s)f(s, u(s))ds+
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ), (3)

* A : P → P .L��MO. O u ∈ E ��	 (1) 
+" �, �- u ∈ P\{0} ∩ C2[0, 1] � u

.�	 (1) 
+"�. N1 u .�	 (1) 
+" �, P�QP u ∈ P\{0} .P (3) O>6
M
O A 
�#(. >6

(Lu)(t) =
∫ 1

0

K(t, s)g(s)u(s)ds, (4)

* L : E → E �L�� �	MO (L(P ) ⊂ P ), L 
LLMO L∗ : E∗ → E∗ �

(L∗v)(t) =
∫ t

0

ds

∫ 1

0

K(τ, s)g(s)dv(τ).

��REÆ�DJ�':
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(H1) P (4) O>6
L�� �	MO L 
Q\R r(L) > 0, ��! h ∈ C[0, 1], h(t) > 0,
∀ t ∈ (0, 1), S<

K(t, s) ≥ h(t)K(τ, s), ∀ t, τ, s ∈ [0, 1]. (5)

[ 1 !��>* 1 0>* 2 
WT&, >B$�	 (1) 
 �X5Y]^, !8Z>B=
N�_O (5). N1, � K ∈ C[[0, 1] × [0, 1], (0,+∞)], U

h(t) ≡ min0≤t,s≤1K(t, s)
max0≤t,s≤1K(t, s)

∈ (0, 1],

*�_O (5) �6. 5C, $+-%&'"��	 Sturm–Liouville $%
 Green �A K(t, s),
�!�' (H1) 
�A h(t), S<�_O (5) �6 (.��3 3 4).

$V< ξ > 0, >6
(Bξu)(t) = ξ

∫ 1

0

K(t, s)g(s)u(s)ds+
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ). (6)

P g ∈ P\{0} 0 (H1) ., Bξ �L�� �	MO, �Q\R r(Bξ) ≥ ξr(L) > 0,  !P
Krein–Rutman >* [11], �! pξ ∈ P\{0} 0 qξ ∈ P ∗\{0}, S<

Bξpξ = r(Bξ)pξ, B∗
ξ qξ = r(Bξ)qξ, qξ(1) = 1, (7)

�& B∗
ξ : E∗ → E∗ � Bξ 
LLMO, >6�

(B∗
ξv)(t) = ξ

∫ t

0

ds

∫ 1

0

K(τ, s)g(s)dv(τ) +
n∑

i=1

αi(t)
∫ 1

0

ϕi(τ)dv(τ). (8)

N<N αi (i = 1, 2, . . . , n) ! [0, 1) �(��, ! t = 1 )��, Æ` P ∗ 
>60 (7) O, [.
qξ ! [0, 1) �(��, ! t = 1 )��, � limt→1− qξ(t) = 1, limt→0+ qξ(t) = 0.  !P h(t) > 0,
ϕi(t) > 0, ∀ t ∈ (0, 1) ., Riemann–Stieltjes ��∫ 1

0

h(t)dqξ(t) > 0,
∫ 1

0

ϕi(t)dqξ(t) > 0 (i = 1, 2, . . . , n).

K>6
Pξ =

{
u ∈ P :

∫ 1

0

u(t)dqξ(t) ≥ ωξ||u||
}
,

�&
ωξ = min

{∫ 1

0

h(t)dqξ(t),
1

‖ϕi‖
∫ 1

0

ϕi(t)dqξ(t), i = 1, 2, . . . , n
}
> 0.

W[YW Pξ � E 
+"K. P ωξ 
UG., ϕi ∈ Pξ (i = 1, 2, . . . , n).
\] 1 � (H1) �6, *$Va ξ > 0, Bξ(P ) ⊂ Pξ.

\^ N1WT L(P ) ⊂ Pξ b�. XF�, P (H1) 0 (7) O�6, �.∫ 1

0

(Lu)(τ)dqξ(τ) =
∫ 1

0

dqξ(τ)
∫ 1

0

K(τ, s)g(s)u(s)ds =
∫ 1

0

g(s)u(s)ds
∫ 1

0

K(τ, s)dqξ(τ)

≥
∫ 1

0

g(s)u(s)ds
∫ 1

0

K(t, s)h(τ)dqξ(τ) =
∫ 1

0

K(t, s)g(s)u(s)ds
∫ 1

0

h(τ)dqξ(τ)

≥ ωξ(Lu)(t), ∀u ∈ P, t ∈ [0, 1].

25 ∫ 1

0
(Lu)(τ)dqξ(τ) ≥ ωξ||Lu||, ∀u ∈ P, b L(P ) ⊂ Pξ. Wc.

[ 2 P0 ∫ 1

0

K(t, s)g(s)f(s, u(s))ds = (LFu)(t), t ∈ [0, 1],
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�& F : P → P ���4IMO,(Fu)(t) = f(t, u(t)). dY_* 1, P (3) O>6
L��MO
A �' A(P ) ⊂ Pξ, /ef A(Pξ) ⊂ Pξ. 2523
9:?`B! Pξ &BZ.

Æ��#(>*[0 Krasnoselskii 0 Zabreiko, O�K\]ab^�#(>*, !��
W
T&cgdB.

\] 2[12] E E �F Banach GK, W . E 
+"K. E A : (TR\Tr) ∩W → W .L�

�MO, �& 0 < r < R, Tρ = {x ∈ E : ||x|| < ρ}. �-
(1) Au �≤ u, ∀u ∈ ∂Tr ∩W , Au �≥ u, ∀u ∈ ∂TR ∩W , hF
(2) Au �≥ u, ∀u ∈ ∂Tr ∩W , Au �≤ u, ∀u ∈ ∂TR ∩W ,

* A ! (TR\T r) ∩W �c_4+"�#(.
\] 3[13] E E �F BanachGK, W � E 
LK [14] (bW � E 
K,��'W −W =

E), B : E → E �4I �	MO, r(B) < 1. � w ∈ E, w0 ∈ E �' w ≤ Bw + w0, *
w ≤ (I −B)−1w0, 5� (I −B)−1 � I −B 
`MO.

2 ]efg
Æ�.��&B=N
DJ:
(H2) �! ξ1 > 0, C1 > 0, S<

f(t, u) ≥ ξ1u− C1, ∀u ∈ R
+, t ∈ [0, 1], (9)

E� r(Bξ1) > 1.
(H3) �! ξ2 > 0, r1 > 0, S<

f(t, u) ≤ ξ2u, ∀u ∈ [0, r1], t ∈ [0, 1]. (10)

E� r(Bξ2) < 1.
(H4) �! ξ3 > 0, C3 > 0, S<

f(t, u) ≤ ξ1u− C3, ∀u ∈ R
+, t ∈ [0, 1], (11)

E� r(Bξ3) < 1.
(H5) �! ξ4 > 0, r2 > 0, S<

f(t, u) ≥ ξ4u, ∀u ∈ [0, r2], t ∈ [0, 1]. (12)

E� r(Bξ4) > 1.
(H6) �! μ > 0, S< f(t, u) ! [0, 1] × [0, μ] �� u 
���A, ��'∫ 1

0

K(t, s)g(s)f(s, μ)ds+ μ

n∑
i=1

αi(1)ϕi(t) < μ, ∀ t ∈ [0, 1].

[ 3 !Æ�DJ (H2)–(H5) &, ia`NP (6) O>6
L���	MO Bξ 
Q\R

r(Bξ). 8bj2#"DJ, �&+". r(Bξ) > 1 
k�DJ, +". r(Bξ) < 1 
k�DJ.
(P) ��! φ ∈ P\{0} 0'A λ > 1, S<

ξ

∫ 1

0

K(t, s)g(s)φ(s)ds+
n∑

i=1

ϕi(t)
∫ 1

0

φ(τ)dαi(τ) ≥ λφ(t)

! [0, 1] ��6, * r(Bξ) > 1.
(Q) � ξ

∫ 1

0
K(t, s)g(s)ds+

∑n
i=1 ϕi(t)αi(1) < 1 ! [0, 1] ��6, * r(Bξ) < 1.

h] 1 � (H1)–(H3) �', *�	 (1) c_4+" �.
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\^ P (H2) �'.
(Au)(t) ≥ ξ1

∫ 1

0

K(t, s)g(s)u(s)ds+
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ) − C2

= (Bξ1u)(t) − C2, ∀u ∈ P, t ∈ [0, 1],

�& C2 = maxt∈[0,1]

∫ 1

0
K(t, s)g(s)ds > 0. c N1 = {u ∈ Pξ1 : u ≥ Au}, * N1 � Pξ1 &4Il.

XF�, � u ∈ Pξ1 , *
u(t) ≥ ξ1

∫ 1

0

K(t, s)g(s)u(s)ds+
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ) − C2, t ∈ [0, 1],

#)= dqξ1(t) dm, 1:! [0,1] ���, EN<N (7) O, 4∫ 1

0

u(t)dqξ1(t) ≥ ξ1

∫ 1

0

dqξ1(t)
∫ 1

0

K(t, s)g(s)u(s)ds+
n∑

i=1

∫ 1

0

ϕi(t)dqξ1(t)
∫ 1

0

u(τ)dαi(τ) − C2

=
∫ 1

0

u(s)d
(
ξ1

∫ s

0

dτ

∫ 1

0

K(t, τ)g(τ)dqξ1(t)
)

+
n∑

i=1

∫ 1

0

u(τ)d
(
αi(τ)

∫ 1

0

ϕi(t)dqξ1(t)
)
− C2

= 〈B∗
ξ1
qξ1 , u〉 − C2 = r(Bξ1)〈qξ1 , u〉 − C2

= r(Bξ1)
∫ 1

0

u(t)dqξ1(t) − C2,

(13)
 !dYDJ r(Bξ1) > 1, ∫ 1

0

u(t)dqξ1(t) ≤
C2

r(Bξ1) − 1
, ∀u ∈ N1.

P5<
‖u‖ ≤ C2

ωξ1(r(Bξ1) − 1)
, ∀u ∈ N1.

b N1 .4Il. U R1 > supu∈N1
‖u‖, 234
u �≥ Au, ∀u ∈ ∂TR1 ∩ Pξ1 . (14)

++�,, P (H3) �.
(Au)(t) ≤ ξ2

∫ 1

0

K(t, s)g(s)u(s) +
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ)

= (Bξ2u)(t), ∀u ∈ T r1 ∩ P.
c N2 = {u ∈ T r1 ∩ P : u ≤ Au}, *$Va u ∈ N2, 4 u ≤ Bξ2u. N<N r(Bξ2) < 1, dY_*
3, 234 u = 0, 25

u �≤ Au, ∀u ∈ ∂Tr1 ∩ P,

 !n4
u �≤ Au, ∀u ∈ ∂Tr1 ∩ Pξ1 .

P�O0 (14) O, dY_* 2, A ! (TR1\T r1) ∩ Pξ1 �c_4+"�#(. _of, �	 (1) c
_4+" �. Wc.

h] 2 � (H1), (H4), (H5) �', *�	 (1) c_4+" �.
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\^ P (H4) .
(Au)(t) ≤ ξ3

∫ 1

0

K(t, s)g(s)u(s)ds+
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ) + C3

∫ 1

0

K(t, s)g(s)ds

= (Bξ3u)(t) + C3u0(t), ∀u ∈ P, t ∈ [0, 1]

�& u0 ∈ P\{0}, u0(t) =
∫ 1

0
K(t, s)g(s)ds. c N3 = {u ∈ P : u ≤ Au}, * N3 � P &4Il.

XF�, � u ∈ N3, *
u ≤ Bξ3u+ C3u0,

N<N r(Bξ3) < 1, dY_* 3, 4
u ≤ C3(I −Bξ3)

−1u0.

 !

‖u‖ ≤ ‖C3(I −Bξ3)
−1u0‖, ∀u ∈ N3,

b N3 � P &4Il. VU R2 > supu∈N3
||u||, 234

u �≤ Au, ∀u ∈ ∂TR2 ∩ P. (15)

++�,, P (H5) .
(Au)(t) ≥ ξ4

∫ 1

0

K(t, s)g(s)u(s) +
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ)

= (Bξ4u)(t), ∀u ∈ T r2 ∩ P, t ∈ [0, 1].
(16)

c N4 = {u ∈ T r2 ∩ Pξ4 : u ≥ Au}, * N4 = {0}. XF�, � u ∈ N4, *
u(t) ≥ ξ4

∫ 1

0

K(t, s)g(s)u(s) +
n∑

i=1

ϕi(t)
∫ 1

0

u(τ)dαi(τ), t ∈ [0, 1],

#)Æ dqξ4(t) dm, 1:! [0,1] ���, -e0 (13) O, �Æ<N∫ 1

0

u(t)dqξ4(t) ≥ r(Bξ4)
∫ 1

0

u(t)dqξ4(t),

 !dYDJ r(Bξ4) > 1,
∫ 1

0
u(t)dqξ4(t) = 0, u ≡ 0. P5<N, N4 = {0}, p

u �≥ Au, ∀u ∈ ∂Tr2 ∩ Pξ4 . (17)

iP (15) O�.
u �≤ Au, ∀u ∈ ∂TR2 ∩ Pξ4 .

dY_* 2, A ! (TR2\T r2) ∩ Pξ4 &c_4+"�#(.  !�	 (1) c_4+" �. Wc.
h] 3 � (H1), (H2), (H5), (H6) �', *�	 (1) c_4#" �.
\^ P (H2), (H5) �.�! R1 > μ, r2 ∈ (0, μ), S< (14), (17) O�6 (Æf>* 1, 2


WT). dY (H6), 4
(Au)(t) ≤

∫ 1

0

K(t, s)g(s)f(s, μ)ds+ μ
n∑

i=1

αi(1)ϕi(t)

< μ = ‖u‖, ∀u ∈ ∂Tμ ∩ P, t ∈ [0, 1],

 ! ‖Au‖ < ‖u‖, ∀u ∈ ∂Tμ ∩ P. nB+q, 4
u �≤ Au, ∀u ∈ ∂Tμ ∩ Pξ1 , (18)

u �≤ Au, ∀u ∈ ∂Tμ ∩ Pξ4 . (19)
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dY (14), (17)O0_* 2, A! (TR1\Tμ)∩Pξ1 �c_4+"�#(. B*, A! (Tμ\T r2)∩Pξ4

�c_4+"�#(, b�	 (1) c_4#" �. Wc.

3 jkl^mno_p
�4gh����)1$%⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−(au′)′ + bu = g(t)f(t, u),

cos γ0u(0) − sin γ0u
′(0) =

∫ 1

0

u(τ)dα1(τ),

cos γ1u(1) + sin γ1u
′(1) =

∫ 1

0

u(τ)dα2(τ),

(20)

�& a ∈ C1([0, 1], (0,+∞)), b ∈ P , γi ∈ [0, π/2](i = 0, 1). f , g, αi(i = 1, 2) a_q&�	 (1) &
dB. $% (20) 
i #$%.⎧⎨

⎩
−(au′)′ + bu = g(t)f(t, u),
cos γ0u(0) − sin γ0u

′(0) = 0,
cos γ1u(1) + sin γ1u

′(1) = 0,
(21)

� [2, 3] ! g(t) ≡ 1 
DJ���j8"$%, <Nj5r,-. � αi (i = 1, 2) � [0, 1] �&
k�A, * (20) ��6()1$%, �r6:F!�� (Æ.� [4–8, 15–20] `�!_�&). 2
5, $% (20) st Sturm–Lioville #()1$%, l()1$%06()1$%:�/0. �4
RuE��DJ�6:

(H7) u(t) ≡ 0 .mv)1$%
n+ C2 �:⎧⎨
⎩

−(au′)′ + bu = 0,
cos γ0u(0) − sin γ0u

′(0) = 0,
cos γ1u(1) + sin γ1u

′(1) = 0.
(22)

c k1(t), k2(t) �e.��w1$%
n+ C2 �⎧⎨
⎩

−(ak′1)′ + bk1 = 0,
k1(0) = sin γ0,
k′1(0) = cos γ0,

(23)

⎧⎨
⎩

−(ak′2)
′ + bk2 = 0,

k2(1) = sin γ1,
k′2(1) = − cos γ1,

(24)

* [21]

k′1(t) ≥ 0, k1(t) > 0, ∀ t ∈ (0, 1],

k′2(t) ≤ 0, k2(t) > 0, ∀ t ∈ [0, 1),

w = a(k′1k2 − k1k
′
2) � 'A.

c

K(t, s) =
1
w

{
k1(t)k2(s), 0 ≤ t ≤ s ≤ 1,
k1(s)k2(t), 0 ≤ s ≤ t ≤ 1, (25)

* K ∈ C([0, 1] × [0, 1], R
+), �

K(t, s) ≥ h(t)K(τ, s), ∀ t, τ, s ∈ [0, 1],

�&
h(t) =

1
M

min{k1(t), k2(t)}, M = max{||k1||, ||k2||}[21].
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$Va σ ∈ C[0, 1], u ∈ C2[0, 1] .)1$%⎧⎨
⎩

−(au′)′ + bu = σ,
cos γ0u(0) − sin γ0u

′(0) = 0,
cos γ1u(1) + sin γ1u

′(1) = 0
(26)


�P�QP [21]

u(t) =
∫ 1

0

K(t, s)σ(s)ds.

c

ϕ1(t) =
k2(t)

cos γ0k2(0) − sin γ0k′2(0)
, ϕ2(t) =

k1(t)
cos γ1k1(1) + sin γ1k′1(1)

, (27)

*[YW, $Va σ ∈ C[0, 1], u1 ∈ C2[0, 1], u2 ∈ C2[0, 1] ��mv)1$%⎧⎨
⎩

−(au′1)′ + bu1 = σ,
cos γ0u1(0) − sin γ0u

′
1(0) = 1,

cos γ1u1(1) + sin γ1u
′
1(1) = 0.

(28)

⎧⎨
⎩

−(au′2)′ + bu2 = σ,
cos γ0u2(0) − sin γ0u

′
2(0) = 0,

cos γ1u2(1) + sin γ1u
′
2(1) = 1

(29)


��e_o0
u1(t) =

∫ 1

0

K(t, s)σ(s)ds+ ϕ1(t), u2(t) =
∫ 1

0

K(t, s)σ(s)ds+ ϕ2(t),

 ! u ∈ C2[0, 1] �$% (20) 
�P�QP u �'�	 (1), �& n = 2, K(t, s) P (25) Oo>,
ϕ1(t), ϕ2(t) P (27) Oo>.  !dY�4>* 1, >* 2 0>* 3, 234��,-.

h] 4 �- (H7), (H2), (H3) �', *$% (20) c_4+" �.
h] 5 �- (H7), (H4), (H5) �', *$% (20) c_4+" �.
h] 6 �- (H7), (H2), (H5) �', *$% (20) c_4#" �.
[ 4 8�?0 Thompson [4] ��j��6(/s1$%
 �
�!	 (S=��&


xy): ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−(au′)′ + bu = λg(t)f(u) = 0, 0 < t < 1,

cos γ0u(0) − sin γ0a(0)u′(0) =
m−2∑
i=1

αiu(ξi),

cos γ1u(1) + sin γ1a(1)u′(1) =
m−2∑
i=1

βiu(ξi),

(30)

S=
DJ.:
(C1) a ∈ C1([0, 1], (0,+∞)), b ∈ C([0, 1], (0,+∞)).
(C2) γi ∈ [0, π/2](i = 0, 1), cos γ0 cos γ1+sin(γ0+γ1) > 0, αi, βi ∈ [0,+∞) (i = 1, . . . ,m−2).
(C4) Δ > 0, ρ− ∑m−2

i=1 αin(ξi) > 0, ρ− ∑m−2
i=1 βil(ξi) > 0,

�&

ρ = a(0)
∣∣∣∣ n(0) l(0)
n′(0) l′(0)

∣∣∣∣ , Δ =

∣∣∣∣∣∣∣∣∣∣

ρ−
m−2∑
i=1

αin(ξi) −
m−2∑
i=1

αil(ξi)

−
m−2∑
i=1

βin(ξi) ρ−
m−2∑
i=1

βil(ξi)

∣∣∣∣∣∣∣∣∣∣
,
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! l, n �e���w1$%
n+ C2 �{ −(al′)′ + bl = 0,
l(0) = sin γ0, a(0)l′(0) = cos γ0,

{ −(an′)′ + bn = 0,
n(1) = sin γ1, a(1)n′(1) = − cos γ1.

(C5) g ∈ P\{0}.
c

M =
∫ 1

0

G(s, s)g(s)ds+A‖ψ| +B‖φ‖,

f0 = lim
u→0+

f(u)/u, f∞ = lim
u→+∞ f(u)/u, Γ = min

{n(1 − σ)
n(0)

,
l(σ)
l(1)

}
,

�& σ ∈ (0, 1/2) �89
'A, HS< g(t) ! (σ, 1 − σ) ��R� 0. z

G(t, s) =
1
ρ

{
n(t)l(s), 0 ≤ s ≤ t ≤ 1,
n(s)l(t), 0 ≤ t ≤ s ≤ 1,

A =
1
Δ

∣∣∣∣∣∣∣∣∣∣

ρ−
m−2∑
i=1

αin(ξi) αi

∫ 1

0

G(ξi, s)g(s)ds

−
m−2∑
i=1

βin(ξi)
m−2∑
i=1

βi

∫ 1

0

G(ξi, s)g(s)ds

∣∣∣∣∣∣∣∣∣∣
,

B =
1
Δ

∣∣∣∣∣∣∣∣∣∣

m−2∑
i=1

αi

∫ 1

0

G(ξi, s)g(s)ds −
m−2∑
i=1

αil(ξi)

m−2∑
i=1

βi

∫ 1

0

G(ξi, s)g(s)ds ρ−
m−2∑
i=1

βil(ξi)

∣∣∣∣∣∣∣∣∣∣
.

tU τ0 ∈ [0, 1], S<
∫ 1−σ

σ
G(τ0, s)g(s)ds = maxτ∈[0,1]

∫ 1−σ

σ
G(τ, s)g(s)ds. � [4] 
`B,-.:

h] A �- (C1), (C2), (C4), (C5) �', *uB λ �'
1

Γ
∫ 1−σ

σ
G(τ0, s)g(s)dsf∞

< λ <
1

Mf0
, (31)

$% (30) pc_4+" �.
h] B �- (C1), (C2), (C4), (C5) �', *uB λ �'

1

Γ
∫ 1−σ

σ
G(τ0, s)g(s)dsf0

< λ <
1

Mf∞
, (32)

$% (30) pc_4+" �.
�qf2, $% (30) _o0

u(t) =
∫ 1

0

G(t, s)g(s)f(u(s))ds+
n(t)
ρ

m−2∑
i=1

αiu(ξi) +
l(t)
ρ

m−2∑
i=1

βiu(ξi),

 !$% (30) .$% (20) 
/0. XF�, P (C2) �Æ72�� (H7), b$% (30) 
i #
mv�	)1$%r4�s C2 �. P (C1), (C4), (C5) 0DJ (31) O�Æ72�� (H2) 0
(H3) (U λ = 1). -ef, P (C1), (C4), (C5) 0DJ (32) O�Æ72�� (H4) 0 (H5) (U
λ = 1). 2!>* A 0>* B �Æ�eP��>* 4 0>* 5 72. 25��>* 4 0>* 5
�>7@0ABj>* A 0>* B, ����>BFD@
 Green �A, �GB{|<6.

[ 5 AD:0;<5!� [8] &`B��j��6()1$%
 �
�!	⎧⎪⎨
⎪⎩

ϕ′′(x) + h(x)f(ϕ(x)) = 0, 0 < x < 1,

ϕ(0) = 0, ϕ(1) =
m−2∑
i=1

aiϕ(ξi),
(33)
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�&
h∈C[(0, 1), R

+]∩L(0, 1), f∈C(R+, R
+), 0 < ξ1 < ξ2 < · · · < ξm−2 < 1, ai ∈ R

+,

m−2∑
i=1

ai < 1.

P0 h(x) vt! x = 0 0 x = 1 �uw, 2!$% (33) 0��gh
$% (20) v4�B. }.
<~wPxA,��
�GyL�Æ=Æz{%&uw��)1$% (20)
 �
�!	, �&
g ∈ C[(0, 1), R

+] ∩ L(0, 1),
∫ 1

0
g(t)dt > 0, �xDJ��. 8923
,-?st!� [8] &
`

B,-:�/0.

`y $|�}
4z={~��<.
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