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1 fghi�

����


xn+1 = λn+1y + (1 − λn+1)Tn+1xn, ∀n ≥ 0 (1.1)

����������������� T1, T2, . . . ����� , !�"�#$%�&� (�'
[1–8] ����'(). �') Hilbert  !�"#*, &���+����� T1, T2, . . . ���$
� (1.1) ����� .

�'%%&' H ,�()* 〈 ·, · 〉 �+- || · || �. Hilbert  !, C , H /�� ,0
1-. N � R .Æ/23-��0.-�-. 41.Æ5 → � ⇀ /6���7��.

��� T : C → C 28����, 93 ||Tx − Ty|| ≤ ||x − y|| ∀x, y ∈ C. 415
F (T ) = {x ∈ C : Tx = x} / T �456�-7, PC : H → C , H 8 C :�;96<=, :,
�;� x ∈ H, PCx , C >, ?< ||x − PCx|| = infc∈C ||x − c|| �@�A.

8=>?�, BCDE@FAB�$C.
jk 1.1 (D,GC)[9] 93 T : C → C ,������, xn ⇀ x H (xn − Txn) → y, I

� (x − Tx) = y.
JÆ, 93 y = 0, I x , T �456.
jk 1.2[10] K {an }, {bn }, {cn} ,L��0�.�
EMNF

an+1 ≤ (1 − αn)an + bn + cn, ∀n ≥ n0,

�> n0 ,@��0�3-, αn ∈ [0, 1],
∑∞

n=1 αn = ∞, bn = 0(αn),H∑∞
n=1 cn < ∞,I an → 0

(G n → ∞).
jk 1.3[11] K E ,OP�. Banach  !, E∗ , E ��H !, J : E → 2E∗ ,Q*

R'S�2I�H��JJ(x) = {f ∈ E∗ : 〈x, f〉 = ||x|| · ||f ||, ||x|| = ||f ||}, x ∈ E, I�OP
x, y ∈ E, �

||x + y||2 ≤ ||x||2 + 2〈y, j(x + y)〉, ∀ j(x + y) ∈ J(x + y);

JÆ, 93 E ,� Hilbert  ! H, I J = I, K�OP� x, y ∈ H, �

||x + y||2 ≤ ||x||2 + 2〈y, x + y〉. (1.2)

jk 1.4 [9] K H ,�.� Hilbert !, C , H /�� �,01-,I�OP� x ∈ H

� y ∈ C, �
(i) 〈z − PCx, PCx − x〉 ≥ 0, ∀ z ∈ C;
(ii) 〈z − y, y − x〉 ≥ 0, ∀ z ∈ C, I y = PCx.
jk 1.5[12] T�UL !:�;�T�MN,OV�, GPHQGW,7OV�.
Xl 1 �+Q C 8 C ��� {S(t)}t∈R+ 28 C :������DY,93�EMNFJ
(1) S(t1 + t2)x = S(t1)S(t2)x �OP� t1, t2 ∈ R+ � x ∈ C;
(2) S(0)x = x �OP� x ∈ C;
(3) �OP� x ∈ C, t 
→ S(t)x ,OV�;
(4) ||S(t)x − S(t)y|| ≤ ||x − y|| �;� t ∈ R+ � x, y ∈ C.

jk 1.6 [5] (a) K C , H /�� �R,01-, T : C → C ,������. �;�
x ∈ C, 'S Tn(x) = 1

n

∑n−1
j=0 T j(x), I limn→∞ supx∈C ||Tnx − T (Tnx)|| = 0.
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(b)K C , H /�� �R,01-, S, T : C → C ,`�����,?< ST = TS. �;
� x ∈ C, 'S Tn(x) = 2

n(n+1)

∑n−1
k=0

∑
i+j=k SiT j(x), I limn→∞ supx∈C ||Tnx − S(Tnx)|| = 0,

PH limn→∞ supx∈C ||Tnx − T (Tnx)|| = 0.
(c) K {S(t)}t∈R+ , C :�������DY. �;� x ∈ C � t > 0, a Tt(x) =

1
t

∫ t

0
S(u)xdu, I�;� s ∈ R+, limn→∞ supx∈C ||Tt(x) − S(s)(Tt(x)|| = 0.

2 mnop
c)bc�'�ded3.
Xk 2.1 K H ,�.� Hilbert  !, C , H ��� ,01-, Tn : C → C, n =

1, 2, . . . ,���������+, ?< F :=
⋂∞

n=1 F (Tn) �= ∅. K {λn} , (0, 1) >/��
, E
M λn → 0 H ∑∞

n=1 λn = ∞. �Ob� x0, y ∈ C, 'S��
 {xn} ⊂ C 9*
xn+1 = λn+1y + (1 − λn+1)Tn+1xn. (2.1)

93e)�+Q C 8 C ������ {Gγ}γ∈Γ, �> Γ ,��������ff-, ?<
(i)

⋂
γ∈Γ F (Gγ) �= ∅ H ⋂

γ∈Γ F (Gγ) ⊂ ⋂∞
n=1 F (Tn);

(ii) lim supn→∞ ||Tn+1xn − Gγ(Tn+1xn)|| = 0, �;� γ ∈ Γ,
I�
 {xn} 6��� Py ∈ F :=

⋂∞
n=1 F (Tn), �> P , H 8 F :�<=.

qr 9ghi, Q C 8 C �������456�-7,,0� (�' [9]), KQ H 8
F :=

⋂∞
n=1 F (Tn) :�<= P ,j'�.

'C 2.1 �kg.9*hi:
lsm 415jklkg: �OP� n ≥ 0 ��OP� f ∈ F , ||xn − f || ≤ max{||x0 −

f ||, ||y − f ||}. no, :Ed3G n = 0 pmn. K:Ed3� n ≥ 0 mn, ck�� n + 1 qm
n. r.:, K f ∈ F , �,Q Tn+1 �����, �
||xn+1 − f || = ||λn+1y + (1 − λn+1)Tn+1xn − f || ≤ λn+1||y − f || + (1 − λn+1)||Tn+1xn − f ||

≤ λn+1||y − f || + (1 − λn+1)||xn − f ||
≤ λn+1||y − f || + (1 − λn+1)max{||x0 − f ||, ||y − f ||} ≤ max{||x0 − f ||, ||y − f ||}.

lsm a M = ||f ||+max{||x0 −f ||, ||y−f ||}, tk, �OP� n ≥ 0��b'� f ∈ F ,
� ||xn|| ≤ M ; ||Tn+1xn|| ≤ M .

ltm ck xn+1 − Tn+1xn → 0. r.:, � ||xn+1 − Tn+1xn|| = λn+1||y − Tn+1xn|| ≤
λn+1(||y|| + ||Tn+1xn||) ≤ λn+1(||y|| + M). u λn → 0, vofc xn+1 − Tn+1xn → 0.

lum ck
lim sup

n→∞
〈xn − Py, y − Py〉 ≤ 0. (2.2)

r.:, Qp`i<i {〈Tn+1xn − Py, y − Py〉} ,�R�, K:q� lim supn→∞{〈Tn+1xn −
Py, y − Py〉} e). �,e)1�
 {nj} ⊂ {n}, ?<

lim sup
n→∞

〈Tn+1xn − Py, y − Py〉 = lim
j→∞

〈Tnj+1xnj − Py, y − Py〉, (2.3)

PH�@� q ∈ C,
Tnj+1xnj ⇀ q. (2.4)
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QNF (ii), �;� Gγ ∈ {Gγ}γ∈Γ, �
0 = lim supn→∞ ||Tn+1xn − Gγ(Tn+1xn)|| ≥ lim supj→∞ ||Tnj+1xnj − Gγ(Tnj+1xnj )||,

rP�;� Gγ ∈ {Gγ}γ∈Γ,

lim
j→∞

||Tnj+1xnj − Gγ(Tnj+1xnj )|| = 0. (2.5)

�,Q (2.4), (2.5) R�$C 1.1 (D,GC) <i

q ∈ F (Gγ), ∀Gγ ∈ {Gγ}γ∈Γ, i.e, q ∈
⋂
γ∈Γ

F (Gγ) ⊂
∞⋂

n=1

F (Tn), (2.6)

�,Q (2.3), (2.4) R�$C 1.5 <i
lim sup

n→∞
〈Tn+1xn − Py, y − Py〉 = lim

j→∞
〈Tnj+1xnj − Py, y − Py〉 = 〈q − Py, y − Py〉 ≤ 0. (2.7)

QpLi<i: xn+1 − Tn+1xn → 0, rP�
lim sup

n→∞
〈xn+1 − Py, y − Py〉 ≤ 0. (2.8)

lvm a
γn = max{〈xn+1 − Py, y − Py〉, 0}, (2.9)

K γn ≥ 0, ∀n ≥ 0. *k
γn → 0 (n → ∞). (2.10)

r.:, Q (2.8) R<i, �Ob� ε > 0, e) n0, ?< 〈xn+1 −Py, y −Py〉 < ε, ∀n ≥ n0,

K� 0 ≤ γn < ε, ∀n ≥ n0. Q ε > 0 �OP�, <i γn → 0 (n → ∞).
lwm ;s41kg xn → Py ∈ ⋂∞

n=1 F (Tn). r.:, Q$C 1.3 � (2.10) R<i, �
OP� n ≥ n0, �

||xn+1 − Py||2 = ||(1 − λn+1)(Tn+1xn − Py) + λn+1(y − Py)||2
≤ (1 − λn+1)2||Tn+1xn − Py||2 + 2λn+1〈y − Py, xn+1 − Py〉
≤ (1 − λn+1)||xn − Py||2 + 2λn+1γn.

w an = ||xn − Py||2, αn = λn+1, bn = 2αn+1γn � cn = 0, <i αn ∈ [0, 1],
∑∞

n=0 αn = ∞ H
bn = 0(αn), K$C 1.2 >�g�NF�EM. KQ$C 1.2 i ||xn − Py|| → 0, : xn → Py ∈⋂∞

n=1 F (Tn). 'C 2.1 kt.

3 xy
�uvx5'C 2.1, y8zw<c Shimizu, Takahashi [5], O’Hara, Pillay, Xu [4] ��{�

F#�;|d3.
z{ 3.1 K C ,�. Hilbert  ! H �� �R,0-, K {λn} , (0, 1) >��
, E

M λn → 0 PH ∑∞
n=1 λn = ∞. K T : C → C ,������, H F (T ) �= ∅. a Tn(x) =

1
n

∑n−1
j=0 T jx, x ∈ C, n ≥ 1. �Ob� x0, y ∈ C 'S��
 {xn} 9*

xn+1 = λn+1y + (1 − λn+1)Tn+1xn, ∀n ≥ 0,
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I {xn} 6��� Py ∈ ⋂∞
n=1 F (Tn), �> P , H 8

⋂∞
n=1 F (Tn) :�<=.

qr ti�;� n ≥ 1, Tn : C → C ,������, PH F (T ) ⊂ ⋂∞
n=1 F (Tn).

r.:, �;� x ∈ F (T ) ��;� n ≥ 1, � Tn(x) = 1
n

∑n−1
j=0 T jx = x. u {xn} ⊂ C, Q$

C 1.6 (a), �
0 = lim

n→∞ sup
x∈C

||Tnx − T (Tnx)|| ≥ lim sup
n→∞

||Tn+1xn − T (Tn+1xn)||.

)'C 2.1 >w {Gγ}γ∈Γ = {T} (�A-), Kzw 3.1 �dwQ'C 2.1 }xy<.
z{ 3.2 K H ,�.� Hilbert  !, C , H /�� ��R,01-, {λn} , (0, 1)

>���
,EM λn → 0H∑∞
n=1 λn = ∞. K S, T : C → C ,z������,?< ST = TS

PH F (S) ∩ F (T ) �= ∅. a Tn(x) = 2
n(n+1)

∑n−1
k=0

∑
i+j=k SiT jx, x ∈ C, n ≥ 1. �OPb'�

x0, y ∈ C, 'S��
 {xn} 9*
xn+1 = λn+1y + (1 − λn+1)Tn+1xn, ∀n ≥ 0,

I {xn} 6��� Py ∈ ⋂∞
n=1 F (Tn), �> P , H 8

⋂∞
n=1 F (Tn) :�<=.

qr (1)ti�;� n ≥ 1, Tn , C 8 C ������,PH F (S)∩F (T ) ⊂ ⋂∞
n=1 F (Tn).

r.:, �;� x ∈ F (S) ∩ F (T ) ��;� n ≥ 1, �

Tn(x) =
2

n(n + 1)

n−1∑
k=0

∑
i+j=k

SiT jx = x.

(2) u {xn} ⊂ C, Q$C 1.6(b), �
0 = lim

n→∞ sup
x∈C

||Tnx − S(Tnx)|| ≥ lim sup
n→∞

||Tn+1xn − S(Tn+1xn)||,

PH 0 = limn→∞ supx∈C ||Tnx− T (Tnx)|| ≥ lim supn→∞ ||Tn+1xn − T (Tn+1xn)||. )'C 2.1 >
w {Gγ}γ∈Γ = {S, T} (`A-), Izw 3.2 �dwQ'C 2.1 }xy<.
z{ 3.3 K H ,�.� Hilbert  !, C , H >/�� ,01-, P {λn} , (0, 1)

>/��
, EM λn → 0 H ∑∞
n=1 λn = ∞. K {S(t)}t∈R+ : C → C ,������DYH⋂

t∈R+ F (S(t)) �= ∅. � x ∈ C �;� tn > 0, �> {tn} ,�2.-�{Æ�
. a

Tn(x) =
1
tn

∫ tn

0

S(u)xdu, x ∈ C, n ≥ 1.

�OPb'� x0, y ∈ C, 'S��
 {xn} 9*
xn+1 = λn+1y + (1 − λn+1)Tn+1xn, ∀n ≥ 0,

I {xn} 6��� Py ∈ ⋂∞
n=1 F (Tn), �> P , H 8

⋂∞
n=1 F (Tn) :�<=.

qr (1) ti, �;� n ≥ 1, Tn , C 8 C ������. r.:, �

||Tnx − Tny|| =
∥∥∥∥ 1

tn

∫ tn

0

(S(u)x − S(u)y)du

∥∥∥∥ ≤ 1
tn

∫ tn

0

||S(u)x − S(u)y||du

≤ 1
tn

∫ tn

0

||x − y||du = ||x − y||, ∀x, y ∈ C.

(2) ti ⋂
s∈R+ F (S(s)) ⊂ ⋂∞

n=1 F (Tn). r.:, �;� x ∈ ⋂
s∈R+ F (S(s)), � S(s)x=x,

∀ s ∈ R+, rP�;� n ≥ 1, �
Tn(x) =

1
tn

∫ tn

0

S(u)xdu =
1
tn

∫ tn

0

xdu = x.
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(3) u {xn} ⊂ C, Q$C 1.6 (c), �;� s ∈ R+, �
0 = lim

n→∞ sup
x∈C

||Tnx − S(s)(Tnx)|| ≥ lim sup
n→∞

||Tn+1xn − S(s)(Tn+1xn)||.

)'C 2.1 w {Gγ}γ∈Γ = {S(s)}s∈R+ , �,zw 3.3 �dwQ'C 2.1 }xy<.
z{ 3.4 K T1, T2, . . . , TN , N �Q C 8 C ������, EMNF TiTj = TjTi, ∀ i,

j = 1, 2, . . . N, i �= j H F :=
⋂N

i=1 F (Ti) �= ∅. K {λn} , (0, 1) >/��
, EMNF:
λn → 0 (n → ∞) H ∑∞

n=1 λn = ∞. �OPb'� x0, y ∈ C, 'S��
 {xn} ⊂ C 9*
xn+1 = λn+1y + (1 − λn+1)Tn+1xn, ∀n ≥ 0, �> Tn = Tn(mod N). 93�;� i = 1, 2, . . . , N ,

lim
n→∞ ||xn − Tixn|| = 0, (3.1)

I xn → Py, �> P ,Q H 8 F :=
⋂N

i=1 F (Ti) :�<=.
qr Q (3.1) R<i, �;� i = 1, 2, . . . , N ,

lim sup
n→∞

||Tn+1xn − TiTn+1xn||
= lim sup

n→∞
||Tn+1xn − Tn+1Tixn|| ≤ lim sup

n→∞
||xn − Tixn|| = lim

n→∞ ||xn − Tixn|| = 0.

)'C 2.1 >w {Gγ}γ∈Γ = {T1, T2, . . . , TN}, Izw 3.4 �dwQ'C 2.1 }xy<.
zw 3.4 kt.
| 1 (1) zw 3.4 , O’Hara, Pillay, Xu [4] >�'C 3.3. c)v�'Cy8�''C 2.1

�zwP<c.
(2) 'C 2.1 qz|�}~�' [2, 3, 6, 8] >�~x�d3.
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