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Abstract With the help of the cycled numbers, two higher-dimensional loop algebras
are constructed, whose dimension numbers are 5(s+1) and 4(s+1), respectively. For
the sake of simple calculation, we only take s = 1 in the paper for illustrating their
applications. By employing the first loop algebra Ã∗

1, a generalized AKNS hierarchy is
obtained, possessing 4-Hamiltonian structure, which is also reduced to the well-known
AKNS hierarchy. By making use of the second loop algebra Ã∗

2, a new integrable hier-
archy with 4-potential functions is generated, also possessing 4-Hamiltonian structure,
which is redued to a nonlinear couled Burgers equation and a coupled KdV equation,
respectively.
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�'��()*�	'(+��
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�265 [12], �	34
5, +������/

�)�/�
�75 [13−15]. 
186793�/�
�75� Hamilton �:. 0�;<3.
68, =�>9:;?�@ loop �� Ã1 A loop �� Ã2 :<�B)=�CD1 5(s + 1) �
4(s + 1) � loop ��, 3E� s F>�.?@GHA�. 0B	
ICJ, DKL s = 1 �E
F. 3-+�MN9�B. loop �� Ã∗

1 � Ã∗
2. G Ã∗

1 ���*� 10 .'(+�CO�PH
AKNS 
��, QIR� AKNS 
��S1J�.KT. G loop �� Ã∗

2 ���*� 4 '(+
�CO�
�
��, GU
CDL�0GMN Burgers 
��26� KdV 
�.

1 Loop no Ã∗
1 Æpqr

OP, N9;?��VH.
st 1 �W {ε0, ε1, . . . , εs} X0;?�, ��QYZ)0[

εiεj =

{
εi+j , i+ j ≤ s,

εi+j−s−1, i+ j ≥ s+ 1,
(1)

J� εi �= 0, 0 ≤ i ≤ s, εk �= εj , k �= j.

st 2 \:?@R�A]� a, b, S i = j, a = b, VH

aεi = bεj (2)

�^C_TU`1

i = j, a = b. (3)

st 3 �� {e1, e2, . . . , en}1 Lie�� An−1 ��.���,VH�.V� Lie�� A∗
n−1,

JWX0

εkei, k = 0, 1, 2, . . . , s; i = 1, 2, . . . , n, (4)

a'YZVH0

[εkei, εlej ] =

{
εk+l[ei, ej ], k + l ≤ s,

εk+l−s−1[ei, ej ], k + l ≥ s+ 1.
(5)

3E i �= j. [B� loop �� Ã∗
n−1 VH0

εkei(m), k = 0, 1, 2, . . . , s; i = 1, 2, . . . , n; m = 0,±1,±2, . . . , (6)

J��a'YZ0

[εkei(m), εlej(n)] = [εkei, εlej ]λm+n, (7)

:1��

a(x, t)εkei(m) = b(x, t)εlei(n) (8)

0[Sb

k = l, m = n, a(x, t) = b(x, t). (9)

3E a(x, t), b(x, t) 0?@+�.
KL�.K\� loop �� Ã∗

1:

εkh(0,m), εkh(1,m), εke(0,m), εke(1,m), εkf(0,m), εkf(1,m),

k = 0, 1, 2, . . . , s; m = 0,±1,±2, . . . , (10)
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J�

h(0,m) =
(
λ2m 0
0 −λ2m

)
, h(1,m) =

(
λ2m+1 0

0 −λ2m+1

)
, e(0,m) =

(
0 λ2m

0 0

)
,

e(1,m) =
(

0 λ2m+1

0 0

)
, f(0,m) =

(
0 0
λ2m 0

)
, f(1,m) =

(
0 0

λ2m+1 0

)
.

jbcY� loop �� (d s = 1), ekQY��fg8⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ϕx = Uϕ, λt = 0,

U = ε0h(1, 0) + (ε0q0 + ε1q1)e(0, 0) + (ε0r0 + ε1r1)f(0, 0)

+ (ε0v0 + ε1v1)e(1,−1) + (ε0w0 + ε1w1),

f(1,−1) + (ε0s0 + ε1s1)h(1,−1).

(11)

e V =
∑

m≥0[(ε0a(0,m) + ε1a(1,m))h(0,−m) + (ε0b(0,m) + ε1b(1,m))h(1,−m) + (ε0g(0,m) +
ε1c(1,m))e(0,−m)+ (ε0d(0,m)+ ε1d(1,m))e(1,−m)+ (ε0g(0,m)+ ε1g(1,m))f(0,−m)+ (ε0p(0,
m) + ε1p(1,m))f(1,−m)], 7QYlhmin
�

Vx = [U, V ] (12)

�o

ax(0,m)=q0g(0,m)+q1g(1,m)−r0c(0,m)−r1c(1,m)+v0p(0,m)+v1p(1,m)−w0d(0,m)−w1d(1,m),
ax(1,m)=q0g(1,m)+q1g(0,m)−r0c(1,m)−r1c(0,m)+v0p(1,m)+v1p(0,m)+w0d(1,m)+w1d(0,m),
bx(0,m+ 1) = q0p(0,m+ 1) + q1p(1,m+ 1) − r0d(0,m+ 1) − r1d(1,m+ 1) + v0g(0,m)

+v1g(1,m) − w0c(0,m) − w1c(1,m),
bx(1,m+ 1) = q0p(1,m+ 1) + q1p(0,m+ 1) − r0d(1,m+ 1) − r1d(0,m+ 1) + v0g(1,m)

+v1g(0,m) − w0c(1,m) − w1c(0,m),
cx(0,m)=2d(0,m+ 1)−2q0a(0,m)−2q1a(1,m)−2v0b(0,m)−2v1b(1,m)+2s0d(0,m)+2s1d(1,m),
2d(1,m+ 1)=cx(1,m)+2q0a(1,m)+2q1a(0,m)+2v0b(1,m)+2v1b(0,m)−2s0d(1,m)−2s1d(0,m),
dx(0,m+ 1) = 2c(0,m+ 1) − 2q0b(0,m+ 1) − 2q1b(1,m+ 1) − 2v0a(0,m) − 2v1a(1,m)

+2s0c(0,m) + 2s1c(1,m),
dx(1,m+ 1) = 2c(1,m+ 1) − 2q0b(1,m+ 1) − 2q1b(0,m+ 1) − 2v0a(1,m) − 2v1a(0,m)

+2s0c(1,m) + 2s1c(0,m),
2p(0,m+1)=−gx(0,m)+2r0a(0,m)+2r1a(1,m)+2w0b(0,m)+2w1b(1,m)−2s0p(0,m)−2s1p(1,m),
2p(1,m+1)=−gx(1,m)+2r0a(1,m)+2r1a(0,m)+2w0b(1,m)+2w1b(0,m)−2s0p(1,m)−2s1p(0,m),
2g(0,m+ 1) = −px(0,m+ 1) + 2r0b(0,m+ 1) + 2r1b(1,m+ 1) + 2w0a(0,m) + 2w1a(1,m)

−2s0g(0,m) − 2s1g(1,m),
2g(1,m+ 1) = −px(1,m+ 1) + 2r0b(1,m+ 1) + 2r1b(0,m+ 1) + 2w0a(1,m) + 2w1a(0,m)

−2s0g(1,m) − 2s1g(0,m),
a(0, 0) = α =const., a(1, 0) = β =const., c(0, 0) = c(1, 0) = d(0, 0) = d(1, 0) = p(1, 0) = p(0, 0)

= g(0, 0) = g(1, 0) = b(0, 0) = b(1, 0) = 0,
d(0, 1) = αq0 + βq1, d(1, 1) = αq1 + βq0, p(0, 1) = αr0 + βr1, p(1, 1) = αr1 + βr0,

b(0, 1) = b(1, 1) = 0, g(0, 1) = −α
2
r0x − β

2
r1x + αw0 + βw1,

g(1, 1) = −α
2
r1x − β

2
r0x + αw1 + βw0, c(0, 1) =

1
2
(αq0x + βq1x) + αv0 + βv1,

c(1, 1) =
1
2
(αq1x + βq0x) + αv1 + βv0, a(0, 1) = −α

2
(q0r0 + q1r1) − β

2
(q0r1 + q1r0),
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a(1, 1) = −α
2

(q0r1 + r0q1)− β

2
(q0r0 + q1r1). (13)

p⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

V
(n)
+ =

n∑
m=0

[(ε0a(0,m) + ε1a(1,m))h(0, n−m) + (ε0b(0,m) + ε1b(1,m))h(1, n−m)

+ (ε0c(0,m)+ε1c(1,m))e(0, n−m)+(ε0d(0,m)+ε1d(1,m))e(1, n−m)+(ε0g(0,m)

+ ε1g(1,m))f(0, n−m) + (ε0p(0,m) + ε1p(1,m))f(1, n−m)],

V
(n)
− = λ2nV − V (n),


� (12) 
j0

−V (n)
+x + [U, V (n)

+ ] = V
(n)
−x − [U, V (n)

− ]. (14)

klmn (14) ��oqrWs�2:�: −1, pqrWs�q:�: 0. rUopBqr
Ws�0 −1, 0. stkZ/

−V (n)
+x +[U, V (n)

+ ]=[ε0bx(0, n+1)+ε1bx(1, n+1)−ε0q0p(0, n+1)−ε1q0p(1, n+1)−ε1q1p(0, n+1)
−ε0q1p(1, n + 1) + ε0r0d(0, n + 1) + ε1r0d(1, n + 1) + ε1r1d(0, n + 1) + ε0r1d(1, n + 1)]h(1,−1)
+[ε0dx(0, n+1)+ε1dx(1, n+1)−2ε0c(0, n+1)− 2ε1c(1, n+1)+2ε0q0b(0, n+1) +2ε1q0b(1, n + 1) +
2ε1q1b(0, n + 1) + 2ε0q1b(1, n + 1)]e(1,−1) + [ε0px(0, n + 1) + ε1px(1, n + 1) + 2ε0g(0, n + 1) +
2ε1g(1, n + 1) −2ε0r0b(0, n + 1)−2ε1r0b(1, n + 1)−2ε1r1b(0, n + 1)−2ε0r1b(1, n + 1)]f(1,−1) −
[2ε0d(0, n+ 1) + 2ε1d(1, n+ 1)]e(0, 0) + [2ε0p(0, n+ 1) + 2ε1p(1, n+ 1)]f(0, 0).

d V (n) = V
(n)
+ , Gmin
�

Ut − V (n)
x + [U, V (n)] = 0 (15)

u9
��

ut=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

q0
q1
r0
r1
v0
v1
w0

w1

s0
s1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

t

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2d(0, n+ 1)
2d(1, n+ 1)
−2p(0, n+ 1)
−2p(1, n+ 1)

−dx(0, n+ 1) + 2c(0, n+ 1) − 2q0b(0, n+ 1) − 2q1b(1, n+ 1)
−dx(1, n+ 1) + 2c(1, n+ 1) − 2q0b(1, n+ 1) − 2q1b(0, n+ 1)
−px(0, n+ 1) − 2g(0, n+ 1) + 2r0b(0, n+ 1) + 2r1b(1, n+ 1)
−px(1, n+ 1) − 2g(1, n+ 1) + 2r0b(1, n+ 1) + 2r1b(0, n+ 1)

−bx(0, n+ 1) + q0p(0, n+ 1) + q1p(1, n+ 1)−r0d(0, n+ 1)−r1d(1, n+ 1)
−bx(1, n+ 1) + q0p(1, n+ 1) + q1p(0, n+ 1)−r0d(1, n+ 1)−r1d(0, n+ 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 2 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 −2 0 0 0 0 0
0 0 0 0 0 −2 0 0 0 0
0 0 2 0 0 0 −∂ 0 −q0 −q1
0 0 0 2 0 0 0 −∂ −q1 −q0
−2 0 0 0 −∂ 0 0 0 r0 r1
0 −2 0 0 0 −∂ 0 0 r1 r0
0 0 0 0 q0 q1 −r0 −r1 −∂

2 0
0 0 0 0 q1 q0 −r1 −r0 0 −∂

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g(0, n+ 1)
g(1, n+ 1)
c(0, n+ 1)
c(1, n+ 1)
p(0, n+ 1)
p(1, n+ 1)
d(0, n+ 1)
d(1, n+ 1)
2b(0, n+ 1)
2b(1, n+ 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= J1Gn1
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=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 2 0 0 0
0 0 0 0 0 −2 0 0 0 0
0 0 0 0 −2 0 0 0 0 0
0 0 0 2 0 0 0 −∂ −q1 −q0
0 0 2 0 0 0 −∂ 0 −q0 −q1
0 −2 0 0 0 −∂ 0 0 r1 r0
−2 0 0 0 −∂ 0 0 0 r0 r1
0 0 0 0 q1 q0 −r1 −r0 0 −∂

2

0 0 0 0 q0 q1 −r0 −r1 −∂
2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g(1, n+ 1)
g(0, n+ 1)
c(1, n+ 1)
c(0, n+ 1)
p(1, n+ 1)
p(0, n+ 1)
d(1, n+ 1)
d(0, n+ 1)
2b(1, n+ 1)
2b(0, n+ 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= J2Gn2

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2d(0, n+ 1)
2d(1, n+ 1)
−2p(0, n+ 1)
−2p(1, n+ 1)

2v0a(0, n) + 2v1a(1, n) − 2s0c(0, n) − 2s1c(1, n)
2v0a(1, n) + 2v1a(0, n) − 2s0c(1, n) − 2s1c(0, n)

−2w0a(0, n) − 2w1a(1, n) + 2s0g(0, n) + 2s1g(1, n)
−2w0a(1, n) − 2w1a(0, n) + 2s0g(1, n) + 2s1g(0, n)

−v0g(0, n) − v1g(1, n) + w0c(0, n) + w1c(1, n)
−v0g(1, n) − v1g(0, n) + w0c(1, n) + w1c(0, n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 2 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 0
0 −2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2s0 −2s1 v0 v1
0 0 0 0 0 0 −2s1 −2s0 v1 v0
0 0 0 0 2s0 2s1 0 0 −w0 −w1

0 0 0 0 2s1 2s0 0 0 −w1 −w0

0 0 0 0 −v0 −v1 w0 w1 0 0
0 0 0 0 −v1 −v0 w1 w0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p(0, n+ 1)
p(1, n+ 1)
d(0, n+ 1)
d(1, n+ 1)
g(0, n)
g(1, n)
c(0, n)
c(1, n)
2a(0, n)
2a(1, n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= J3Gn3

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 2 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0
0 −2 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2s1 −2s0 v1 v0
0 0 0 0 0 0 −2s0 −2s1 v0 v1
0 0 0 0 2s1 2s0 0 0 −w1 −w0

0 0 0 0 2s0 2s1 0 0 −w0 −w1

0 0 0 0 −v1 −v0 w1 w0 0 0
0 0 0 0 −v0 −v1 w0 w1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p(1, n+ 1)
p(0, n+ 1)
d(1, n+ 1)
d(0, n+ 1)
g(1, n)
g(0, n)
c(1, n)
c(0, n)
2a(1, n)
2a(0, n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=J4Gn4, (16)

J� Ji (i = 1, 2, 3, 4) 1 Hamilton Z�. vw (13) �, ���.xtZ�

L = (lij)10×10, (17)

u L yv Gn1 = LGn3, Gn3 = LGn−1,1, Gn2 = LGn4, Gn4 = LGn−1,2. 3E

l11 = −∂
2

+ r0∂
−1q0 + r1∂

−1q1, l12 = r0∂
−1q1 + r1∂

−1q0, l13 = −r0∂−1r0 − r1∂
−1r1,

l14 = −r0∂−1r1 − r1∂
−1r0, l15 = r0∂

−1v0 + r1∂
−1v1 − s0, l16 = r0∂

−1v1 + r1∂
−1v0 − s1,

l17 = −r0∂−1w0 − r1∂
−1w1, l18 = −r0∂−1w1 − r1∂

−1w0, l19 =
w0

2
, l1,10 =

w1

2
,

l21 = r0∂
−1q1 + r1∂

−1q0, l22 = −∂
2

+ r0∂
−1q0 + r1∂

−1q1,
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l23 = −r0∂−1r1 − r1∂
−1r0, l24 = −r0∂−1r0 − r1∂

−1r1, l25 = r0∂
−1v1 + r1∂

−1v0 − s1,

l26 = r0∂
−1v0 + r1∂

−1v1 − s0, l27 = −r0∂−1w1 − r1∂
−1w0, l28 = −r0∂−1w0 − r1∂

−1w1,

l29 =
w1

2
, l2,10 =

w0

2
, l31 = q0∂

−1q0 + q1∂
−1q1, l32 = q0∂

−1q1 + q1∂
−1q0,

l33 =
∂

2
− q0∂

−1r0 − q1∂
−1r1, l34 = −q0∂−1r1 − q1∂

−1r0, l35 = q0∂
−1v0 + q1∂

−1v1,

l36 = q0∂
−1v1 + q1∂

−1v0, l37 = −q0∂−1w0 − q1∂
−1w1 − s0,

l38 = −q0∂−1w1 − q1∂
−1w0 − s1, l39 =

v0
2
, l3,10 =

v1
2
,

l41 = q0∂
−1q1 + q1∂

−1q0, l42 = q0∂
−1q0 + q1∂

−1q1,

l43 = −q0∂−1r1 − q1∂
−1r0, l44 =

∂

2
− q0∂

−1r0 − q1∂
−1r1,

l45 = q0∂
−1v1 + q1∂

−1v0, l46 = q0∂
−1v0 + q1∂

−1v1,

l47 = −q0∂−1w1 − q1∂
−1w0 − s1, l48 = −q0∂−1w0 − q1∂

−1w1 − s0,

l49 =
v1
2
, l4,10 =

v0
2
, l51 = 1, l52 = · · · = l5,10 = 0,

l61 = 0, l62 = 1, l63 = · · · = l6,10 = 0, l73 = 1, l71 = l72 = l74 = · · · = l7,10 = 0,
l84 = 1, l81 = l82 = l83 = l85 = · · · = l8,10 = 0,
l91 = 2∂−1q0, l92 = 2∂−1q1, l93 = −2∂−1r0, l94 = −2∂−1r1,

l95 = 2∂−1v0, l96 = 2∂−1v1, l97 = −2∂−1w0, l98 = −2∂−1w1,

l99 = l9,10 = 0, l10,1 = 2∂−1q1, l10,2 = 2∂−1q0, l10,3 = −2∂−1r1,

l10,4 = −2∂−1r0, l10,5 = 2∂−1v1, l10,6 = 2∂−1v0,

l10,7 = −2∂−1w1, l10,8 = −2∂−1w0, l10,9 = l10,10 = 0.
:1, )* (16) 
j0

ut = J1LGn3 = J1L
2Gn−1,1 = J1L

2n

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g(0, 1)
g(1, 1)
c(0, 1)
c(1, 1)
p(0, 1)
p(1, 1)
d(0, 1)
d(1, 1)
2b(0, 1)
2b(1, 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= J2L
2n

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g(1, 1)
g(0, 1)
c(1, 1)
c(0, 1)
p(1, 1)
p(0, 1)
d(1, 1)
d(0, 1)
2b(1, 1)
2b(0, 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (18)

w0)* (18) �L�EF, d q0 = r0 = v0 = v1 = w0 = w1 = s0 = s1 = 0, x��IR�
AKNS 
��

ut=
(
q1
r1

)
t

=
(

2d(1, n+ 1)
−2p(1, n+ 1)

)
=
(

0 2
−2 0

)⎛⎜⎝
∂

2
+ r1∂

−1q1 −r1∂−1r1

q1∂
−1q1

∂

2
− q1∂

−1r1

⎞
⎟⎠(g(1, n)

c(1, n)

)
.

stkZ�〈
V,
∂U

∂q0

〉
=ε0g(0) + ε1g(1) + (ε0p(0)+ε1p(1))λ,

〈
V,
∂U

∂q1

〉
=ε1g(0) + ε0g(1) + (ε1p(0)+ε0p(1))λ,〈

V,
∂U

∂r0

〉
=ε0c(0) + ε1c(1) + (ε0d(0)+ε1d(1))λ,

〈
V,
∂U

∂r1

〉
=ε0c(1) + ε1c(0) + (ε0d(1)+ε1d(0))λ,〈

V,
∂U

∂v0

〉
= ε0p(0) + ε1p(1) +

ε0g(0) + ε1g(1)
λ

,
〈
V,
∂U

∂v1

〉
= ε0p(1) + ε1p(0) +

ε1g(0) + ε0g(1)
λ

,〈
V,

∂U

∂w0

〉
= ε0d(0) + ε1d(1)+

ε0c(0) + ε1c(1)
λ

,
〈
V,

∂U

∂w1

〉
= ε0d(1) + ε1d(0) +

ε1c(0)+ε0c(1)
λ

,
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〈
V,
∂U

∂s0

〉
= 2ε0b(0)+2ε1b(1)+2

ε0a(0) + ε1a(1)
λ

,
〈
V,
∂U

∂s1

〉
=2ε0b(1)+2ε1b(0)+2

ε1a(0) + ε0a(1)
λ

,〈
V,
∂U

∂λ

〉
=2ε0a(0) + 2ε1a(1)− 1

λ2
[2ε0s0a(0) + 2ε1s1a(0) + 2ε1s0a(1) + 2ε0s1a(1) + ε0w0c(0)

+ε1w1c(0)+ε1w0c(1)+ε0w1c(1)+ε0v0g(0)+ε0v1g(1)+ε1v0g(1)+ε1v1g(0)]

+(2ε0b(0)+2ε1b(1))λ− 1
λ

[2ε0s0b(0)+2ε0s1b(1)+2ε1s0b(1)+2ε1s1b(0)+ε0w0d(0)
+ε0w1d(1)+ε1w0d(1)+ε1w1d(0)+ε0v0p(0)+ε0v1p(1)+ε1v0p(1)+ε1v1p(0)].

-cY�kZ���yz{���
δ

δu
(2b(0, n+ 2) − 2s0b(0, n+ 1) − 2s1b(1, n+ 1) + w0d(0, n+ 1) + w1d(1, n+ 1)

+v0p(0, n+1)+v1p(1, n+1)) = (−2n−2+γ)Gn1, (19)
δ

δu
(2b(1, n+ 2) − 2s0b(1, n+ 1) − 2s1b(0, n+ 1) + w0d(1, n+ 1) + w1d(0, n+ 1)

+v0p(1, n+1)+v1p(0, n+1)) = (−2n−2+γ)Gn2, (20)
δ

δu
(2a(0, n+ 1) − 2s0a(0, n) − 2s1a(1, n) + w0c(0, n) + w1c(1, n) + v0g(0, n) + v1g(1, n))
= (−2n− 1 + γ)Gn3, (21)

δ

δu
(2a(1, n+ 1) − 2s1a(0, n) + 2s0a(1, n) + w1c(0, n) + w0c(1, n) + v0g(1, n) + v1g(0, n))
= (−2n− 1 + γ)Gn4. (22)

d n = 0 � γ = 0. :1+���)* (18) �yvQYZ)� 4-Hamilton �:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

δH(1, n)
δu

= Gn1,

H(1, n) =
1

2n+ 2
(2s0b(0, n+ 1) − 2b(0, n+ 2) + 2s1b(1, n+ 1)

− w0d(0, n+ 1) − w1d(1, n+ 1) − v0p(0, n+ 1) − v1p(1, n+ 1)),⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

δH(2, n)
δu

= Gn2,

H(2, n) =
1

2n+ 2
(2s0b(1, n+ 1) − 2b(1, n+ 2) + 2s1b(0, n+ 1)

− w0d(1, n+ 1) − w1d(0, n+ 1) − v0p(1, n+ 1) − v1p(0, n+ 1)),⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

δH(3, n)
δu

= Gn3,

Gn3 =
1

2n+ 1
(2s0a(0, n) − 2a(0, n+ 1) + 2s1a(1, n) − w0c(0, n)

− w1c(1, n) − v0g(0, n) − v1g(1, n)),⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

δH(4, n)
δu

=Gn4,

Gn4=
1

2n+ 1
(−2a(1, n+ 1) + 2s1a(0, n) − 2s0a(1, n) − w1c(0, n)

− w0c(1, n) − v0g(1, n) − v1g(0, n)).

)* (18) � 4-Hamilton �:0

ut = J1
δH(1, n)

δu
= J2

δH(2, n)
δu

= J3
δH(3, n)

δu
= J4

δH(4, n)
δu

.

2 uvwxyz Schrödinger {z| MKdV {z
KLQY� loop �� Ã∗

2:

εkh±(m), εke±(m), k = 0, 1, 2, . . . , s; m = 0,±1,±2, . . . , (23)
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Ja'YZ0

[εkh+(m), εlh−(n)] = 0, [εkh+(m), εle±(n)] =

{
4εk+le∓(m+ n), k + l ≤ s,

4εk+l−s−1e∓(m+ n), k + l ≥ s+ 1,

[εkh−(m), εle±(n)] =

{
2εk+le∓(m+ n), k + l ≤ s,

2εk+l−s−1e∓(m+ n), k + l ≥ s+ 1,

[εke−(m), εle+(n)] =

{
2εk+lh+(m+ n), k + l ≤ s,

2εk+l−s−1h+(m+ n), k + l ≥ s+ 1,

J� [17]

h±=

⎛
⎝ 1 0 ±1

0 −2 0
±1 0 1!

⎞
⎠, e±=

⎛
⎝ 0 1 0
±1 0 ±1
0 1 0

⎞
⎠, h±(n)=λnh±, e±(n)=λne±, n = 0,±1,±2, . . . .

G Ã∗
2 (d s = 1), NV�fg8:

ψx = Uψ, λt=0, U = ε0h+(1) + (ε0q0+ε1q1)e+(0) + (ε0r0 + ε1r1)e−(0). (24)
e V =

∑
m≥0((ε0a(0,m)+ε1a(1,m))h+(−m)+(ε0b(0,m) + ε1b(1,m))e+(−m) + (ε0c(0,m) +

ε1c(1,m))e−(−m)), o){: (12) �
��
ax(0,m) = −2q0c(0,m) − 2q1c(1,m) + 2r0b(0,m) + 2r1b(1,m),
ax(1,m) = −2q0c(1,m) − 2q1c(0,m) + 2r0b(1,m) + 2r1b(0,m),

c(0,m+1) = −1
4
bx(0,m)−r0a(0,m)−r1a(1,m), c(1,m+1) = −1

4
bx(1,m)−r0a(1,m)−r1a(0,m),

b(0,m+1)=−1
4
cx(0,m)−q0a(0,m)−q1a(1,m), b(1,m+1)=−1

4
cx(1,m)−q0a(1,m)−q1a(0,m),

a(0, 0) = α = const., a(1, 0) = β = const., b(0, 0) = b(1, 0) = c(0, 0) = c(1, 0) = 0,
c(0, 1) = αr0 + βr1, c(1, 1) = αr1 + βr0, b(0, 1) = αq0 + βq1,

b(1, 1) = αq1+βq0, a(1, 1) = a(0, 1) = 0. (25)
stkZ�

−(λnV )+x+[U, (λnV )+]
= −4(ε0b(0, n+1)+ ε1b(1, n+1))e−(0)−4(ε0c(0, n+1)+ε1c(1, n+1))e+(0). (26)

:1, Gmin
��

ut =

⎛
⎜⎜⎝

q0
q1
r0
r1

⎞
⎟⎟⎠

t

=

⎛
⎜⎜⎝

1
4bx(0, n) + r0a(0, n) + r1a(1, n)
1
4bx(1, n) + r0a(1, n) + r1a(0, n)
1
4cx(0, n) + q0a(0, n) + q1a(1, n)
1
4cx(1, n) + q0a(1, n) + q1a(0, n)

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

∂
16+

1
2 r0∂−1r0+

1
2 r1∂−1r1

1
2 r0∂−1r1+

1
2 r1∂−1r0

1
2 r0∂−1q0+

1
2 r1∂−1q1

1
2 r0∂−1q1+

1
2 r1∂−1q0

1

2
r0∂

−1
r1+

1

2
r1∂

−1
r0

∂
16+ 1

2 r0∂−1r0+
1
2 r1∂−1r1

1
2 r0∂−1q1+

1
2 r1∂−1q0

1
2 r0∂−1q0+

1
2 r1∂−1q1

1
2 q0∂−1r0+

1
2 q1∂−1r1

1
2 q0∂−1r1+

1
2 q1∂−1r0 −∂

16+ 1
2 q0∂−1q0+

1
2 q1∂−1q1

1
2 q0∂−1q1+

1
2 q1∂−1q0

1
2 q0∂−1r1+

1
2 q1∂−1r0

1
2 q0∂−1r0+

1

2
q1∂

−1
r1

1
2 q0∂−1q1+

1
2 q1∂−1q0 −∂

16+
1
2 q0∂−1q0+

1
2 q1∂−1q1

⎞
⎟⎟⎠

·
(

4b(0, n)
4b(1, n)
−4c(0, n)
−4c(1, n)

)
= J1Fn1

=
1
4

⎛
⎝ 2r0∂−1r1+2r1∂−1r0

∂
4 +2r0∂−1r0+2r1∂−1r1 2r0∂−1q1+2r1∂−1q0 2r0∂−1q0 + 2r1∂−1q1

∂
4+2r0∂−1r0+2r1∂−1r1 2r0∂−1r1+2r1∂−1r0 2r0∂−1q0+2r1∂−1q1 2r0∂−1q1+2r1∂−1q0

2q0∂−1r1+2q1∂−1r0 2q0∂−1r0+2q1∂−1r1 2q0∂−1q1+2q1∂−1q0 − ∂
4 +2q0∂−1q0+2q1∂−1q1

2q0∂−1r0+2q1∂−1r1 2q0∂−1r1+2q1∂−1r0 −∂
4+2q0∂−1q0 + 2q1∂−1q1 2q0∂−1q1+2q1∂−1q0

⎞
⎠

·
(

4b(1, n)
4b(0, n)
−4c(1, n)
−4c(0, n)

)
= J2Fn2, (27)
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3E J1 � J2 1 Hamilton Z�. vw (25) �, +����.xtZ�

L = (lij)4×4, (28)

J�

l11 = 2q0∂−1r0 + 2q1∂−1r1, l12 = 2q0∂−1r1 + 2q1∂−1r0,

l13 =
∂

4
+ 2q0∂−1q0 + 2q1∂−1q1, l14 = 2q0∂−1q1 + 2q1∂−1q0,

l21 = 2q0∂−1r1 + 2q1∂−1r0, l22 = 2q0∂−1r0 + 2q1∂−1r1,

l23 = 2q0∂−1q1 + 2q1∂−1q0, l24 = −∂
4

+ 2q0∂−1q0 + 2q1∂−1q1,

l31 =
∂

4
+ 2r0∂−1r0 + 2r1∂−1r1, l32 = 2r0∂−1r1 + 2r1∂−1r0,

l33 = 2r0∂−1q0 + 2r1∂−1q1, l34 = 2r0∂−1q1 + 2r1∂−1q0,

l41 = 2r0∂−1r1 + 2r1∂−1r0, l42 =
∂

4
+ 2r0∂−1r0 + 2r1∂−1r1,

l43 = 2r0∂−1q0 + 2r1∂−1q1, l44 = 2r0∂−1q1 + 2r1∂−1q0.

rU, )* (27) 
j0

ut=J1L
n−1

⎛
⎜⎜⎝

4αq0 + 4βq1
4αq1 + 4βq0
−4αr0 − 4βr1
−4αr1 − 4βr0

⎞
⎟⎟⎠ = J2L

n−2

⎛
⎜⎜⎝

4αq1 + 4βq0
4αq0 + 4βq1
−4αr1 − 4βr0
−4αr0 − 4βr1

⎞
⎟⎟⎠ . (29)

||kZ/〈
V,
∂U

∂q0

〉
= 4ε0b(0) + 4ε1b(1),

〈
V,
∂U

∂q1

〉
= 4ε1b(0) + 4ε0b(1),

〈
V,
∂U

∂r0

〉
= −4ε0c(0) − 4ε1c(1),

〈
V,
∂U

∂r1

〉
= −4ε1c(0) − 4ε0c(1),〈

V,
∂U

∂λ

〉
= 8(ε0a(0) + ε1a(1)),

J�

a(0) =
∑
m≥0

a(0,m)λ−m, a(1) =
∑
m≥0

a(1,m)λ−m, . . . .

-cY�kZ���yz{��, �

δ

δu

(〈
V,
∂U

∂λ

〉)
= λ−γ ∂

∂λ
λγ

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

〈
V,
∂U

∂q0

〉
〈
V,
∂U

∂q1

〉
〈
V,
∂U

∂r0

〉
〈
V,
∂U

∂r1

〉

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (30)

}~ (30) �� λ−2n−1 �)�, �
δ

δu
(8a(0, n+ 1)) = (−n+ γ)Fn1, (31)

δ

δu
(8a(1, n+ 1)) = (−n+ γ)Fn2. (32)

G (25) ����}/ γ = 0. :1, +����)* (29) � Hamilton �:

ut = J1
δH(1, n)

δu
= J2

δH(2, n)
δu

, (33)

3E H(1, n) = −8a(0,n+1)
n , H(2, n) = −8a(1,n+1)

n .
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d q = r1 = 0, )* (29) L�0

ut =
(
q0
r0

)
t

=

⎛
⎜⎝

∂

16
+

1
2
r0∂

−1r0 −1
2
r0∂

−1q0
1
2
q0∂

−1r0
∂

16
− 1

2
q0∂

−1q0

⎞
⎟⎠
⎛
⎜⎝ −2q0∂−1r0

∂

4
− 2q0∂−1q0

∂

4
+2r0∂−1r0 2r0∂−1q0

⎞
⎟⎠

·
(

4b(0, n− 1)
−4c(0, n− 1)

)
= J̃ L̃

(
4b(0, n− 1)
−4c(0, n− 1)

)
. (34)

~)* (34) �d n = 2, ��26� Burgers 
�⎧⎨
⎩
q0t = − α

16
r0xx +

α

4
r0(q20 − r20),

r0t = − α

16
q0xx +

α

4
q0(q20 − r20).

d n = 3, )* (34) ML�026 KdV 
�⎧⎨
⎩
q0t =

α

64
q0xxx − α

16
q0x(q20 − r20) −

α

8
q0(q0q0x − r0r0x),

r0t =
α

64
r0xxx − α

16
r0x(q20 − r20) −

α

8
r0(q0q0x − r0r0x).
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