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9+ [4] .
�,��	�
�'(�)

� F (D2u) = 0, :-Æ.
�+ Liouville �;,
</�0# C1,1 0��'.�* C2,α. /+01�12234�,��	�
�'(��


� ut − F (D2u) = 0, :-Æ.
�+ Liouville �;, </�0# C1+1, 1+1

2 (Q1) 0�� u '.
�* C2+α, 1+ α

2 (Q1/2) 3 ut '.�* C1+α, 1+α
2 (Q1/2), 5/+.4 6. /+=4 1 �:-56

>* Yuan + [5] 7� 2.3, 6 Huang + [4] =4 1 �:-?78'8.

1 @ABCD5EFG
9 Ω� R

n �'�:H, I = (a, b)� R�'�:9. ;<=> R
n+1 .�I?:H Q = Ω×

I, X = (x, t), Br(x0) = {x ∈ R
n : |x−x0| < r}, Qr(X0) = Qr(x0, t0) = Br(x0)×(t0−r2, t0+r2),

Br = Br(0), Qr = Qr(0, 0) . :� u(x, t) �.J* Q @�AK:�, D2u(x, t) ;B u <* x

�=>?�@A�BL, Du(x, t) ;B u <* x �CC, ut(x, t) � Dtu(x, t) ;B u <* t �?

�.
∫

Q
· · · dxdt ;B 1

|Q|
∫

Q
· · · dxdt. ;<=>�,��	�
�'(��

�

ut − F (D2u) = 0 (1)

0����D/<�.
MN 1[6] ;<E F '(�) (
� (1) '(��), D2F9E�/�� λ ≤ Λ (E��)

��), FG0� M ∈ S,

λ‖N‖ ≤ F (M + N) − F (M) ≤ Λ‖N‖, ∀N ≥ 0, (2)

�. ‖M‖ = sup|x|=1 | Mx |, S �A
E� n × n BL@A�G9, N ≥ 0 ;B N ��H.


EBLI
HI, . F ∈ C1 JO (2), <

λ|ξ|2 ≤ Fij(M)ξiξj ≤ Λ|ξ|2, ∀M ∈ S, ∀ ξ ∈ R
n,

�. Fij(M) = ∂F (M)
∂mij

, M = (mij).

MN 2[7] Q .�KP:� u E�
� (1) 9 Q .�0��� (0�@�), D2�L�$
A�:

. (x0, t0) ∈ Q, ϕ ∈ C2(Q) 3 u − ϕ 9 (x0, t0) JMKDLMK, <
ϕt(x0, t0) − F (D2ϕ(x0, t0)) ≤ 0

(. u − ϕ 9 (x0, t0) JMKDL�K, < ϕt(x0, t0) − F (D2ϕ(x0, t0)) ≥ 0).
;<E u �
� (1) �0��, . u N�0���, Q�0�@�.
9 0 < λ ≤ Λ. 0� M ∈ S, .J (O+N [6])

M−(M,λ,Λ) = M−(M) = λ
∑
ei>0

ei + Λ
∑
ei<0

ei,

M+(M,λ,Λ) = M+(M) = Λ
∑
ei>0

ei + λ
∑
ei<0

ei,

�. ei = ei(M) � M �ORK. Q .�KP:� u �*P S(λ,Λ, f) = S(f), . u 90��
SJ�9 Q .JO ut − M+(D2u) ≤ f(x) 3 ut − M−(D2u) ≥ f(x) (O+N [7] P 3.3 Q).
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9 0 < α < 1, ;<W (O+N [8])

[u]α;Q = sup
(x,t)∈Q, (y,s)∈Q, (x,t) �=(y,s)

|u(x,t)−u(y,s)|
(|x−y|2+|t−s|) α

2
,

[u]2,α;Q = [ut]α;Q + [D2u]α;Q, ‖u‖
Cα, α

2 (Q)
= ‖u‖L∞(Q) + [u]α;Q,

‖u‖
C2+α,1+ α

2 (Q)
= ‖u‖L∞(Q) + ‖Du‖L∞(Q) + ‖ut‖L∞(Q) + ‖D2u‖L∞(Q) + [u]2,α;Q,

‖u‖
C1+1, 1+1

2 (Q)
= ‖u‖L∞(Q) + ‖Du‖L∞(Q) + ‖ut‖L∞(Q) + ‖D2u‖L∞(Q).

;<E u∈Cα, α
2 (Q), D2 u 9 Q @KP, 3++X�X� ‖u‖

Cα, α
2 (Q)

; ;<E u∈C2+α,1+ α
2 (Q),

D2 u,Du, ut � D2u�9 Q@KP,3++X�X� ‖u‖
C2+α,1+ α

2 (Q)
;;<E u ∈ C1+1, 1+1

2 (Q),

D2 u � Du 9 Q @KP, ut � D2u 9 Q @+Y, 3++X�X� ‖u‖
C1+1, 1+1

2 (Q)
.


*'���	�
�'(�)

�
F (D2u) = 0, (3)

�0��-Z�/<�� C1,α � W 2,δ. 
*'���	�
�'(��

� (1), �0��
Æ[+ C1+α, 1+α

2 � W 2,1
δ /<�, \3 ut 9]^SJ�F9, ut ∈ Cα, α

2 .

MZ 1 (O+N [9] .4 4.8) 9 F JO (2), u �
� (1) 9 Q1 .�0��, < u ∈
C1+α, 1+α

2 (Q1/2) 3

‖u‖
C1+α, 1+α

2 (Q1/2)
≤ C(‖u‖L∞(Q1) + |F (0)|),

�. 0 < α < 1 � C �Y+�� (5[[Z* n, λ � Λ).

MZ 2 (O+N [9] .4 4.9 � [10] P_\.4 8.3) 9 F JO (2), u �
� (1) 9 Q1 .
�0��, < ut 9]^SJ�F9, ut ∈ Cα, α

2 (Q1/2) 3

‖ut‖Cα, α
2 (Q1/2)

≤ C(‖ut‖L∞(Q1) + |F (0)|),

�. 0 < α < 1 � C �Y+�� (5[[Z* n, λ � Λ).

MZ 3 (O+N [7] .4 4.11) . Q1 .�KP:� u ∈ S(λ,Λ, f) 3 f ∈ Ln+1(Q1), <
u ∈ W 2,1

δ (Q1/2) 3

‖u‖W 2,1
δ (Q1/2)

≤ C(‖u‖L∞(Q1) + ‖f‖Ln+1(Q1)),

�. δ � C `�/�Y+�� (5[[Z* n, λ � Λ).

a'b, . F ��� c:, <<*
� (1) +][� Evans–Krylov .4.

MZ 4 (O+N [9] .4 4.13) 9 F JO (2), u �
� (1) 9 Q1 .�0��, F ��� 

c:, < u ∈ C2+α,1+ α
2 (Q1/2) 3

‖u‖
C2+α,1+ α

2 (Q1/2)
≤ C(‖u‖L∞(Q1) + |F (0)|),

�. 0 < α < 1 � C �Y+�� (5[[Z* n, λ � Λ).

d^, . F Æ��� c:, �	�
�'(�)

� F (D2u) = 0 � C1,1 0���!
�* C2 (O+N [3]). 1�2"#3�$� F (D2u) = 0 � C1,1 0���* C2 �'�4% 
&!"���.
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MN 3 (O+N [4]) ;<E
� (3) JO Liouville �;, D2e u ∈ C1,1
loc (Rn) �
� (3)

�_\0��39 R
n .JO |D2u| ≤ K ], u!.�=f%^_,5 u(x, t) = 1

2xT Bx+Cx+D,
�. B ��BL, C ��`a, D ���.

MN 4 ;<E
� (1) JO Liouville �;, D2e u ∈ C
1+1, 1+1

2
loc (Rn+1) �
� (1) �

_\0��39 R
n+1 .JO |ut| + |D2u| ≤ K ], u !.�=f��%^_, 5 u(x, t) =

At + 1
2xT Bx + Cx + D, �. A,D ���, B ��BL, C ��`a.
`+N [11] b� 8.4.6, c
� ut −�u = 0 JO Liouville �;.
a 1 .
� (1) JO Liouville �;, <
� (3) JO Liouville �;.
bc 9 u ∈ C1,1

loc (Rn) �
� (3) �_\0��39 R
n .JO |D2u| ≤ K. 0� t ∈ R,

d v(x, t) = u(x), < vt ≡ 0. g\ v ∈ C
1+1, 1+1

2
loc (Rn+1) �
� (1) �_\0��39 R

n+1 .J
O |vt| + |D2v| ≤ K. 1
� (1) JO Liouville �;, h v �=f��%^_, g\ u �=f%

^_. h
� (3) JO Liouville �;.
-� Huang [4] :-Æ.�	�
�'(�)

� F (D2u) = 0 + Liouville �;, </�

0# C1,1 0��'.�* C2,α.
MZ 5 (O+N [4]) 9 F ∈ C1 JO (2) � F (0) = 0. 9 u ∈ C1,1(B1) �
� (3) 9 B1

.�0��. i9
� (3) JO Liouville �;, <0� 0 < α < 1, D2u ∈ Cα(B1/2) 3

[D2u]α;B1/2 ≤ C,

�. C [[Z* n, λ,Λ, α, ‖u‖C1,1(B1)
, F , � DF �KPe.

/+0.4 5 234�	�
�'(��

� (1), :-Æ.�	�
�'(��

�
ut−F (D2u) = 0+ Liouville�;,</�0# C1+1, 1+1

2 (Q1)0�� u'.�* C2+α,1+ α
2 (Q1/2)

3 ut '.�* C1+α, 1+α
2 (Q1/2), �./+=4 1 �:-56>* Yuan + [5] 7� 2.3, 6+N

[4] =4 1 �:-?78'8. �9jL/+�d?12.
MZ 6 9 F ∈ C1 JO (2) � F (0) = 0. 9 u ∈ C1+1, 1+1

2 (Q1) �
� (1) 9 Q1 .
�0��. i9
� (1) JO Liouville �;, <0� 0 < α < 1, Du ∈ C1+α, 1+α

2 (Q1/2), ut ∈
C1+α, 1+α

2 (Q1/2), D2u ∈ Cα, α
2 (Q1/2) 3

‖Du‖
C1+α, 1+α

2 (Q1/2)
≤ C, ‖ut‖

C1+α, 1+α
2 (Q1/2)

≤ C, [D2u]α;Q1/2 ≤ C,

�. C [[Z* n, λ,Λ, α, ‖u‖
C1+1, 1+1

2 (Q1)
, F , � DF �KPe.

6 1 `@f�7� 1, 
� (1) JO Liouville �;e'�$6
� (3) JO Liouville �
;e'�$?g. .9.4 5�i9.0
� (3)JO Liouville�;e'kh�$lA
� (1)
JO Liouville �;e'kg�$, <.4 5 A�.4 6 �,m2i. jA@, 9 u ∈ C1,1(B1)
�
� (3) 9 B1 .�0��. 0� t ∈ R, d v(x, t) = u(x), < vt ≡ 0. g\ v ∈ C1+1, 1+1

2 (Q1)
�
� (1) 9 Q1 .�0��. 1
� (1) JO Liouville �;, `.4 6, 0� 0 < α < 1, D2v ∈
Cα, α

2 (Q1/2) 3
[D2v]α;Q1/2 ≤ C,

�. C [[Z* n, λ,Λ, α, ‖v‖
C1+1, 1+1

2 (Q1)
, F , � DF �KPe, h0� 0 < α < 1, D2u ∈

Cα(B1/2) 3
[D2u]α; B1/2 ≤ C,
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�. C [[Z* n, λ,Λ, α, ‖u‖C1,1(B1)
, F , � DF �KPe.

6 2 `�f�=4 1, .
� (1) + C2+α,1+ α
2 ���, <
� (1)JO Liouville �;. O

ne F ��� c:], `.4 4
� (1) + C2+α,1+ α
2 ���, g\
� (1) JO Liouville �

;. 9�)k?, opq�rfs [12] :-Æ.�	�
�'(�)

� F (D2u) = 0 + C2,α

���, <
� F (D2u) = 0 JO Liouville �;.

2 gh 6 ijk
;<EKDlt:� u ∈ VMO(Q) 3� VMO e� ωu(R,Q), D2e R → 0 ]

ωu(R,Q) = sup
X0∈Q, 0<r≤R

∫
Qr(X0)∩Q

|u(x, t) − uX0,r|dxdt −→ 0,

�. uX0,r ;B u 9 Qr(X0)
⋂

Q @�tum` (O+N [13]).

lZ 1 9 F JO (2) � F (0) = 0, <�Lvw
(i) F9[[Z* n, λ,Λ, F , � K �:� ω(R) JO limR→0+ ω(R) = 0, FG
*
�

(1) 9 Q1 .�0#0�� u ∈ C1+1, 1+1
2 (Q1), D2 u 9 Q1 .JO |ut| + |D2u| ≤ K, <

D2u ∈ VMO(Q1/2), ωD2u(R) ≤ ω(R), ut ∈ VMO(Q1/2), ωut(R) ≤ ω(R).

(ii) 
� ut − F (D2u) = 0 JO Liouville �;.

bc (i) mx (ii). 9 u ∈ C
1+1, 1+1

2
loc (Rn+1) � (1) �_\0��39 R

n+1 .JO |ut| +
|D2u| ≤ K. =>

vk(y, s) =
u(ky, k2s) − u(0, 0) − Du(0, 0)ky

k2
, k = 1, 2, . . . ,

< vk ∈ C1+1, 1+1
2 (Q1) � (1) 9 Q1 .�0��39 Q1 . |Dsvk| + |D2vk| ≤ K. ` (i),

D2vk ∈ VMO(Q1/2), ωD2vk
(R) ≤ ω(R), Dsvk ∈ VMO(Q1/2), ωDsvk

(R) ≤ ω(R), h0� ρ > 0,
e k → ∞ ]

∫
Qρ

|D2u − (D2u)0,ρ| =
∫

Qρ/k

|D2vk − (D2vk)0,ρ/k|

≤ ωD2vk

(ρ

k

)
≤ ω

(ρ

k

)
−→ 0;∫

Qρ

|Dtu − (Dtu)0,ρ| =
∫

Qρ/k

|Dtvk − (Dtvk)0,ρ/k|

≤ ωDtvk

(ρ

k

)
≤ ω

(ρ

k

)
−→ 0,

h D2u � ut 9 R
n+1 .���, g\ u �=f��%^_.

(ii) mx (i). 9 ZK = {u ∈ C1+1, 1+1
2 (Q1) : u �
� (1) 9 Q1 .�0��3 u 9 Q1 .J

O |ut| + |D2u| ≤ K}. �: (i) A�, no:e R → 0 ]

sup
u∈ZK , X0∈Q 1

2
, 0<r≤R

∫
Qr(X0)

{|D2u − (D2u)X0,r| + |ut − (ut)X0,r|} −→ 0.

pd:y. i9@_ÆA�, <F9 ε0 > 0, rk → 0, Xk = (xk, tk) ∈ Q1/2, �
� (1) 9 Q1 .
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�'n0�� {uk} ⊂ C1+1, 1+1
2 (Q1), JO9 Q1 . |Dtuk| + |D2uk| ≤ K, 3∫

Qrk
(Xk)

{|D2uk(x, t) − (D2uk)Xk,rk
| + |Dtuk(x, t) − (Dtuk)Xk,rk

|}dxdt ≥ ε0.


 (y, s) ∈ Q 1
2rk

, d

vk(y, s) =
uk(xk + rky, tk + r2

ks) − uk(xk, tk) − Duk(xk, tk)rky

r2
k

,

< vk JO
� (1) 3
‖vk‖

C1+1, 1+1
2 (QR)

≤ C(K,R).

hF9qn, oW� {vk} � vR ∈ C1+1, 1+1
2 (QR), FGe k → ∞ ], vk 9 C1+α, 1+α

2 (QR) .p
`* vR, 3 |DtvR|+ |D2vR| ≤ K. 1�0���'(qrLXo�0��, h vR �
� (1) 9
QR .�0��. `+N [9] .4 4.6, vk − vR 9 QR .�*P S(0). `.4 3 .� W 2,1

δ ��,
e k → ∞ ]

‖D2vk − D2vR‖Lδ(QR/2) ≤ C‖vk − vR‖L∞(QR) → 0,

‖Dtvk − DtvR‖Lδ(QR/2) ≤ C‖vk − vR‖L∞(QR) → 0.

1 |Dtvk| + |D2vk| ≤ K 3 |DtvR| + |D2vR| ≤ K, h0� p ≥ 1, e k → ∞ ]

‖D2vk − D2vR‖Lp(QR/2) → 0, ‖Dtvk − DtvR‖Lp(QR/2) → 0.

`
z
y<, F9s'qn, oW� {vk} � v ∈ C
1+1, 1+1

2
loc (Rn+1), FGe k → ∞ ] vk 9

W 2,1
p,loc(R

n+1) .p`* v, v �
� (1) �_\0��, 39 R
n+1 .JO |vt| + |D2v| ≤ K. `

(ii), 
� (1) JO Liouville �;, h v �=f��%^_. 1�
0 =

∫
Q1

{|D2v − (D2v)0,1| + |Dtv − (Dtv)0,1|}

= lim
k→∞

∫
Q1

{|D2vk − (D2vk)0,1| + |Dtvk − (Dtvk)0,1|}

= lim
k→∞

∫
Qrk

(Xk)

{|D2uk − (D2uk)Xk,rk
| + |Dtuk − (Dtuk)Xk,rk

|} ≥ ε0.

t{.
lZ 2 9 F ∈ C1 JO (2)� F (0) = 0. 9 u ∈ C1+1, 1+1

2 (Q1)�
� (1)9 Q1 .�0�
�3 D2u ∈ VMO(Q1), <0� 0 < α < 1, Du ∈ C1+α, 1+α

2 (Q1/2), ut ∈ C1+α, 1+α
2 (Q1/2), D2u ∈

Cα, α
2 (Q1/2) 3

‖Du‖
C1+α, 1+α

2 (Q1/2)
≤ C, ‖ut‖

C1+α, 1+α
2 (Q1/2)

≤ C, [D2u]α;Q1/2 ≤ C,

�. C [[Z* n, λ,Λ, α, ‖u‖
C1+1, 1+1

2 (Q1)
, D2u � VMO e� DF �KPe.

bc 9 0 < h < 1
4 , |e| = 1, �heu(x, t) = [u(x + he, t) − u(x, t)]/h,

aij(x, t) =
∫ 1

0

Fij(θD2u(x + he, t) + (1 − θ)D2u(x, t))dθ. (4)
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1 u �
� (1) 9 Q1 .��, h9 Q3/4 .
Dt(�heu(x, t)) − aij(x, t)Dij(�heu(x, t)) = 0. (5)

d uh(x, t) = u(x + he, t),

cij =
∫ 1

0

Fij(θ(D2uh)X0,r + (1 − θ)(D2u)X0,r)dθ. (6)

Æu'��, Æ|9 DF �KPe η(R) � :�. ` Jensen Æv_, 0� X0 ∈ Q 3
4
,∫

Qr(X0)

|aij(x, t) − cij |dxdt

≤
∫

Qr(X0)

∫ 1

0

η(|θ(D2uh − (D2uh)X0,r) + (1 − θ)(D2u − (D2u)X0,r)|)dθdxdt

≤
∫ 1

0

∫
Qr(X0)

η(|θ(D2uh − (D2uh)X0,r) + (1 − θ)(D2u − (D2u)X0,r)|)dxdtdθ

≤
∫ 1

0

η

(
θ

∫
Qr(X0)

|D2uh − (D2uh)X0,r|dxdt + (1 − θ)
∫

Qr(X0)

|D2u − (D2u)X0,r|dxdt

)
dθ

≤ η(ωD2u(r)) → 0,
e r → 0 ], h aij ∈ VMO(Q3/4). ` (2), 
� (5) �'(��

�. ` Lp �� (O+N [13]
.4 4.1), 0� p > 1,

‖ �he u‖W 2,1
p (Q1/2)

≤ C‖ �he u‖L∞(Q3/4) ≤ C‖Du‖L∞(Q1).

` Sobolev vw.4 (O+ [10] P=\.4 3.4) lr, 0� 0 < α < 1,�heu ∈ C1+α, 1+α
2 (Q1/2)

3

‖ �he u‖
C1+α, 1+α

2 (Q1/2)
≤ C‖ �he u‖W 2,1

p (Q1/2)
≤ C‖Du‖L∞(Q1),

g\ Du ∈ C1+α, 1+α
2 (Q1/2)3 ‖Du‖

C1+α, 1+α
2 (Q1/2)

≤ C‖Du‖L∞(Q1),�. C [[Z* n, λ,Λ, α,

D2u � VMO e� DF �KPe, h0� 0 < α < 1, D2u ∈ Cα, α
2 (Q1/2) 3 [D2u]α;Q1/2 ≤

C‖Du‖L∞(Q1), �. C [[Z* n, λ,Λ, α,D2u � VMO e� DF �KPe.

Px	, 9 0 < h < 1
4 , �hu(x, t) = [u(x, t + h) − u(x, t)]/h,

bij(x, t) =
∫ 1

0

Fij(θD2u(x, t + h) + (1 − θ)D2u(x, t))dθ. (7)

1 u �
� (1) 9 Q1 .��. h9 Q3/4 .
Dt(�hu(x, t)) − bij(x, t)Dij(�hu(x, t)) = 0. (8)

d v(x, t) = u(x, t + h),

dij =
∫ 1

0

Fij(θ(D2v)X0,r + (1 − θ)(D2u)X0,r)dθ. (9)

0� X0 ∈ Q 3
4
,
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∫
Qr(X0)

|bij(x, t) − dij |dxdt

≤
∫

Qr(X0)

∫ 1

0

η(|θ(D2v − (D2v)X0,r) + (1 − θ)(D2u − (D2u)X0,r)|)dθdxdt

≤
∫ 1

0

∫
Qr(X0)

η(|θ(D2v − (D2v)X0,r) + (1 − θ)(D2u − (D2u)X0,r)|)dxdtdθ

≤
∫ 1

0

η

(
θ

∫
Qr(X0)

|D2v − (D2v)X0,r|dxdt + (1 − θ)
∫

Qr(X0)

|D2u − (D2u)X0,r|dxdt

)
dθ

≤ η(ωD2u(r)) → 0,
e r → 0 ]. h bij ∈ VMO(Q3/4). ` (2), 
� (8) �'(��

�. ` Lp ��� Sobolev
vw.4lr, 0� 0 < α < 1,�hu ∈ C1+α, 1+α

2 (Q1/2) 3

‖ �h u‖
C1+α, 1+α

2 (Q1/2)
≤ C‖ �h u‖W 2,1

p (Q1/2)
≤ C‖ �h u‖L∞(Q3/4) ≤ C‖ut‖L∞(Q1).

g\ ut ∈ C1+α, 1+α
2 (Q1/2) 3

‖ut‖
C1+α, 1+α

2 (Q1/2)
≤ C‖ut‖L∞(Q1),

�. C [[Z* n, λ,Λ, α,D2u � VMO e� DF �KPe.
`=4 1 �=4 2 lG.4 6 A�.

st &y}~Mu�uzuuvjwx�{�y|}�{~z{�+Æ�i.
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