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1 HI�JK��
�������, �����	
���� �	�!
����	"#$. %���,

�& Ω ⊂ Rn �	%'�!�( L, L  u 	��"#$����)�� [1]��� Lu �& Ω
�	�%���� P, Ω′ ⊂⊂ Ω, � u 	������ Dmu !�*�& Ω′�	���P?

+%���"� Ω ⊂ Rn (n ≥ 3) �Æ#����,	$�-�!��
−(aijuxi)xj + biuxi − (dju)xj + cu = (fj)xj , a.e. x ∈ Ω. (1.1)

%�&�: 2004-09-20; �'&�: 2006-03-01

 (.): !"/*+0 (12.) (10426029)#$,-%&03.�'()/.) (2004189)
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41�� � aij �& Sarason ��� VMO (+� [2]), ��, bi, c, di �&2,	 Morrey
3-. �4.�, 5!��!��	6�7�5/6 H :{

aij ∈ VMO ∩ L∞(Ω), aij(x) = aji(x), ∀ i, j = 1, . . . , n;
∃Λ > 0 : Λ−1|ξ|2 ≤ aij(x)ξiξj ≤ Λ|ξ|2. (1.2)

���,�7/6 F :

bi, di ∈ Lα(p), α(p)μ
n (Ω) (∀ i = 1, . . . , n), c ∈ L

α(p)
2 , α(p)μ

2n (Ω), (1.3)

78 α(p)μ
n < n 8, 1 < p < n 9, α(p) = n; , p = n 9, α(p) > n; , p > n 9, α(p) = p.

1991 : Chiarenza, Frasca 
 Longo 0	��1;2<93��4<93�: BMO �

�56(	;=, <>=<93��4<93�56(+ Lp �	��$>78
�� VMO 
�	9$��!��	��"#$ [3], >=4��:, ?@78
�� VMO �	9$�-
	�!��+Morrey3-�	"#$;� [4]. ���� �	9$��!��	<�"
#$;��=+� [5, 6]. ,�� (1.1) 8��,�A� 0 9, � [7, 8] �>�	
+ Morrey
3-�	��"#$
B"#$. ?�6?�	+/6H
F5�� (1.1) 	+ Morrey 3-
Lp,λ(Ω)�	��"#$, Æ@A
�� (1.1) 	%���+ Morrey 3- Lp,λ(Ω)�	%�@
ABC.

BO 1.1 C@D u ∈ W 1,p(Ω) !�� (1.1) 	%�D, ��∫
Ω

((ai,juxi + fj + dju)φxj + biuxiφ + cuφ)dx = 0, ∀φ ∈ C∞
0 (Ω). (1.4)

BC 1.1 +/6 H
 F5, �� f = (f1, f2, . . . , fn) ∈ [Lp,λ(Ω)]n, u ∈ W 1,p(Ω) !��
(1.1) 	D, � Du ∈ Lp,λ

loc (Ω), 8E+F� C = C(n, λ, p,Λ,M,dist (Ω′, ∂Ω′′)), E7

‖Du‖Lp,λ(Ω′) ≤ C
(‖u‖Lp,λ(Ω′′) + ‖f‖Lp,λ(Ω′′) + ‖Du‖L2(Ω′′)

)
, ∀Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω. (1.5)

F>., , p ≥ 2 9, �

‖Du‖Lp,λ(Ω′) ≤ C
(‖u‖Lp,λ(Ω′′) + ‖f‖Lp,λ(Ω′′)

)
. (1.6)

2 DEFHG
BO 2.1 D Rn �	���3�� f ∈ BMO(Rn), �� supB

1
|B|

∫
B
|f(x) − fB |dx =

‖f‖∗ < ∞. 41 B ! Rn 8	G, fB = 1
|B|

∫
B

f(x)dx. ��� f ∈ BMO(Rn), G η(r) =

supρ≤r
1

|Bρ|
∫

Bρ
|f(x) − fBρ |dx. �� limr→0+ η(r) = 0, D f ∈ VMO(Rn).

+HH 2.1 8��= B ∩ Ω 
 Bρ ∩ Ω �>�H6 B 4 Bρ, #C@��78 BMO (Ω) 

VMO(Ω) 	II.

BO 2.2 6 1 < p < ∞, 0 < λ < n. ���3�� f �& Morrey 3- Lp,λ(Ω), ��

‖f‖p
Lp,λ(Ω)

= sup
x∈Ω, ρ>0

1
ρλ

∫
Bρ(x)∩Ω

|f(y)|pdy < ∞.
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PC 2.1[9] 6 Ω ! Rn 	%�"(�, �� p′ ≤ p, n−λ
p ≤ n−λ′

p′ , # Lp,λ(Ω) � .RS
8 Lp′,λ′

(Ω), G7 Lp,λ(Ω) ↪→ Lp′,λ′
(Ω).

PC 2.2[8] 6 0 < α < n, 1 < p < q < ∞, 0 < λ < n, λ + pα < n. ��SP$�( T !

Lp(Rn) 8 Lq(Rn) ��	, 8�T f ∈ L1(Rn), , x /∈ supp f 9, |Tf(x)| ≤ C
∫
Rn

|f(y)|
|x−y|n−α dy,

# T ! Lp,λ(Rn) 8 Lq,μ(Rn) 	���(, 78 1
q = 1

p − α
n , μ = λ

p q. F>., , α = 1 9, U
1 < p < n, G 1

p∗ = 1
p − 1

n , #
‖Tf‖

L
p∗,

λp∗
p (Rn)

≤ C‖f‖Lp,λ(Rn); (2.1)

U 1 < p < ∞, G 1
p∗

= 1
p + 1

n , #
‖Tf‖Lp,λ(Rn) ≤ C‖f‖

L
p∗,

λp∗
p (Rn)

. (2.2)

BO 2.3 6 k : Rn → R. D k(x) !%� Calderon–Zygmund T, ��
(1) k ∈ C∞(Rn \ {0});
(2) k(x) !%� −n �VS��;
(3)

∫
Σ

k(x)dx = 0. 41 Σ = {x ∈ Rn : |x| = 1}.
� a.e. x ∈ Rn 
 ∀ ξ ∈ Rn \ {0}, W

Γ(x, ξ) =
1

n(2 − n)ωn

√
det(aij)

( n∑
i,j=1

Aij(x)ξiξj

) 2−n
2

.

41 (Aij) 1;XQ (aij) 	YXQ, ωn ! Rn 8UZG	V�. G

Γi(x, ξ) =
∂Γ(x, ξ)

∂ξi
, Γij(x, ξ) =

∂2Γ(x, ξ)
∂ξi∂ξj

, M = max
i,j=1,...,n

max
|β|≤2n

∥∥∥∥∂βΓij(x, ξ)
∂ξβ

∥∥∥∥
L∞(Ω×Σ)

.

R� [3]S, Γij(x, ξ)!%�W&X� ξ	 Calderon–ZygmundT.[TAU Tg(x)=
∫
RnΓi(x, x−

y)g(y)dy \VW] 2.2 	^Y (78 α = 1).
PC 2.3[4] B !%� Rn 8	"G, f ∈ Lp,λ(B), 1 < p < ∞, 0 < λ < n, a ∈ BMO. 6

k(x, z) !%� Rn × (Rn \ {0}) 8	_�V��, E7� a.e. x ∈ B, k(x, z) !%� Calderon–
Zygmund T8 M < ∞. �TX ε > 0, W

Kεf(x) =
∫
|x−y|>ε,x∈B

k(x, x − y)f(y)dy,

Gε(a, f)(x) =
∫
|x−y|>ε,x∈B

k(x, x − y)(a(x) − a(y))f(y)dy,

� E+ Kf,C(a, f) ∈ Lp,λ(B), E7 limε→0 ‖Kεf − Kf‖Lp,λ(B) = 0, limε→0 ‖Cε(a, f) −
C(a, f)‖Lp,λ(B) = 0,Æ8E+%�F� C,E7 ‖Kf‖Lp,λ(B) ≤ C‖f‖Lp,λ(B), ‖C(a, f)‖Lp,λ(B) ≤
C‖a‖∗‖f‖Lp,λ(B).

PC 2.4[4] 6 a ∈ VMO∩L∞(Rn), k(x, z) \VW] 2.3 	^Y, � �TX ε > 0, E+
ρ0 > 0, E7, r ∈ (0, ρ0) 9, U f ∈ Lp,λ(Br) (1 < p < ∞, 0 < λ < n), #

‖C(a, f)‖Lp,λ(Br) ≤ Cε‖f‖Lp,λ(Br).
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PC 2.5 6 n ≥ 3, B ! Rn 8	%�G, � a.e. x ∈ B, aij(x) \V H. Lv(x) =
−(aij(x)vxi)xj . �� v ∈ W 1,p

0 (B) \V L(v) = div G + g, 78 G 
 g ��`Y� B, #�
∀x ∈ B, �

vxi(x) =p.v.

∫
B

Γi,j(x, x − y){(aj,h(x) − aj,h(y))vyh
(y) − Gj(y)}dy

+
∫

B

Γi(x, x − y)g(y)dy + cihGh(x), i = 1, . . . , n.

(2.3)

41 cih =
∫
|t|=1

Γi(x, t)thdσt.

QZ [\?� v ∈ C∞
0 (B) �Ua, %�	;��bZ[c$78. \H x0 ∈ B, �

−(ai,j(x0)vxi(x))xj = − ((ai,j(x0) − ai,j(x))vxi(x) − Gi(x))xj + g(x)

= − (λx0
j (x))xj + g(x).

]X8 Γ(x0, ξ) !�( −(aij(x0)vxi(x))xj 	]?, d�

v(x) =
∫

B

Γj(x0, x − y)λx0
j (y)dy +

∫
B

Γ(x0, x − y)g(y)dy,

e^� xi f�, Æg x0 = x 7 (2.3).

PC 2.6 +/6 H 
 F 5, �� u ∈ H1(Br) !�� (1.1) 	D, #, r > 0 V_^9,
�TX	 0 < ρ < 1, ‖Du‖L2(Bρr) ≤ C

(‖f‖L2(Br) + ‖u‖L2(Br)

)
.

QZ g θ ∈ C∞
0 (Br), , x ∈ Bρr 9, θ = 1. +HH 1.1 8g φ = θ2u, #�∫

Br

(
(aijuxi + fj + dju)(θ2u)xj + (biuxi + cu)(θ2u)

)
dx = 0,

`

I1 =
∫

Br

θ2aijuxiuxj dx = −
∫

Br

(2θufjθxj + θ2fjuxj )dx

−
∫

Br

2θuaijuxiθxj dx −
∫

Br

cθ2u2dx −
∫

Br

(biθ
2uuxidx − diθ

2uuxi)dx

− 2
∫

Br

djθθxj u
2dx = I2 + I3 + I4 + I5 + I6.

R/6 H, C@� I1 =
∫

Br
θ2aijuxiuxj dx ≥ Λ−1

∫
Br

θ2|Du|2dx. Ra τ 	 Cauchy �b=, 7

I2 = −
∫

Br

(
2θufjθxj + θ2fjuxj

)
dx

≤
(

1 +
1
4τ

) ∫
Br

θ2|f |2dx +
∫

Br

u2|Dθ|2dx + τ

∫
Br

θ2|Du|2dx.

]X8 aij ∈ L∞, <S>=a τ 	 Cauchy �b=

I3 = −
∫

Br

2θuaijuxiθxj dx ≤ Cτ

∫
Br

θ2|Du|2dx +
C

τ

∫
Br

u2|Dθ|2dx.
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R/6 F, >= Hölder �b=
 Sobolev �b=

I4 = −
∫

Br

cθ2u2dx ≤ Cr
μ
2 ‖c‖

L
n
2 ,

μ
2 (Br)

∫
Br

|D(θu)|2dx.

h_

I5 = −
∫

Br

biθ
2uuxidx −

∫
Br

diθ
2uuxidx

≤ rμ
(‖b‖Ln,μ(B2r) + ‖d‖Ln,μ(Br)

)(∫
Br

θ2|Du|2dx +
∫

Br

|D(θu)|2dx

)
,

I6 = −2
∫

Br

djθθxj u
2dx ≤ 2rμ‖d‖Ln,μ(Br)

(
1
4τ

∫
Br

u2|Dθ|2dx + τ

∫
Br

|D(θu)|2dx

)
.

]X8�b= |D(θu)|2 ≤ C(|Dθ|2u2 + θ2|Du|2), `c Ii (i = 1, . . . , 6) 	BC, Æg r 
 τ V_
^, �7∫

Br

θ2|Du|2dx ≤ C

(∫
Br

θ2|f |2dx +
∫

Br

u2|Dθ|2dx

)
≤ C

(∫
Br

|f |2dx +
∫

Br

u2dx

)
.

BO 2.4 D�� u �& Sobolev–Morrey 3- W 1,p,λ(Ω), �� u,Du ∈ Lp,λ(Ω), ÆHH
7d�� ‖u‖W 1,p,λ(Ω) = ‖u‖Lp,λ(Ω) + ‖Du‖Lp,λ(Ω).

5i�	 Sobolev–Morrey 3-	%a$>.
PC 2.7 U u ∈ W 1,p(Ω) 8 Du ∈ Lp,λ(Ω), # u ∈ W 1,p,λ

loc (Ω).
QZ [\?Ua�TX Br ⊂ Ω, � u ∈ Lp,λ(Br).
, p = n 9, �TX 0 < λ < n, � u ∈ W 1,n(Br) ↪→ Ln,λ(Br). j_�, C@��bc s

\V 1 < n
s < 2, λ

n ≤ 2 − n
s , # u ∈ W 1,n(Br) ↪→ W 1,s(Br). R Sobolev �b=
W] 2.2 S,

u ∈ Ls∗
(Br) ↪→ Ln,λ(Br).

, p > n 9, W 1,p(Br) ↪→ C0,1−n
p (Br) ↪→ Lp,λ(Br).

, 1 < p < n 9, R& u ∈ W 1,p(Br), R Sobolev �b=
W] 2.2, � u ∈ Lp∗
(Br) ↪→

Lp,p(Br); U u ∈ Lp,p(Br), 2p < n, #R Hölder �b=
 Sobolev �b=S u ∈ Lp,2p(Br) 8
‖u‖Lp,2p(Br) ≤ C‖u‖W 1,p,p(Br); U (k − 1)p < λ, kp < n, #de��fe�7 u ∈ Lp,kp(Br); U
(k − 1)p < λ, kp ≥ λ, 6 (k − 1)p + γ = λ, # 0 < γ ≤ p,

(
ρ−(k−1)p−γ

∫
Bρ∩Ω

|u|pdx

) 1
p

≤ ρ−(k−2)− γ
p

( ∫
Bρ∩Ω

|u|p∗
dx

) 1
p∗

≤ C

(
ρ−(k−2)p−γ

∫
Bρ∩Ω

(|u|p + |Du|p) dx

) 1
p

≤ C ‖u‖W 1,p,(k−1)p(Ω) ,

g u ∈ Lp,λ(Br), hi u ∈ W 1,p,λ(Br).
�k%f�	 Sobolev–Morrey 3-	$>, @Ua5i	W].
PC 2.8 6 Ω !%�"�, p ∈ (1,∞), λ ∈ (0, n). \H w ∈ Ω, α ∈ [0, n), β ∈ (0, n). �

g ∈ Lp,λ(Ω), �

T ′
αg(z) =

∫
{ξ∈Ω: |ξ−z|≥2|w−z|}

g(ξ)
|ξ − z|n−α

dξ, T ′′
β g(z) =

∫
{ξ∈Ω: |ξ−z|<2|w−z|}

g(ξ)
|ξ − z|n−β

dξ.
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U λ + pα < n, #E+F� c1, E7 |T ′
αg(z)| ≤ c1‖g‖Lp,λ(Ω)|w − z| pα+λ−n

p ; U λ + pβ > n, #E
+F� c2, E7 |T ′′

β g(z)| ≤ c2‖g‖Lp,λ(Ω)|w − z| pβ+λ−n
p .

QZ
|T ′

αg(z)| ≤
∞∑

k=1

∫
{ξ∈Ω:2k|w−z|≤|ξ−z|<2k+1|w−z|}

g(ξ)
|ξ − z|n−α

dξ

≤
∞∑

k=1

(
1

2k|w − z|
)n−α ∫

{ξ∈Ω:|ξ−z|<2k+1|w−z|}
|g(ξ)|dξ

≤ ‖g‖Lp,λ(Ω)

∞∑
k=1

(
1

2k|w − z|
)n−α (

2k+1|w − z|)n(1− 1
p )+ λ

p

≤ ‖g‖Lp,λ(Ω)|w − z| pα+λ−n
p

∞∑
k=1

(2k pα+λ−n
p );

|T ′
βg(z)| ≤

∞∑
k=1

∫
{ξ∈Ω:21−k|w−z|≤|ξ−z|<22−k|w−z|}

g(ξ)
|ξ − z|n−β

dξ

≤
∞∑

k=1

(
1

21−k|w − z|
)n−β ∫

{ξ∈Ω:|ξ−z|<22−k|w−z|}
|g(ξ)|dξ

≤ ‖g‖Lp,λ(Ω)

∞∑
k=1

(
1

21−k|w − z|
)n−β (

22−k|w − z|)n(1− 1
p )+ λ

p

≤ ‖g‖Lp,λ(Ω)|w − z| pβ+λ−n
p

∞∑
k=1

(2−k pβ+λ−n
p ).

PC 2.9 U u ∈ W 1,p,λ(Ω) 8 p + λ > n, # u ∈ C0,δ
loc (Ω), 78 δ = 1 − n−λ

p .

QZ g Br ⊂ Ω �	jk�� η, , x ∈ Bs (0 < s < r) 9,η(x) = 1. W v(x) = ηu, #
R u ∈ W 1,p,λ(Br) S v ∈ W 1,p

0 (Br) ∩ W 1,p,λ(Br), 8 ‖Dv‖Lp,λ(Br) ≤ C‖u‖W 1,p,λ(Br). 5i[
\?� v ∈ C∞

0 (Br) �Ua, %�lm��bZ[c$�78. G L0v(x) = −Δv, #�TX	
x ∈ Br, � v(x) =

∫
Br

Γj(x − y)vyj (y)dy. 4_�TX	 w ∈ Br, w �= x,

|v(x) − v(w)| ≤ C

∫
Br

|Γj(x − y) − Γj(w − y)| |vyj (y)|dy

≤ C

∫
Br∩{|y−x|≥2|x−w|}

|Γj(x − y) − Γj(w − y)| |vyj (y)|dy

+ C

∫
Br∩{|y−x|<2|x−w|}

|Γj(x − y)| |vyj (y)|dy

+ C

∫
Br∩{|y−x|<2|x−w|}

|Γj(w − y)| |vyj (y)|dy = I + II + III.

]X8 Γij !%� −n �VS��, Æ8 |y − x| ≥ 2|x − w|, d�
|Γj(x − y) − Γj(w − y)| =|Γij((x − y) + (1 − θ)(x − w))| |x − w|

≤ C|x − w|
|(x − y) + (1 − θ)(x − w)|n ≤ C|x − w|

|x − y|n .

41 0 < θ < 1, fl%��b=!g�
|(x − y) + (1 − θ)(x − w)| ≥ |x − y| − |x − w| ≥ 1

2
|x − y|.
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h=W] 2.8 	m%�;n, � I ≤ C‖Dv‖Lp,λ(Br)|x−w|1−n−λ
p . ]X8 Γj !%� −(n− 1) �

VS��, h=W] 2.8 	mn�;n, �

II ≤
∫

Br∩{|y−x|<2|x−w|}

|Dv(y)|
|x − y|n−1

dy ≤ C‖Dv‖Lp,λ(Ω)|x − w|1−n−λ
p .

<]X8 |w − y| < |w − x| + |x − y| < 3|x − y|, �o& II 	BC�7

III ≤ C

∫
Br∩{|y−x|<2|x−w|}

|Dv(y)|
|w − y|n−1

dy ≤ C

∫
Br∩{|y−w|<3|x−w|}

|Dv(y)|
|w − y|n−1

dy

≤ C‖Dv‖Lp,λ(Br)|x − w|1−n−λ
p .

`c��BC, , x,w ∈ Bs, x �= w 9, |u(x) − u(w)| ≤ C‖u‖W 1,p,λ(Ω)|x − w|1−n−λ
p . 4_, ��

Ω′ ⊂⊂ Ω, � �TX	 x1, w1, 5��=�i���p� s 	Gq Bi
r (i = 1, 2, . . . ,m) �or

�, �p6 x1, y1 ∈ B1
s , y1, y2 ∈ B2

s , . . . , ym, w1 ∈ Bm
s , #+s�G�, �

|u(yi) − u(yi+1)| ≤ C‖u‖W 1,p,λ(Ω)|x1 − w1|1−
n−λ

p (i = 0, 1, . . . ,m + 1, y0 = x1, ym+1 = w1),

hi |u(x1) − u(w1)| ≤ C‖u‖W 1,p,λ(Ω)|x1 − w1|1−
n−λ

p .

3 JKjGkRl
6 r ∈ R+, 0 < ρ < 1. Br, Bρr �>!�p� r, ρr 	hmG. θ ∈ C∞

0 (Br), 8, x ∈ Bρr 9

θ(x) = 1. � ∀φ ∈ C∞
0 (Br), � θφ ∈ C∞

0 (Br). �� u !�� (1.1) + Br �	%�D, # u !

�� L(θu) = −(aij(θu)xi)xj = div G + g 	D, 78
Gj = −(aijθxiu − θ(fj + dju)), (3.1)

g = −(aijθxj uxi + θxj (fj + dju) + θbiuxi + cθu). (3.2)

R& u ∈ W 1,p(Br), θ ∈ C∞
0 (Br), d� θu ∈ W 1,p

0 (Br), G 
 g q��`Y� Br. RW] 2.5, �
T x ∈ Br,

(θu)xi(x) =p.v.
∫

Br

Γij(x, x − y){(ajk(x) − ajk(y))(θu)yk
(y) − Gj(y)}dy

+
∫

Br

Γi(x, x − y)g(y)dy + cihGh(x), i = 1, . . . , n.

G v = θu, #�=�n2
vxi =

n∑
j,k=1

Sijk(vxk
) + hi. (3.3)

41

Sijk(vxk
)(x) = p.v.

∫
Br

Γij(x, x − y){(aj,k(x) − aj,k(y))vyk
(y)}dy, (3.4)

hi = p.v.

∫
Br

Γij(x, x − y)Gj(y)dy +
∫

Br

Γi(x, x − y)g(y)dy + cihGh(x). (3.5)
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@@A�5	 Lp BC

PC 3.1 6 1 < p < ∞. +/6 H 
/6 F 5, �� u ∈ W 1,p(Br) !�� (1.1) 	D,
f ∈ Lp(Br), � �TX	 0 < s < r, E+�ot& u 
 f 	F� C, E7

‖Du‖Lp(Bs) ≤ C(‖u‖Lp(Br) + ‖f‖Lp(Br) + ‖Du‖L2(Br)). (3.6)

QZ R (3.3) =, ‖Dv‖Lp(Br) ≤ C(
∑

ij ‖aij‖∗‖Dv‖Lp(Br) + ‖G‖Lp(Br) + ‖g‖Lp∗ (Br)), RW
] 2.4, bg r V_^, E7

∑ ‖aij‖∗ < 1, # ‖Dv‖Lp(Br) ≤ C
(‖G‖Lp(Br) + ‖g‖Lp∗ (Br)

)
.

, 1 < p < n 9, ‖djθu‖Lp(Br) ≤ C‖dj‖Ln(Br)‖θu‖Lp∗ (Br) ≤ C‖dj‖Ln(Br)‖Dv‖Lp(Br); ,
p = n 9, ]X8� 1 < q < n, � W 1,n(Br) ↪→ W 1,q(Br). bg q 
 α > n, E7 1

q − 1
n =

1
n − 1

α = 1
q∗ , # ‖djθu‖Ln(Br) ≤ C‖dj‖Lα(Br)‖θu‖Lq∗ (Br) ≤ C‖dj‖Lα(Br)‖Dv‖Lp(Br); , p > n

9, ]X8 W 1,p(Br) ↪→ C0(Br), d�
‖djθu‖Lp(Br) ≤ C‖dj‖Lp(Br) max

x∈Br

|θu| ≤ C‖dj‖Lp(Br)‖v‖W 1,p(Br).

4_ ‖djθu‖Lp(Br) ≤ C‖dj‖Lα(p)(Br)‖v‖W 1,p(Br), &!
‖G‖Lp(Br) ≤ C

(‖u‖Lp(Br) + ‖f‖Lp(Br) + ‖dj‖Lα(p)(Br)‖Dv‖Lp(Br)

)
.

h_, C@��78
‖dju‖Lp∗ (Br) ≤ C‖dj‖Lα(p)(Br)‖u‖Lp(Br),

‖θbiuxi‖Lp∗ (Br) ≤ C‖bi‖Lα(p)(Br)‖v‖W 1,p(Br),

‖cθu‖Lp∗ (Br) ≤ C‖c‖
L

1
2 α(p)(Br)

‖v‖W 1,p(Br).

p ‖aijθxj uxi‖Lp∗ (Br) ≤ C‖Du‖Lp∗ (Br), &!
‖g‖Lp∗ (Br) ≤ C(‖Du‖Lp∗ (Br) + ‖u‖Lp(Br) + ‖f‖Lp(Br))

+ (‖dj‖Lα(p)(Br) + ‖bi‖Lα(p)(Br) + ‖c‖
L

1
2 α(p)(Br)

)‖Dv‖Lp(Br)).

bcV_^	 r, E7 C(‖dj‖Lα(p)(Br) + ‖bi‖Lα(p)(Br) + ‖c‖
L

α(p)
2 (Br)

) < 1, #

‖Du‖Lp(Bρr) ≤ C(‖Du‖Lp∗ (Br) + ‖u‖Lp(Br) + ‖f‖Lp(Br)).

, 1 < p ≤ 2 9, ]X L2(Br) ↪→ Lp∗(Br), d� (3.6) =!qu	, 5i� p > 2 Ua (3.6)
=. @/6 2 < p ≤ 2∗, # p∗ ≤ 2, R& L2(Br) ↪→ Lp∗(Br), 4_

‖Du‖Lp(Bρr) ≤ C(‖Du‖L2(Br) + ‖u‖Lp(Br) + ‖f‖Lp(Br)).

F>., ‖Du‖L2∗ (Bρr) ≤ C(‖Du‖L2(Br) + ‖u‖Lp(Br) + ‖f‖Lp(Br)).
HH 2∗∗ = n2∗

n−2∗ , # 2∗ < p ≤ 2∗∗ 8 2 < p∗ ≤ 2∗ (�� 2∗ ≥ n, # 2∗∗ = ∞ i8

2∗ < p < ∞). de�i	BC, Ær ‖Du‖L2∗ (Bρr) sS

‖Du‖Lp(Bρ2r) ≤ C(‖Du‖L2∗ (Bρr) + ‖u‖Lp(Br) + ‖f‖Lp(Br))

≤ C(‖Du‖L2(Br) + ‖u‖Lp(Br) + ‖f‖Lp(Br)).
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r4�Z�kr5v, s8 2∗∗···∗ ≥ n �tg.

BC 1.1 uQZ @Ua

u ∈ W 1,p(Br) ⇒ u ∈ Lp,λ′
(Br), λ′ = min{λ, p}. (3.7)

, 1 < p < n9, R& u ∈ W 1,p(Br), R Sobolev �b=
W] 2.1, � u ∈ Lp∗
(Br) ↪→ Lp,p(Br);

, p = n 9, �TX 0 < λ < n, � u ∈ W 1,n(Br) ↪→ Ln,λ(Br). j_�, C@��bc s, \

V n
2 < s < n, λ ≤ (2 − n

s )n, # u ∈ W 1,n(Br) ↪→ W 1,s(Br). R Sobolev H]
W] 2.1,
u ∈ Ls∗

(Br) ↪→ Ln,λ(Br); , p > n 9, u ∈ W 1,p(Br) ↪→ C0,1−n
p (Br) ↪→ Lp,λ(Br).

<Ua Gj ∈ Lp,λ1(Br), 78 λ1 = min{λ′, pμ
n } = min{λ, pμ

n }. R& fj ∈ Lp,λ(Br), �4
u ∈ Lp,λ′

(Br), d� −(aijθxiu − θfj) ∈ Lp,λ′
(Br). 5i[\?Æt θdju.

, 1 < p < n 9, >= Hölder �b=
 Sobolev �b=

(
ρ−

pμ
n

∫
Bρ(x)∩Br

|djθu|pdy

) 1
p

≤
(

ρ−μ

∫
Bρ(x)∩Br

|dj |ndy

) 1
n

‖θu‖Lp∗
(Br)

≤ C

(
sup

x∈Br,ρ>0
ρ−μ

∫
Bρ(x)∩Br

|dj |ndy

) 1
n

‖D(θu)‖Lp(Br)

≤ C‖dj‖Ln,μ(Br)‖u‖W 1,p(Br);

, p = n 9, ]X8� 1 < q < n, � W 1,n(Br) ↪→ W 1,q(Br). bg q 
 α > n, E7 1
q − 1

n =
1
n − 1

α = 1
q∗ , #

(
ρ−μ

∫
Bρ(x)∩Br

|djθu|ndy

) 1
n

≤
(

ρ−
αμ
n

∫
Bρ(x)∩Br

|dj |αdy

) 1
α

‖θu‖Lq∗ (Br)

≤ C‖dj‖Lα,
αμ
n (Br)

‖u‖W 1,q(Br) ≤ C‖dj‖Lα,
αμ
n (Br)

‖u‖W 1,p(Br);

, p > n 9, ]X8 W 1,p(Br) ↪→ C0,1−n
p (Br) ↪→ C0(Br), d�

(
ρ−

pμ
n

∫
Bρ(x)∩Br

|djθu|pdy

) 1
p

≤
(

ρ−
pμ
n

∫
Bρ(x)∩Br

|dj |pdy

) 1
p

max
x∈Br

|θu|

≤ C‖dj‖Lp,
pμ
n (Br)

‖u‖W 1,p(Br).

`c��S
‖θdju‖Lp,

pμ
n (Br)

≤ C‖dj‖
Lα(p),

α(p)μ
n (Br)

‖u‖W 1,p(Br). (3.8)

4_, Gj = −(aijθxiu − θ(fj + dju)) ∈ Lp,λ1(Br), 8

‖G‖Lp,λ1 (Br) ≤ C(‖u‖Lp,λ1 (Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp(Br)). (3.9)

R Gj ∈ Lp,λ1(Br) 4W] 2.3,

p.v.
∫

Br

Γij(x, x − y)Gj(y)dy ∈ Lp,λ1(Br).
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d�?Ua hi ∈ Lp,λ1(Br),[\?Ua ∫
Br

Γi(x, x−y)g(y)dy ∈ Lp,λ1(Br)g�.�uvr+, +
5i	Ua8/6 1 < p < n, � p ≥ n lm��o& (3.8) =	wn. G Tg(x) =

∫
Br

Γi(x, x −
y)g(y)dy. RW] 2.1 
 u ∈ W 1,p(Br) S, uxi ∈ Lp(Br) ↪→ Lp∗,p∗(Br) ↪→ Lp∗, p∗μ

n (Br), d�
‖aijθxiuxi‖Lp∗,

p∗μ
n (Br)

≤ C‖Du‖Lp(Br). (3.10)

R Hölder �b=

‖θxidju‖Lp∗,
p∗μ

n (Br)
≤ C‖dj‖Ln,μ(Br)‖u‖Lp(Br), (3.11)

‖θbiuxi‖Lp∗,
p∗μ

n (Br)
≤ C‖bi‖Ln,μ(Br)‖u‖W 1,p(Br), (3.12)

‖cθu‖
Lp∗,

p∗μ
n (Br)

≤ C‖c‖
L

n
2 ,

μ
2 (Br)

‖u‖W 1,p(Br). (3.13)

p
‖θxifj‖Lp,λ(Br) ≤ C‖f‖Lp,λ(Br). (3.14)

`c (3.10)–(3.14) =�S g ∈ Lp∗, p∗μ
n (Br), 8

‖g‖
Lp∗,

p∗μ
n (Br)

≤ C(‖u‖Lp(Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp(Br)). (3.15)

, λ ≤ pμ
n 9, R& Lp∗, p∗μ

n (Br) ↪→ Lp∗, p∗λ
p (Br), d� g ∈ Lp∗, p∗λ

p (Br), hiRW] 2.2 S
Tg ∈ Lp,λ(Br) 8 ‖Tg‖Lp,λ(Br) ≤ C‖g‖

L
p∗,λ

p∗
p

≤ C‖g‖
Lp∗,

p∗μ
n

; , λ > μp
n 9, RW] 2.1 S

‖Tg‖
Lp,

pμ
n (Br)

≤ C‖g‖
Lp∗,

p∗μ
n (Br)

, d� Tg ∈ Lp,λ1(Br),8 ‖Tg‖Lp,λ1 (Br) ≤ C‖g‖
Lp∗,

p∗μ
n (Br)

, h

i hi ∈ Lp,λ1(Br).
HHvx: T̃ :

[
Lp,λ1(Br)

]n → [
Lp,λ1(Br)

]n
, 41

T̃w = ((T̃w)i)i=1,...,n =
( n∑

j,k=1

Sijk(wk) + hi

)
i=1,...,n

, (3.16)

Sijk(wk)(x) = p.v.
∫

Br

Γij(x, x − y){(aj,k(x) − aj,k(y))wk(y)}dy.

\H r V_^, E7
∑

jk ‖Sijk‖ < 1,d��( T̃!%� [
Lp,λ1(Br)

]n
�	wyvx, hi T̃�

z%	�wx (wi)i=1,...,n. R (3.3) =, (vxi)i=1,...,n *! [Lp(Br)]
n 8	�wx, R�wx	z

%$S (vxi)i=1,...,n = (wi)i=1,...,n ∈ [Lp,λ1(Br)]n. � (3.3) =e^g Lp,λ1(Br), R (3.9), (3.15)
=�4W] 3.1, 7

‖Du‖Lp,λ1 (Bρr) ≤ C(‖u‖Lp,λ1 (Br) + ‖f‖Lp,λ(Br) + ‖Du‖L2(Br)). (3.17)

�� λ1 = λ, � u, uxi ∈ Lp,λ
loc (Ω) 8 (1.5) =2{, <>=W] 2.6, 2.1 �7 (1.6) =. 5

i/6 λ1 = μp
n < λ, 49 u ∈ W 1,p(Ω), uxi ∈ Lp,λ1

loc (Ω). W λ2 = min{2μp
n = 2λ1, λ}.

, p + λ1 < n 9, RW] 2.7 S u ∈ W 1,p,λ1(Br), >= Sobolev �b=(
ρ−(p+λ1)

∫
Bρ(x)∩Br

|u|pdy

) 1
p

≤ ρ−
λ1
p

( ∫
Bρ(x)∩Br

|u|p∗
dy

) 1
p∗

≤ Cρ−
λ1
p

( ∫
Bρ(x)∩Br

(|u|p + |Du|p)dy

) 1
p

≤ C‖u‖W 1,p,λ1 (Br),
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d�
‖aijθxiu‖Lp,p+λ1 (Br) ≤ C‖u‖W 1,p,λ1 (Br). (3.18)

]X8 2λ1 < p + λ1 < n, �o& (3.8) =, >= Hölder �b=
 Sobolev �b=

(
ρ−2λ1

∫
Bρ(x)∩Br

|djθu|pdy

) 1
p

≤ ρ−
2μ
n

( ∫
Bρ(x)∩Br

|dj |ndy

) 1
n

‖θu‖Lp∗ (Br)

≤ C

(
sup

x∈Br,ρ>0
ρ−μ

∫
Bρ(x)∩Br

|dj |ndy

) 1
n
(

sup
x∈Br,ρ>0

ρ−λ1

∫
Bρ(x)∩Br

|D(θu)|pdy

) 1
p

≤ C‖dj‖Ln,μ(Br)‖Dv‖Lp,λ1 (Br),

g

‖djθu‖Lp,2λ1 (Br) ≤ C‖dj‖Ln,μ(Br)‖Dv‖Lp,λ1 (Br). (3.19)

R (3.18) 
 (3.19) =S Gj ∈ Lp,2λ1(Br).
, p + λ1 > n 9, RW] 2.9 S u ∈ C0,δ(Br) ↪→ Lp,λ(Br). ��49 2λ1 < n, R (3.18)

=S Gj ∈ Lp,2λ2(Br); �� 2λ1 ≥ n, R& λ1 < λ, y�6 λ = λ1 + γ, qu γ < λ1. ]X8
Dv ∈ Lp,λ1(Br) ↪→ Lp,γ(Br),

(
ρ−(λ1+γ)

∫
Bρ(x)∩Br

|djθu|pdy

) 1
p

≤
(

ρ−μ

∫
Bρ(x)∩Br

|dj |ndy

) 1
n

ρ−
γ
p ‖θu‖Lp∗ (Br)

≤ C

(
sup

x∈Br,ρ>0
ρ−μ

∫
Bρ(x)∩Br

|dj |ndy

) 1
n

ρ−
γ
p ‖D(θu)‖Lp(Br)

≤ C‖dj‖Ln,μ(Br)‖Dv‖Lp,γ (Br) ≤ C‖dj‖Ln,μ(Br)‖Dv‖Lp,λ1 (Br).

4_, , p + λ1 > n 9, Gj ∈ Lp,λ2(Br);
, p + λ1 = n 9, g λ′

1 = λ1 − ε, 49�o& (3.18), (3.19) =	BC, Gj ∈ Lp,2λ′
1(Br).

`c��, Gj ∈ Lp,λ2(Br) 8

‖G‖Lp,λ2 (Br) ≤ C
(‖u‖Lp,λ2 (Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp,λ1 (Br)

)
. (3.20)

5iUa hi ∈ Lp,λ2(Br), [\?Ua ∫
Br

Γi(x, x − y)gj(y)dy ∈ Lp,λ2(Br). ]X8/6
uxi ∈ Lp,λ1(Br) ↪→ Lp∗, 2μp∗

n (Br), d�
‖aijθxiuxi‖Lp∗,

2μp∗
n (Br)

≤ C‖Du‖Lp,λ1 (Br). (3.21)

p Lp,λ(Br) ↪→ Lp,λ1(Br) ↪→ Lp∗, 2μp∗
n (Br), d�

‖θxifi‖
Lp∗,

2μp∗
n (Br)

≤ C‖f‖Lp,λ(Br). (3.22)

>= Hölder �b=, �7

‖θxidju‖
Lp∗,

2μp∗
n (Br)

≤ C‖dj‖Ln,μ(Br)‖u‖Lp,λ1 (Br), (3.23)

‖θbiuxi‖Lp∗,
2μp∗

n (Br)
≤ C‖bi‖Ln,μ(Br)‖u‖W 1,p,λ1 (Br). (3.24)
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R (3.21)–(3.24) =�S g ∈ Lp∗, 2μp∗
n (Br) 8

‖g‖
Lp∗,

2μp∗
n (Br)

≤ (‖u‖Lp,λ1 (Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp,λ1 (Br)). (3.25)

, λ ≤ 2μp
n 9, R& Lp∗, 2μp∗

n (Br) ↪→ Lp∗, λp∗
p (Br), d� g ∈ Lp∗, λp∗

p (Br), hiRW] 2.2 S
Tg ∈ Lp,λ(Br) 8 ‖Tg‖Lp,λ(Br) ≤ C‖g‖

L
p∗,

λp∗
p (Br)

≤ C‖g‖
Lp∗,

2μp∗
n (Br)

. , λ > 2μp
n 9, �

‖Tg‖
Lp,

2pμ
n (Br)

≤ C‖g‖
Lp∗,

2μp∗
n (Br)

,

d� Tg ∈ Lp,λ2(Br), hi hi ∈ Lp,λ2(Br), 41 λ2 = min
{
λ, 2μp

n

}
. h (3.16) =7vx T̃, Æ7

xo	wn�S {vxi}i=1,...,n = {wi}i=1,...,n ∈ [Lp,λ2(Br)]n, Æ8R (3.20) 
 (3.25) =S
‖Du‖Lp,λ2 (Bρr) ≤ C(‖u‖Lp,λ2 (Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp,λ1 (Br)). (3.26)

�� λ2 = λ, � vxi ∈ Lp,λ(Br), ∀ i = 1, . . . , n, d� uxi ∈ Lp,λ
loc (Ω); �� λ2 < λ (49

λ2 = 2μp
n ), R& vxi ∈ Lp,λ(Br), d� uxi ∈ Lp,λ2

loc (Ω). de��fe�iS, /6 k S9 λk = λ,

49 uxi ∈ Lp,λ
loc (Ω), Æ8

‖Du‖Lp,λ(Bρr) ≤ C(‖u‖Lp,λ(Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp,λk−1 (Br)). (3.27)

C@0 ‖Du‖Lp,λk−1 (Br), ‖Du‖Lp,λk−2 (Br), . . . , ‖Du‖Lp,λ1 (Br) oSsS�=, #
‖Du‖Lp,λ(Bρr) ≤ C(‖u‖Lp,λ(Br) + ‖f‖Lp,λ(Br) + ‖Du‖Lp(Br)). (3.28)

RW] 3.1, ‖Du‖Lp,λ(Bρr) ≤ C(‖u‖Lp,λ(Br) + ‖f‖Lp,λ(Br) + ‖Du‖L2(Br)). 4_, ��"� Ω′ ⊂⊂
Ω′′ ⊂ Ω, � E+F� C = C(n, λ, p,Λ,M, dist (Ω′, ∂Ω′′)), E7 (1.5) =2{. <RW] 2.6 

W] 2.1 78 (1.6) =.

ST m%7yzz|{Æ�	{	}m|�, zz~|?�A}~	}�X+.
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