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Im
α,bf(x) =

∫
Rn [b(x) − b(y)]m f(y)

|x−y|n−α dy, �C b ∈ BMO(Rn).

� m = 1, � I1
α,b = [b, Iα]. 1982 �, Chanillo [1] D��������;�	
; [b, Iα] �

�E�� [b, Iα] �� Lp(Rn) � Lq(Rn) ��F��;, �C 1 < p < n/α, 1/q = 1/p − α/n.

Zhang [2] � Cruz–Uribe Sfo � Fioenza [3] �����������;	
; [b, Iα] � !"
# !"#�� [b, Iα] $� (L1, Ln/(n−α),∞) F�.

%$, Coifman, Rochberg, Weiss [4] ��� Calderón–Zygmund %&��	
;�� Lp F
�'. 1995 �, Pérez [5] E�%&��	
;� Orlicz (& L log L(Rn) �) L1(Rn) ��GH.
1996 �, Bramanti � Christina [6] E��%&��	
;I Lp(X) �F�,  !*+ [7] "��

�������;�	
;�I,-(&C� (Lp, Lq) F�'. '., Chen � Sawyer [8] (�

%&���;	
;I,-(&C� !"#. /0 [9, 10] 1), *0+23������;�
	
;I,-(&� !"#. I45*0�J6,-7, 89D�:.;�/0.

12 X ��<3= d �>4� d : X ×X → [0,∞),  !?K
(i) d(x, y) = 0 ��5� x = y;
(ii) 6L@F x, y ∈ X, F d(x, y) = d(y, x);
(iii) 7I8� κ ≥ 1, A(6L@F x, y, z ∈ X, F d(x, y) ≤ κ[d(x, z) + d(y, z)]. 9 (X, d, μ)

�,-(&�12 X, <3= d B���I X ��:;?KC<D= Borel >3 μ, ?6L@
F� x ∈ X � r > 0, F μ(B(x, 2r)) ≤ C1μ(B(x, r)).

��,-(&�������	


Iαf(x) =
∫
X\ x

f(y)
d(x, y)1−α

dμ(y),

�C α ∈ (0, 1). ��,-(&��������;�	
;����@A�;�	
;���
Im
α,bf(x) =

∫
X\x

1
d(x, y)1−α

(b(x) − b(y))mf(y)dμ(y),
�

Mm
α,bf(x) = sup

B

1
μ(B)1−α

∫
B

|b(x) − b(y)|m|f(y)|dμ(y),

�C 0 < α < 1,m ∈ N. � m = 0, Mα ?�BC����@A�;.
MN 1 � (X, d, μ) �,-(&. O� b ∈ BMO(X, μ), 0 < α < 1 � Φ(t) = t(1 +

log+ t)m, m ∈ N, P6LEF� λ > 0, 7I8� C > 0, A(

μ({x ∈ X : |Im
α,bf(x)| > λ})1/(1−α) ≤ CΦ(Φ(‖b‖m

∗ ))
∥∥∥Φ

( |f |
λ

)∥∥∥
L1

[
1 + α log+

∥∥∥Φ
( |f |

λ

)∥∥∥
L1

]m

.

���@A�;�	
;"FGH,-:
MN 2 � (X, d, μ) �,-(&. � b ∈ BMO(X, μ), 0 < α < 1 � Φ(t) = t(1 +

log+ t)m, m ∈ N, P6LEF� λ > 0, 7I8� C > 0, A(

μ({x ∈ X : |Mm
α,bf(x)| > λ})1/(1−α) ≤ CΦ(Φ(‖b‖m

∗ ))
∥∥∥Φ

( |f |
λ

)∥∥∥
L1

[
1 + α log+

∥∥∥Φ
( |f |

λ

)∥∥∥
L1

]m

.

MN 3 � Φ(t) = t(1 + log+ t)m � Ψ(t) = Φ(Φ(t)), P7I8� C > 0, A(6L@F�
DFEQ1�F�4� f, F

sup
t>0

1
Ψ(1/t)

μ
(
y ∈ X : |Im

α,bf(y)| > t
)1/(1−α)

≤ CΨ(‖b‖m
∗ ) sup

t>0

1
Ψ(1/t)

μ
(
y ∈ X : ML(log L)m,αf(y) > t

)1/(1−α)

F�.
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2 STUV
*S+TPFU@A4�� Orlicz (&�FUWQ.
9 Φ(t)� Yong4�,	- Φ(t)I [0,∞)��RS�:;TVWX�U4�,�� Φ(0) = 0

�� t → ∞ !, Φ(t) → ∞.

*0CEX Young 4� Φ Y�C<�, "?6L t > 0, F Φ(2t) ≤ CΦ(t). ��4� f I
V B �� Φ WX�

‖f‖Φ,B = inf
{

λ > 0 :
1

μ(B)

∫
B

Φ
( |f(x)|

λ

)
dμ(x) ≤ 1

}
.

Orlicz (&C>ZY6�'Z�[� Hölder $\Y
1

μ(B)

∫
B

|fg|dμ(y) ≤ ‖f‖Φ,B‖g‖Φ̄,B ,

�C Φ̄ � ΦYoung ]4�.
GHL0 [6], Z+��@A4� Mf(x), sharp @A4� M �f(x) B�[+�<�^�@A

4��^� sharp @A4�, BMO(X, μ) 	


Mf(x) = sup
x∈B

1
μ(B)

∫
B

|f(y)|dμ(y), M �f(x) = sup
x∈B

1
μ(B)

∫
B

|f(y) − fB |dμ(y),

�C fB = μ(B)−1
∫

B
f(y)dμ(y) � X C�^�@A4��^� sharp @A4������

Mdf(x) = sup
x∈Q: Q⊂Dm

1
μ(B)

∫
B

|f(y)|dμ(y)

�

M �,df(x) = sup
x∈Q: Q⊂Dm

1
μ(B)

∫
B

|f(y) − fB |dμ(y),

[\ m �\>_��A:;]�FU
‖f‖∗ = sup

x
M �f(x) = sup

B

1
μ(B)

∫
B

|f(y)−fB |dμ(y), BMO(X, μ) = {f ∈ Lloc(X) : ‖f‖∗ < ∞},

�C Dm(m ∈ Z) .^ D =
⋃

m∈Z Dm, X C�>_^��`. UL X C�^��` X, a0

[6]. 
5D]�E��]�Y6bD [6].
`N 2.1 (a) � f � X CFEQ1�F�4�, P7Ia8� C F
5 “good-λ” $\Y

μ
({y ∈ X : Mdf(y) > λ,M �,d

δ f(y) ≤ ελ}) ≤ Cεμ
({y ∈ X : Mdf(y) > λ/2})

6L@F� λ, ε > 0 F�.
(b) � ϕ : (0,∞) → (0,∞) �C<4�, P7Ia�c68� C, A(

sup
λ>0

ϕ(λ)μ
({y ∈ X : Md

δ f(y) > λ}) ≤ C sup
λ>0

ϕ(λ)μ
({y ∈ X : M �,d

δ f(y) > λ})
6L@FA($\YbdF^�4� f F�.

��\ MΦ,Bf(x) = supB ‖f‖Φ,B �6<����@A�;
MΦ,α,Bf(x) = supB μ(B)α‖f‖Φ,B .

3 4c6def
`N 3.1[7] � 0 < α < 1, O� (X, d, μ) �,-(&.
(i) 	- f _L Lp, 1 < p < 1/α, P6Lef`> x ∈ X, Iαf(x) c6ab, 6Lg�� q

� 1/q = 1/p − α, F ‖Iαf(x)‖Lq ≤ C‖f(x)‖Lp .
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(ii) 	- f _L L1, P6Lef`> x ∈ X, Iαf(x) c6ab, 6L λ > 0, F μ
({x :

|Iαf(x)| > λ}) ≤ (C‖f‖L1

λ

)1/(1−α). �5$\YC� C \ f cU.
`N 3.2 � 0 < α < 1, P6LEF� 0 < δ < 1, 7I5\ δ FU�8� C > 0, A(6

L6L@F�DFEQ1�F�4� f, M �
δ (Iαf)(x) ≤ CMαf(x).

`N 3.2 ghi g� x ∈ X �>hi x �V B = B(x0, r), jF�6L 0 < δ < 1 �
a, b ∈ R, F$\Y ∣∣|a|δ − |b|δ∣∣ ≤ |a − b|δ. 5dE�(

1
μ(B)

∫
B

|Iαf(y) − λ|δdμ(y)
) 1

δ

≤ CMαf(x). (3.0)

+ f �`� f = f1 + f2 �C f1 = fχ2κB . e

λ =
1

μ(B)

∫
B

Iαf2(w)dμ(w),

P (
1

μ(B)

∫
B

|Iαf(y) − λ|δdμ(y)
) 1

δ

≤ Cδ

(
1

μ(B)

∫
B

|Iαf1(y)|δdμ(y)
) 1

δ

+ Cδ

(
1

μ(B)

∫
B

|Iαf(y) − λ|δdμ(y)
) 1

δ

= Cδ(I + II).
f� 0 < δ < 1 ��jF� Iα �) (1, q) -, q = 1/(1 − α). k Kolmogrov $\Y [9], P

I = μ(B)−1/q ‖[Iαf1]χB‖δ

μ(B)
1
δ −1/q

≤ Cμ(B)α−1‖Iαf1‖WLq

≤ Cμ(B)α−1

∫
2κB

|f(y)|dμ(y) ≤ CMαf(x).

g"# II, 6LEF� y ∈ B, hi |Iαf2(y) − λ|. f� x0, y, w ∈ B(x, r) � z ∈
X\(2κB(x0, r)) , jW d(w, z) > κd(y,w) � d(x0, z) ∼ d(x, z) ∼ d(w, z) ∼ d(y, z), P

|Iαf2(y) − λ| ≤ 1
μ(B)

∫
B

∫
X\2κB

∣∣∣∣ 1
d(y, z)1−α

− 1
d(w, z)1−α

∣∣∣∣ |f(z)|dμ(z)dμ(x)

≤ 1
μ(B)

∫
B

∫
X\2κB

d(y, z)1−α − d(w, z)1−α

d(y, z)1−αd(w, z)1−α
|f(z)|dμ(z)dμ(w)

≤ 1
μ(B)

∫
B

∫
X\2κB

d(y,w)(1−α)θd(w, z)(1−α)θ

d(w, z)2(1−α)
|f(z)|dμ(z)dμ(w)

≤ C
1

μ(B)

∫
B

( ∞∑
j=1

∫
2jκr≤d(x0,z)<2j+1κr

μ(B)θ(1−α)

μ(2jκB)(1+θ)(1−α)
|f(z)|dμ(z)

)
dμ(w)

≤ C
1

μ(B)

∫
B

( ∞∑
j=1

μ(B)θ(1−α)μ(2j+1κB)(1+θ)(−1+α)

∫
d(x0,z)<2j+1κr

|f(z)|dμ(z)
)

dμ(w)

≤ C
1

μ(B)

∫
B

( ∞∑
j=1

μ(B)θ(1−α)μ(2j+1κB)(1+θ)(−1+α)μ(2j+1κB)1−αMαf(x)
)

dμ(w)

≤
∞∑

j=1

μ(κB)θ(1−α)μ(2j+1κB)(1+θ)(−1+α)μ(2j+1κB)1−αMαf(x)

≤
∞∑

j=1

C
j(1+θ)(−1+α)
1 C

j(1−α)
1 Mαf(x) ≤ CMαf(x).
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�CAl�B
kl
μ(B(x0, 2j+1κr)) ≤ Cμ(B(w, d(w, z)))

(a0 [8] C� 5.86) � μ(2jκB) ≤ Cj
1μ(κB).

k�5"#� Hölder $\Ym(

II ≤ C
1

μ(B)

∫
B

|Iαf2(y) − λ|dμ(y) ≤ CMαf(x).

m26 I � II �"#mE$\Y (3.0). Ej.
`N 3.3 � 0 < α < 1, P7I8� C2, C3 > 0, A(6LEFI X DFEQ1�F�4

� f,

C2M
αMmf(x) ≤ ML(log L)m,αf(x) ≤ C3M

αMmf(x), (3.1)

�C
Mk = M ◦ M ◦ · · · ◦ M︸ ︷︷ ︸

k

.

`N 3.3 ghi 89E�$\Y
ML(log L)m,αf(x) ≤ C3M

αMmf(x).

6LEFg�� x ∈ X �hi x �V B. k ML(log L)m,αf(x) � MαMmf(x) ��, 5dE
�7I\ f, x � B cU�8� C > 0, A($\Y

‖f‖L(log L)m,B ≤ C
1

μ(B)

∫
B

Mmf(x)dμ(x)

F�. %,-a0 [11] C� (66) Y.
��, ndE�$\Y

MαMmf(x) ≤ CML(log L)m,αf(x).

� m = 1 !, 6LEFg�� x ∈ X �hi x �V B. + f �`� f = f1 + f2, �C
f1 = fχcβB, cβ = κβ + κ2β + κ2 � β > 0, P

1
μ(B)1−α

∫
B

Mf(y)dμ(y) ≤ 1
μ(B)1−α

∫
B

Mf1(y)dμ(y) +
1

μ(B)1−α

∫
B

Mf2(y)dμ(y)

= A1 + A2.

g"# A2, Z+kn: 6LEF� y, z ∈ B,

μ(B)αMf2(y) ≤ CMαf(z). (3.2)

6LEFhi y �V B′ � B′ ∩ (X\cβB) �= ∅. f� B′ ∩ B �= ∅, P z ∈ B ⊂ cβB′, �l
1

μ(B)1−α

∫
B

|f2(y)|dμ(y) ≤ Cμ(cβB′)α−1

∫
cβB′

|f2(y)|dμ(y) ≤ CMαf(z).

f%

μ(B)αMf2(y) = μ(B)α sup
y∈B′

1
μ(B′)

∫
B′

|f2(y)|dμ(y) + μ(B)α sup
y∈B′′

1
μ(B′′)

∫
B′′

|f2(y)|dμ(y)

= μ(B)α sup
y∈B′

1
μ(B′)

∫
B′

|f2(y)|dμ(y) ≤ CMαf(z),

�C B = B′ ∪ B′′, B′ ∩ (X\cβB) �= ∅ � B′′ ∩ (X\cβB) = ∅.
k�5$\YjW

A2 ≤ C
1

μ(B)

∫
B

inf
z

Mαf(z)dμ(y) ≤ CMαf(z) ≤ CML log L,αf(z)
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�CAlB
kl:

Mαf(z) ≤ CML log L,αf(z).

%$\Yk Mαf(z) ��� Luxemburg m�j(.
g"# A1. �0 [6] CD] 3.3 E�W

1
μ(B)

∫
B

Mf(y)dμ(y) ≤ C‖f‖L log L,B , (3.3)

� suppf ⊂ B. l cβB � f1 ��no (3.3) YC� B � f, P
A1 ≤ Cμ(cβB)α 1

μ(cβB)

∫
cβB

Mf1(y)dμ(y) ≤ Cμ(cβB)α‖f‖L log L,B ≤ CML log L,αf(x).

k%$\Y�6 A2 �"#m( m = 1 !�E�.
GHpq m = 1, hi

1
μ(B)1−α

∫
B

Mmf(y)dμ(y) ≤ 1
μ(B)1−α

∫
B

Mmf1(y)dμ(y) +
1

μ(B)1−α

∫
B

Mmf2(y)dμ(y)

= A′
1 + A′

2.

k (3.2) Y, W
μ(B)αMf2(y) ≤ C inf

z∈B
Mf(z), ∀ y ∈ B.

k�rospjE
μ(B)αMmf(y) ≤ C inf

z∈B
Mf(z), ∀ y ∈ B,

tu

A′
2 ≤ C

1
μ(B)

∫
B

inf
z∈B

Mαf(z)dμ(y)

≤ CMαf(x) ≤ CML log L,αf(x) ≤ CML(log L)m,αf(x).

6L A′
1, <losp�AlGHL0 [6] C (4) YE�m(: 6L@F� suppf ⊂ B �4

� f , F
1

μ(B)

∫
B

Mmf(y)dμ(y) ≤ C

(
1 +

1
μ(B)

∫
B

|f(y)|(log+(|f(y)|))mdμ(y)
)

. (3.4)

oq, k cβB no (3.4) C� B �6 A′
2 �"#m(

A′
1 + A′

2 ≤ μ(cβB)α 1
μ(cβB)

∫
cβB

Mmf1(y)dμ(y) + CML(log L)m,αf(x)

≤ CML(log L)m,αf(x).

D]Ej. Ej.
UL	
;� sharp 4��!v"#.
`N 3.4 � Iα �������;� b ∈ BMO(X, μ), P6LEF� 0 < δ < ε < 1, 7I

5\ δ FU�8� C > 0, A(6LDFEQ1�F�4� f, F
M �

δ (Im
α,b(f))(x) ≤ C

( m−1∑
j=0

‖b‖m−j
∗ Mε(I

j
α,b(f))(x) + ‖b‖m

∗ ML(log L)m,αf(x)
)

.

`N 3.4 ghi 6Lg�� x ∈ X �hi x�V B = B(x0, r), + f �`� f = f1 +f2,

�C f1 = fχ2κB .
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� λ = 1
μ(B)

∫
B

Iα((b − b2κB)mf2)(w)dμ(w). 5dE�(
1

μ(B)

∫
B

|Im
α,b(f)(y) − λ|δdμ(y)

) 1
δ

≤ C

( m−1∑
j=0

‖b‖m−j
∗ Mε(I

j
α,b(f))(x) + ‖b‖m

∗ ML(log L)m,αf(x)
)

,

(3.5)

GH0 [10], F
Im
α,b(f)(x) =

m−1∑
j=0

Cj,m(b(x) − λ)m−jIj
α,b(f)(x) + Iα((b − λ)mf)(x). (3.6)

hi(
1

μ(B)

∫
B

|Im
α,b(f)(y) − λ|δdμ(y)

) 1
δ

≤
(

1
μ(B)

∫
B

∣∣∣∣
m−1∑
j=0

Cj,m(b(x) − λ)m−jIj
α,b(f)(y) + Iα((b − λ)mf)(y) − λ

∣∣∣∣
δ

dμ(y)
) 1

δ

≤ C

m−1∑
j=0

(
1

μ(B)

∫
B

(b(x) − λ)(m−j)δ|Ij
α,b(f)(y)|δdμ(y)

) 1
δ

+
(

1
μ(B)

∫
B

|Iα((b − λ)mf1)(y)|δdμ(y)
) 1

δ

+
(

1
μ(B)

∫
B

|Iα((b − λ)mf2)(y) − λ|δdμ(y)
) 1

δ

= C(U + V + W ).

6L U, Alp�� (r, r′) � Hölder $\Y, �C 1 < r < ε/δ.

U ≤ C

m−1∑
j=0

(
1

μ(B)

∫
B

|(b(x) − λ)(m−j)r′δ|dμ(y)
) 1

r′δ
(

1
μ(B)

∫
B

|Ij
α,b(f)(y)|rδdμ(y)

) 1
rδ

≤ C

m−1∑
j=0

‖b‖m−j
∗ Mrδ(I

j
α,b(f))(y) ≤ C

m−1∑
j=0

‖b‖m−j
∗ Mε(I

j
α,b(f))(y).

(3.7)

6L V, jF� Iα �) (1, q) -�Al Kolmogorov $\Y�[� Hölder $\Y, P
V ≤ Cμ(2κB)−1/q ‖Iα((b − b2κB)mfχ2κB)χ2κB‖δ

|2b0B| 1δ −1

≤ Cμ(2κB)−1/q‖Iα((b − b2κB)mfχ2κB)χ2κB‖WLq

≤ Cμ(2κB)α 1
μ(2κB)

∫
2κB

|(b − b2κB)m||f(y)|dμ(y)

≤ Cμ(2κB)α‖(b − b2κB)m‖(expL)1/m,2κB‖f‖L(log L)m,2κB

≤ C‖b‖m
∗ ML(log L)m,α(f)(x). (3.8)

�C, Al�,-(&C� John–Nirenberg D], ?7I8� C, A(6L@F X C�V
‖(b − b2κB)m‖(expL)1/m,2κB ≤ C‖b‖m

∗ .

oq"# W, GHLD] 3.2 CE�C� II, 6LEF� y ∈ B, hi

|Iα

(
(b − b2κB)mf2

)
(y) − λ|.

f� x0, y, w ∈ B(x0, r) � z ∈ X\2κB(x0, r)), j(

d(w, z) > κd(y,w) � d(x0, z) ∼ d(x, z) ∼ d(w, z) ∼ d(y, z).
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Al[� Hölder $\Y, (

|Iα

(
(b − b2b0B)mf2

)
(y) − λ|

≤ 1
μ(B)

∫
B

∫
X\2κB

∣∣∣∣ 1
d(y, z)1−α

− 1
d(w, z)1−α

∣∣∣∣ |b(z) − b2κB |m|f(z)|dμ(z)dμ(w)

≤ 1
μ(B)

∫
B

∫
X\2κB

d(y,w)(1−α)θd(w, z)(1−α)θ

d(w, z)2(1−α)
|b(z) − b2κB |m|f(z)|dμ(z)dμ(w)

≤ C
1

μ(B)

∫
B

( ∞∑
j=1

∫
2jκr≤d(x0,z)<2j+1κr

μ(B)θ(1−α)

μ(2jκB)(1+θ)(1−α)
|b(z) − b2κB |m|f(z)|dμ(z)

)
dμ(w)

≤ C

∞∑
j=1

μ(B)θ(1−α)

μ(2jκB)(1+θ)(1−α)

1
μ(B)

∫
B

( ∫
d(x0,z)<2j+1κr

|b(z) − b2j+1κB |m|f(z)|dμ(z)dμ(w)

+|b2κB − b2j+1κB|m
∫

d(x0,z)<2j+1κr

|f(z)|dμ(z)dμ(w)
)

≤ C

∞∑
j=1

μ(κB)θ(1−α)

μ(2jκB)(1+θ)(1−α)
μ(2jκB)‖(b − b2j+1κB)m‖(expL)1/m,2j+1κB‖f‖L(log L)m,2j+1κB

+C
∞∑

j=1

μ(κB)θ(1−α)μ(2j+1κB)(1+θ)(−1+α)μ(2j+1κB)1−αjm‖b‖m
∗ Mαf(x)

≤ CC

∞∑
j=1

C
jθ(α−1)
1 ‖b‖m

∗ (ML(log L)m,αf(x) + Mαf(x))

≤ C‖b‖m
∗ (ML(log L)m,αf(x),

�CAlB
kl
‖(b − b2j+1κB)m‖(expL)1/m,2j+1κB ≤ C‖b‖m

∗ , |b2κB − b2j+1κB| ≤ Cj‖b‖∗
�D] 3.3.

k�5"#� Hölder $\Y, (

W ≤ 1
μ(B)

∫
B

|Iα((b − λ)mf2)(y) − λ|dμ(y) ≤ C‖b‖m
∗ ML(log L)m,αf(x).

m26 U, V � W ("#m(D] 3.4. Ej.

q 1 	-l M �,d
δ � Md

ε ��on M �
δ � Mε, D] 3.4 "F�.

`N 3.5 � Φ(t) = t(1 + log+ t)m, f �DFEQ1�F�4��. 6L λ > 0, O�
Ω =

{
x ∈ X : ML log L,αf(x) > λ

}
. w Ω :(, P6Lg�� σ > 0, 7IÆÆ$	�m��Vr

{Bi}, A(
(a)

⋃
i Bi ⊂ Ω ⊂ ⋃

i B∗
i , �C B∗

i = κ(4κ + 1)B.

(b) 6L@F� i, ‖f‖L log L,Bi > λμ(Bi)−α;

(c) 6LxZ i, 	-V B,Bi ?K Bi ⊂ B � r(B) ≥ σr(Bi), P ‖f‖L log L,B > λμ(B)−α.

f%

μ(
{
x ∈ X : ML(log L)m,αf(x) > λ

}
)1/(1−α)

≤ C

∫
X

Φ
( |f(y)|

λ

)
dμ(y)

(
1 + α log+

∫
X

Φ
( |f(y)|

λ

)
dμ(y)

)m

.
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`N 3.5 ghi Z+5gr m = 1 !�E�. GHL0 [11], 6Lg�� f � λ. 	-

x ∈ Ω, 7Ihi x �V Bx � ‖f‖L log L,Bx > λμ(Bx)−α. �� R = R(f, λ) 	


R = sup
Bx:‖f‖L log L,Bx >λμ(Bx)−α

r(Bx).

s� suppf ⊂ B0 � Bx ?K ‖f‖L log L,Bx > λμ(Bx)−α, Pk Luxemburg m����s
μ(Bx)α inf

{
t > 0 :

1
μ(Bx)

∫
Bx

Φ
( |f(y)|

t

)
dμ(y) ≤ 1

}
> λ,

�l
1

μ(Bx)

∫
Bx

Φ
( |f(y)|μ(Bx)α

λ

)
dμ(y) > 1.

6LEF� 0 < u, v < ∞, F Φ(uv) ≤ Φ(u)Φ(v), P
μ(Bx) < μ(Bx)α(1 + α log+ μ(Bx))

∫
Bx

Φ
( |f(y)|

λ

)
dμ(y). (3.9)

y η = η(n, α), C4 = C(n, α),A( 0 < η < 1−α, C4 > 1�� t > C4 � 1+log+ t < tηF�.
hi
5pq:
tu I � μ(Bx) ≤ C4, log+ μ(Bx)α ≤ C, (3.9) YFzv

(μ(Bx))1−α ≤ C

∫
Bx

Φ
( |f(y)|

λ

)
dμ(y).

tu II � μ(Bx) > C4, 1 + log+ μ(Bx)α < μ(Bx)η, Pk (3.9) Y(

μ(Bx)1−α−η <

∫
Bx

Φ
( |f(y)|

λ

)
dμ(y). (3.10)

f%

(1 − α − η) log+ μ(Bx)α < log+

( ∫
Bx

Φ
( |f(y)|

λ

)
dμ(y)

)α

.

k%$\Y� (3.9) m(

μ(Bx)1−α ≤ C

(
1 + log+

( ∫
Bx

Φ
( |f(y)|

λ

)
dμ(y)

)α) ∫
Bx

Φ
( |f(y)|

λ

)
dμ(y). (3.11)

k (3.11) W
1 ≤ C

(
1 + log+

(
Φ

( |f |L∞

λ

)
μ(Bx ∩ B0)

)α)
Φ

( |f |L∞

λ

)
μ(Bx ∩ B0)
μ(Bx)1−α

≤ C

(
1 + α log+

(
Φ

( |f |L∞

λ

)
μ(B0)

))
Φ

( |f |L∞

λ

)
μ(B0)α

(
μ(Bx ∩ B0)

μ(Bx)

)1−α

.

f% Bx � B0 t��	. s� r(Bx) ≥ r(B0),k0 [11]C� (29)Yj( B0 ⊂ κ(2κ+1)Bx,

�l6Lg�( δ, F
1 ≤ C

(
1 + α log+

(
Φ

( |f |L∞

λ

)
μ(B0)

))
Φ

( |f |L∞

λ

)
μ(B0)α

(
μ(Bx ∩ B0)

μ(Bx)

)1−α

≤ C

(
1 + α log+

(
Φ

( |f |L∞

λ

)
μ(B0)

))
Φ

( |f |L∞

λ

)
μ(B0)α

(
μ(B0)
μ(Bx)

)1−α

≤ C

(
1 + α log+

(
Φ

( |f |L∞

λ

)
μ(B0)

))
Φ

( |f |L∞

λ

)
μ(B0)α

(
r(B0)
r(Bx)

)(1−α)δ

.
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�CAl� μ u�C<'Z (a0 [11] C� (28) Y). {�v

r(Bx) ≤ C

[(
1 + α log+

(
Φ

( |f |L∞

λ

)
μ(B0)

))
Φ

( |f |L∞

λ

)]1/(1−α)δ

r(B0)α/(1−α)δr(B0).

k%#� R F^. w
�Æ�5d60 [11] C�D] 5.2 |xwx?m, y}~. Ej.

4 yczef
`N 4.1 � (X, d, μ) �,-(&. � 0 < α < 1 � Mf(x) � Mαf(x) zÆm�, P7I

\ f � x cU�a8� C, A(

MmMαf(x) ≤ CMαMmf(x).

*D]�E�nd60 [12] C�D] 2.4 |xwx?m.

MN 3 ghi GHL0 [10], � f FEQ1�F�4�. 6L δ > 0, �� Lδ(f) 	


Lδ(f) = sup
t>0

1
Ψ(1/t)

μ({y ∈ X : Md
δ (Im

α,bf)(y) > t})1/(1−α).

6LEF� 0 < δ < 1, ε > 0, ndE�
Lδ(f) ≤ εCLδ(f) + Cε,δΨ(‖b‖m

∗ ) sup
t>0

1
Ψ(1/t)

μ({y ∈ X : ML(log L)m,α(f)(y) > t})1/(1−α). (4.1)

6L t > 0 � δ > 0, AlD] 2.1(a)

μ({y ∈ X : Md
δ (Im

α,bf)(y) > t})
≤ μ({y ∈ X : Md(|Im

α,bf |δ)(y) > tδ,M �,d(|Im
α,bf |δ)(y) ≤ εtδ})

+ μ({y ∈ X : M �,d(|Im
α,bf |δ)(y) > εtδ})

≤ Cεμ({y ∈ X : Mδ,d(Im
α,bf)(y) > t/2

1
δ }) + μ({y ∈ X : M �,d

δ (Im
α,bf)(y) > ε

1
δ t})

= IV + V I. (4.2)

g"# V I, AlD] 3.4, y ε = rδ, 1 < r < 1
δ :

V I ≤ μ

({
y ∈ X : C

( m−1∑
j=0

‖b‖m−j
∗ Md

rδ(I
j
α,b(f))(y) + ‖b‖m

∗ ML(log L)m,αf(y)
)

> ε
1
δ t

})

≤
m−1∑
j=0

μ

({
y ∈ X : Md

rδ(I
j
α,b(f))(y) >

ε
1
δ t

C‖b‖m−j
∗

})

+ μ

({
y ∈ X : ML(log L)m,αf(y) >

ε
1
δ t

C‖b‖m∗

})
.

� aj = ε
1
δ /C‖b‖m−j

∗ , j = 0, 1, . . . ,m − 1. (4.2) YÆd{B Ψ(1/t) �Al Ψ �m|', ?
6L 0 < u, v < ∞, F

Ψ(uv) ≤ Ψ(u)Ψ(v),
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P
1

Ψ(1/t)
μ({y ∈ X : Md

δ (Im
α,bf)(y) > t})1/(1−α)

≤ Cε1/(−α)

Ψ(1/t)
μ({y ∈ X : Md

δ (Im
α,bf)(y) > t/21/δ})1/(1−α)

+
m−1∑
j=0

1
Ψ(1/t)

μ({y ∈ X : Md
rδ(I

j
α,b(f))(y) > ajt})1/(1−α)

+
1

Ψ(1/t)
μ({y ∈ X : ML(log L)m,αf(y) > a0t})1/(1−α)

≤ Cε

Ψ(21/δ/t)
μ({y ∈ X : Md

δ (Im
α,bf)(y) > t/21/δ})1/(1−α)

+
m−1∑
j=0

CΨ(‖b‖m−j
∗ )

Ψ(1/ajt)
μ({y ∈ X : Md

rδ(I
j
α,b(f))(y) > ajt})1/(1−α)

+
Ψ(‖b‖m∗ )
Ψ(1/a0t)

μ({y ∈ X : ML(log L)m,αf(y) > a0t})1/(1−α).

f%

Lδ(f) ≤ Cε1/(−α)Lδ(f) +
m−1∑
j=0

CΨ(‖b‖m−j
∗ )

× sup
t>0

1
Ψ(1/ajt)

μ({y ∈ X : Md
rδ(I

j
α,b(f))(y) > ajt})1/(1−α)

+ Ψ(‖b‖m
∗ ) sup

t>0

1
Ψ(1/a0t)

μ({y ∈ X : ML(log L)m,αf(y) > a0t})1/(1−α).

Z+kn:

sup
t>0

1
Ψ(1/t)

μ({y ∈ X : Md
rδ(I

j
α,b(f))(y) > t})1/(1−α)

≤ CΨ(‖b‖j
∗) sup

t>0

1
Ψ(1/t)

μ({y ∈ X : ML(log L)m,αf(y) > t})1/(1−α).
(4.3)

%}5hi m = 1 �pq, "?

sup
t>0

1
Ψ(1/t)

μ({y ∈ X : Md
rδ(Iα(f))(y) > t})1/(1−α)

≤ C sup
t>0

1
Ψ(1/t)

μ({y ∈ X : ML(log L),αf(y) > t})1/(1−α).
(4.4)

kl�, f� 0 < rδ < 1, kD] 3.2 �D] 2.1(b) m(%$\Y. 6L>~p�, GHL
(4.4) Y�E�, 5d<lD]D] 2.1(b) �D] 3.4 F^�?mE� (4.3). f%

Lδ(f) ≤ Cε1/(1−α)Lδ(f) + CΨ(‖b‖m
∗ ) sup

t>0

1
Ψ(1/t)

μ({y ∈ X : ML(log L)m,αf(y) > t})1/(1−α).

GH0 [12, D] 4.2] �E�, AlD] 3.2, D] 3.3�D] 3.5�D] 4.1, ?m(�] 3. Ej.

MN 1 ghi k,', Z+ndE�� λ = 1, ?

μ({x ∈ X : |Im
α,bf(x)| > 1})1/(1−α) ≤ CΦ(Φ(‖b‖m

∗ ))
∥∥∥∥Φ

( |f |
λ

)∥∥∥∥
L1

[
1 + α log+

∥∥∥∥Φ
( |f |

λ

)∥∥∥∥
L1

]m

.
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� f �FEQ1�F�4��Al�] 3 , m(

sup
t>0

1
Ψ(1/t)

μ
(
y ∈ X : |Im

α,bf(y)| > t
)1/(1−α)

≤ CΨ(‖b‖m
∗ ) sup

t>0

1
Ψ(1/t)

μ
(
y ∈ X : ML(log L)m,αf(x) > t

)1/(1−α)
.

{kD] 3.5 �jF� Φ ��m|', �l

μ ({x ∈ X : |Im
α,bf(x)| > 1})1/(1−α) ≤ sup

t>0

1
Ψ(1/t)

μ
(
y ∈ X : |Im

α,bf(y)| > t
)1/(1−α)

≤ CΨ(‖b‖m
∗ ) sup

t>0

1
Ψ(1/t)

∫
X

Φ
( |f(y)|

λ

)
dμ(y)

(
1 + α log+

∫
X

Φ
( |f(y)|

λ

)
dμ(y)

)m

≤ CΨ(‖b‖m
∗ ) sup

t>0

Φ(Φ(1/t))
Ψ(1/t)

∫
X

Φ
(|f(y)|)dμ(y)

(
1 + α log+

∫
X

Φ
(|f(y)|)dμ(y)

)m

≤ CΨ(‖b‖m
∗ )

∫
X

Φ
(|f(y)|)dμ(y)

(
1 + α log+

∫
X

Φ
(|f(y)|)dμ(y)

)m

.

Ej.
MN 2 ghi $�� f �:;�FEQ1�F�4���� Ĩm

α,b �

Ĩm
α,bf(x) =

∫
X\{x}

1
d(x, y)1−α

|b(x) − b(y)|mf(y)dμ(y).

jW�] 1 ��] 3 6�; Ĩm
α,b "F�. Of�

Mm
α,bf(x) ≤ Ĩm

α,bf(x),

�lmE�] 2. Ej.
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