
�49��5� � � � � ��� Vol.49, No.5

2006�9� ACTA MATHEMATICA SINICA, Chinese Series Sept., 2006

����: 0583-1431(2006)05-0961-12 ���Æ�: A

	
������	
����

���

��������� �� 410077
E-mail: lanzheliu@263.net

���
� !"����� � 100875

E-mail: lusz@bnu.edu.cn

# $ %&'()*+,-./012345612, 789:;<=>?@3AB
6, C12DE Littlewood–Paley 12F Marcinkiewicz 12.

�G 45612; BMO HI; Hardy HI
MR(2000) JK�L 42B20, 42B25
MN�L O174.3

Endpoint Boundedness for Some Multilinear Integral Operators

Lan Zhe LIU

College of Mathematics, Changsha University of Science and Technology
Changsha 410077, P. R. China

E-mail: lanzheliu@ 263.net

Shan Zhen LU

Department of Mathematics, Beijing Normal University, Beijing 100875, P. R. China
E-mail: lusz@bnu.edu.cn

Abstract In this paper, we prove the endpoint boundedness for some multilinear oper-
ators related to certain non-convolution operators. The operators include Littlewood–
Paley operator and Marcinkiewiecz operator.

Keywords multilinear operator; BMO space; Hardy space
MR(2000) Subject Classification 42B20, 42B25
Chinese Library Classification O174.3

Æ T � Calderón–Zygmund ��, � Coifman, Rochberg � Weiss ��	
�� [1] �
���� [b, T ](f) = bT (f) − T (bf) (�� b ∈ BMO(Rn)) � Lp(Rn) (1 < p < ∞) ���;
Chanillo [2] �������� T �����	�. �� [3] �, ������������
����. ��	 !�	�"�#�$�%� �&��	!'���("������. )
*�, +#�$,#%&'-(	�!'���)*�������. ��./, +#�$�%
Littlewood–Paley ��� Marcinkiewicz ��	!'������������.

0+1�: 2005-01-12; 2,1�: 2005-05-14; -31�: 2005-07-30

./40: 125637./8940 (10271071)



962 : 7 7 4 O P Q 49�

1 R;ST
���, Q 5< Rn �	6=. 7%6= Q �89:�;� f , < f(Q) =

∫
Q
f(x)dx,

fQ = |Q|−1
∫
Q f(x)dx � f#(x) = supx∈Q |Q|−1

∫
Q |f(y) − fQ|dy; = f >% BMO(Rn), ?

f# ∈ L∞(Rn), @%A ||f ||BMO = ||f#||L∞ . +#B7>C�� H1 ?@	%A. =;� a �
H1 C�,?A�6= Q,D� supp a ⊂ Q, ||a||L∞ ≤ |Q|−1 @ ∫

Rn a(x)dx = 0. EFGH H1(Rn)
B�C��CIJ (D� [4]).

��EFG#�$�%� �&����	!'���, �%AKL.

H% δ > 0, Æ m �MN�, A � Rn �	;�, <

Rm+1(A;x, y) = A(x) −
∑

|α|≤m

1
α!
DαA(y)(x − y)α,

Qm+1(A;x, y) = Rm(A;x, y) −
∑

|α|=m

1
α!
DαA(x)(x − y)α.

OU 1 < ε > 0, ψ �H%	;�@$,LI-(:

(1)
∫
Rn ψ(x)dx = 0;

(2) |ψ(x)| ≤ C(1 + |x|)−(n+1−δ);

(3) |ψ(x+ y) − ψ(x)| ≤ C|y|ε(1 + |x|)−(n+1+ε−δ) J 2|y| < |x|.
%A!'� Littlewood–Paley ���

gAδ (f)(x) =
(∫ ∞

0

|FAt (f)(x)|2 dt
t

)1/2

,

��
FAt (f)(x) =

∫
Rn

Rm+1(A;x, y)
|x− y|m ψt(x− y)f(y)dy,

@ ψt(x) = t−n+δψ(x/t) � t > 0. K Ft(f) = ψt ∗ f . +#B%A
gδ(f)(x) =

(∫ ∞

0

|Ft(f)(x)|2 dt
t

)1/2

,

J δ = 0 P, LM� Littlewood–Paley g ;� [5].

Æ H �KL Hilbert ?@: H =
{
h : ||h|| =

( ∫∞
0

|h(t)|2dt/t)1/2 < ∞}. �7%	 x ∈ Rn,
E FAt (f)(x) � Ft(f)(x) NOP [0,+∞) � H 	QR, S�

gδ(f)(x) = ||Ft(f)(x)||, gAδ (f)(x) = ||FAt (f)(x)||.
+#BFG gAδ 	QT, �%AKL

g̃Aδ (f)(x) =
(∫ ∞

0

|F̃At (f)(x)|2 dt
t

)1/2

,

��
F̃At (f)(x) =

∫
Rn

Qm+1(A;x, y)
|x− y|m ψt(x− y)f(y)dy.

OU 2 < 0 < γ ≤ 1, Ω � Rn �	RSU�;�@$, ∫
Sn−1 Ω(x′)dσ(x′) = 0. Æ

Ω ∈ Lipγ(Sn−1), MA�T� M > 0, D��VU x, y ∈ Sn−1, � |Ω(x)−Ω(y)| ≤M |x− y|γ . K
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Γ(x) = {(y, t) ∈ Rn+1
+ : |x− y| < t} � Γ(x) 	IJ;�� χΓ(x). %A!'� Marcinkiewicz �

��
μAδ (f)(x) =

[∫ ∞

0

|FAt (f)(x)|2 dt
t3

]1/2
,

��
FAt (f)(x) =

∫
|x−y|≤t

Ω(x− y)
|x− y|n−1−δ

Rm+1(A;x, y)
|x− y|m f(y)dy;

K

Ft(f)(x) =
∫
|x−y|≤t

Ω(x − y)
|x− y|n−1−δ f(y)dy.

+#B%A
μδ(f)(x) =

(∫ ∞

0

|Ft(f)(x)|2 dt
t3

)1/2

,

LM� Marcinkiewicz �� (D� [6]).
Æ H �KL Hilbert ?@: H =

{
h : ||h|| =

( ∫∞
0 |h(t)|2dt/t3)1/2 <∞}. �7%	 x ∈ Rn,

E FAt (f)(x) � Ft(f)(x) NOP [0,+∞) � H 	QR, S�
μAδ (f)(x) = ||FAt (f)(x)||, μδ(f)(x) = ||Ft(f)(x)||.

%A μAδ 	QT�
μ̃Aδ (f)(x) =

(∫ ∞

0

|F̃At (f)(x)|2 dt
t3

)1/2

,

��
F̃At (f)(x) =

∫
|x−y|≤t

Ω(x − y)
|x− y|n−1−δ

Qm+1(A;x, y)
|x− y|m f(y)dy.

a#bc, +#E^d$�%LI�'���	!'���.
OU 3 Æ F (x, y, t) � Rn ×Rn × [0,+∞) �	;�, <

Ft(f)(x) =
∫
Rn

F (x, y, t)f(y)dy � FAt (f)(x) =
∫
Rn

Rm+1(A;x, y)
|x− y|m F (x, y, t)f(y)dy.

Æ H �KL Banach?@: H = {h : ||h|| <∞},D��7%	 x ∈ Rn,E Ft(f)(x)� FAt (f)(x)
NOP [0,+∞) � H 	QR, S%A$�% T 	!'����

TA(f)(x) = ||FAt (f)(x)||;
+#BK T (f)(x) = ||Ft(f)(x)||.

_e`D%A 1, 2 "%A 3 	If. ab�J m = 0 P, TA, gAδ � μAδ , M�� Ft c A d
O	��� (D� [6–11]). EFGH, !'��������	�ghei, �j��f�gh
ikijl��k!^d (D� [12–19]). +#7>lLf�.

V 1 K A = 1, SJ δ = 0 P, gAδ = gδ � μAδ = μδ, LM� Littlewood–Paley ���
Marcinkiewicz �� (D� [5, 6]).

V 2 K m = 0, S gAδ � μAδ � Ft c A dO	��� (D� [6–11]).
V 3 K m > 0, S gAδ � μAδ ����	�ghei (D� [12, 13]).
+#E�m 3 n��LI%o.
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OW 1 Æ 0 ≤ δ < n, DαA ∈ BMO(Rn) J |α| = m, S
(i) gAδ �P Ln/δ(Rn) � BMO(Rn) ��	;
(ii) g̃Aδ �P H1(Rn) � Ln/(n−δ)(Rn) ��	;
(iii) gAδ �P H1(Rn) �m Ln/(n−δ)(Rn) ��	;
(iv) K�Vb H1 C� a, suppa ⊂ Q � u ∈ 3Q \ 2Q, �∫

(4Q)c

∥∥∥∥ ∑
|α|=m

1
α!

(x− u)α

|x− u|mψt(x− u)
∫
Q

DαA(y)a(y)dy
∥∥∥∥
n/(n−δ)

dx ≤ C,

S gAδ �P H1(Rn) � Ln/(n−δ)(Rn) ��	;
(v) K�Vb6= Q � u ∈ 3Q \ 2Q, �
1
|Q|

∫
Q

∥∥∥∥ ∑
|α|=m

1
α!

(DαA(x) − (DαA)Q)
∫

(4Q)c

(u − y)α

|u − y|mψt(u− y)f(y)dy
∥∥∥∥dx ≤ C||f ||Ln/δ ,

S g̃Aδ �P Ln/δ(Rn) � BMO(Rn) ��	.
OW 2 Æ 0 ≤ δ < n, DαA ∈ BMO(Rn) J |α| = m, S
(i) μAδ �P Ln/δ(Rn) � BMO(Rn) ��	;
(ii) μ̃Aδ �P H1(Rn) � Ln/(n−δ)(Rn) ��	;
(iii) μAδ �P H1(Rn) �m Ln/(n−δ)(Rn) ��	.
(iv) K�Vb H1 C� a, suppa ⊂ Q � u ∈ 3Q \ 2Q, �∫

(4Q)c

∥∥∥∥ ∑
|α|=m

1
α!

(x− u)α

|x− u|m
Ω(x− u)

|x− u|n−1−δ χΓ(x)(u, t)
∫
Q

DαA(y)a(y)dy
∥∥∥∥
n/(n−δ)

dx ≤ C,

S μAδ �P H1(Rn) � Ln/(n−δ)(Rn) ��	;
(v) K�Vb6= Q � u ∈ 3Q \ 2Q, �
1
|Q|
∫
Q

∥∥∥∥∑
|α|=m

1
α!

(DαA(x)−(DαA)Q)
∫

(4Q)c

(u− y)α

|u−y|m
Ω(u−y)χΓ(u)(y, t)

|u− y|n−1−δ f(y)dy
∥∥∥∥dx≤C||f ||Ln/δ ,

S μ̃Aδ �P Ln/δ(Rn) � BMO(Rn) ��	.
X 1 #bc, gAδ � μAδ p" (H1, Ln/(n−δ)) ��	.

2 YZn[\]^
+#op��#q#b�%o.
J$OW < 0 ≤ δ < n, DαA ∈ BMO(Rn) J |α| = m. Æ Ft, T , TA Kq%A 3 F<@

�Vb 1 < p, q ≤ ∞ � 1/q = 1/p− δ/n, T � Lp(Rn) � Lq(Rn) ��	. K T $,&'-
(: �Vb6= Q, J suppf ⊂ (2Q)c � x ∈ Q P, �

||FAt (f)(x) − FAt (f)(x0)|| ≤ C||DαA||BMO||f ||Ln/δ ,

S TA �P Ln/δ(Rn) � BMO(Rn) ��	.
����%o, +#r!LIgo.
_W 1[15] < A � Rn �	;�@J |α| = m P, DαA ∈ Lq(Rn) �rq q > n, S

|Rm(A;x, y)| ≤ C|x− y|m
∑

|α|=m

(
1

|Q̃(x, y)|

∫
Q̃(x,y)

|DαA(z)|qdz
)1/q

,

�� Q̃(x, y) ��s� x sÆ� 5
√
n|x− y| 	6=.
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J$OWt`a +#uv��A�T� CQ, D��Vb6= Q, �
1
|Q|

∫
Q

|TA(f)(x) − CQ|dx ≤ C||f ||Ln/δ .

H%6= Q = Q(x0, d). < Q̃ = 5
√
nQ, Ã(x) = A(x) −∑|α|=m

1
α! (D

αA)Q̃x
α, S Rm(A;x, y) =

Rm(Ã;x, y), @ DαÃ = DαA− (DαA)Q̃ J |α| = m. � f1 = fχQ̃, f2 = fχRn\Q̃, K

FAt (f)(x) =
∫
Rn

Rm(Ã;x, y)
|x− y|m F (x, y, t)f1(y)dy

−
∑

|α|=m

1
α!

∫
Rn

F (x, y, t)(x−y)α
|x− y|m DαÃ(y)f1(y)dy+

∫
Rn

Rm+1(Ã;x, y)
|x− y|m F (x, y, t)f2(y)dy,

S
|TA(f)(x) − T Ã(f2)(x0)| =

∣∣||FAt (f)(x)|| − ||F Ãt (f)(x0)||
∣∣ ≤ ∥∥FAt (f)(x) − F Ãt (f)(x0)

∥∥
≤
∥∥∥∥Ft
(
Rm(Ã;x, ·)
|x− ·|m f1

)
(x)
∥∥∥∥+ ∑

|α|=m

1
α!

∥∥∥∥Ft
(

(x− ·)α
|x− ·|mD

αÃf1

)
(x)
∥∥∥∥+
∥∥F Ãt (f2)(x)−F Ãt (f2)(x0)

∥∥
:= I(x) + II(x) + III(x),

wL 1
|Q|
∫
Q
|TA(f)(x) − T Ã(f)(x0)|dx ≤ 1

|Q|
∫
Q
I(x)dx + 1

|Q|
∫
Q
II(x)dx + 1

|Q|
∫
Q
III(x)dx =

I + II + III. op, � x ∈ Q � y ∈ Q̃, �go 1, �

Rm(Ã;x, y) ≤ C|x − y|m
∑

|α|=m
||DαA||BMO,

wL, � T 	 (Ln/δ, L∞) ���, �

I ≤ C

|Q|
∫
Q

∣∣∣∣T
( ∑

|α|=m
||DαA||BMOf1

)
(x)
∣∣∣∣dx

≤ C
∑

|α|=m
||DαA||BMO||T (f1)||L∞ ≤ C

∑
|α|=m

||DαA||BMO||f ||Ln/δ .

��, � 1 < p < n/δ � 1/q = 1/p− δ/n, � T 	 (Lp, Lq) ���� Hölder ptx, �

II ≤ C

|Q|
∫
Q

∣∣∣∣T
( ∑

|α|=m
(DαA− (DαA)Q̃)f1

)
(x)
∣∣∣∣dx

≤ C
∑

|α|=m

(
1
|Q|

∫
Q

|T ((DαA− (DαA)Q̃)f1)(x)|qdx
)1/q

≤ |Q|−1/q
∑

|α|=m
||(DαA− (DαA)Q̃)f1||Lp

≤ C
∑

|α|=m

(
1
|Q|

∫
Q̃

|DαA(y) − (DαA)Q̃|qdy
)1/q

||f ||Ln/δ

≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ .

� III, � T 	&'-(, � III ≤ C
∑

|α|=m ||DαA||BMO||f ||Ln/δ . �u.
y��%o 1, 2, 3, +#r!LIgo.
_W 2 < 0 ≤ δ < n, 1 < p < n/δ, 1/q = 1/p− δ/n, DαA ∈ BMO(Rn) J |α| = m, S gAδ

� μAδ v� Lp(Rn) � Lq(Rn) ��	.
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`a � Minkowski ptx, �

gAδ (f)(x) ≤
∫
Rn

|f(y)| |Rm+1(A;x, y)|
|x− y|m

(∫ ∞

0

|ψt(x− y)|2 dt
t

)1/2

dy

≤ C

∫
Rn

|f(y)| |Rm+1(A;x, y)|
|x− y|m

(∫ ∞

0

t−2n+2δ

(1 + |x− y|/t)2(n+1−δ)
dt

t

)1/2

dy

≤ C

∫
Rn

|Rm+1(A;x, y)|
|x− y|m+n−δ |f(y)|dy, μAδ (f)(x)

≤
∫
Rn

|Ω(x− y)| |Rm+1(A;x, y)|
|x− y|m+n−1−δ |f(y)|

(∫ ∞

|x−y|

dt

t3

)1/2

dy

≤ C

∫
Rn

|Rm+1(A;x, y)|
|x− y|m+n−δ |f(y)|dy,

Pe, �� [19] M��".

OW 1 t`a (i) op, �go 2 	��, H
gδ(f)(x) ≤ C

∫
Rn

|f(y)|
|x− y|n−δ dy,

wL, �� [2] HJ 1 < p < n/δ, 1/q = 1/p− δ/n P, gδ � (Lp, Lq) ��	. +#uv�� gδ $
, !%o	&'-(. Æ suppf ⊂ (2Q)c, < Ã(x) = A(x) −∑|α|=m

1
α!(D

αA)Qxα. K

F Ãt (f)(x)−F Ãt (f)(x0) =
∫
Rn

[
ψt(x− y)
|x− y|m − ψt(x0 − y)

|x0 − y|m
]
Rm(Ã;x, y)f(y)dy

+
∫
Rn

ψt(x0 − y)f(y)
|x0 − y|m [Rm(Ã;x, y) −Rm(Ã;x0, y)]dy

−
∑

|α|=m

1
α!

∫
Rn

(
ψt(x−y)(x−y)α

|x− y|m − ψt(x0−y)(x0−y)α
|x0 − y|m

)
DαÃ(y)f(y)dy

:= I1 + I2 + I3.

ab�J x ∈ Q and y ∈ Rn \Q P, |x− y| ≈ |x0 − y|. �go 1 �LIptx (D� [20])

|bQ1 − bQ2 | ≤ C log(|Q2|/|Q1|)||b||BMO J Q1 ⊂ Q2,

� x ∈ Q, y ∈ 2k+1Q̃ \ 2kQ̃, �
|Rm(Ã;x, y)| ≤ C|x− y|m

∑
|α|=m

(||DαA||BMO + |(DαA)Q̃(x,y) − (DαA)Q̃|)

≤ Ck|x− y|m
∑

|α|=m
||DαA||BMO.

wL, ��%go 2 	��, �

||I1|| ≤ C

∫
Rn\Q̃

( |x− x0|
|x0 − y|m+n+1−δ +

|x− x0|ε
|x0 − y|m+n+ε−δ

)
|Rm(Ã;x, y)||f(y)|dy

≤ C
∑

|α|=m
||DαA||BMO

∞∑
k=0

∫
2k+1Q̃\2kQ̃

k

( |x− x0|
|x0 − y|n+1−δ +

|x− x0|ε
|x0 − y|n+ε−δ

)
|f(y)|dy

≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ

∞∑
k=1

k(2−k + 2−εk) ≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ .
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� I2, �wx (D� [15]): Rm(Ã;x, y) − Rm(Ã;x0, y) =
∑

|β|<m
1
β!Rm−|β|(DβÃ;x, x0)(x − y)β

�go 1, �
|Rm(Ã;x, y) −Rm(Ã;x0, y)| ≤ C

∑
|β|<m

∑
|α|=m

|x− x0|m−|β||x− y||β|||DαA||BMO.

��% I1 	xy, �

||I2|| ≤ C
∑

|α|=m
||DαA||BMO

∞∑
k=0

∫
2k+1Q̃\2kQ̃

|x− x0|
|x0 − y|n+1−δ |f(y)|dy ≤ C

∑
|α|=m

||DαA||BMO||f ||Ln/δ .

� I3, ��% I1 	xy, �

||I3|| ≤ C
∑

|α|=m

∞∑
k=0

∫
2k+1Q̃\2kQ̃

( |x− x0|
|x0 − y|n+1−δ +

|x− x0|ε
|x0 − y|n+ε−δ

)
|DαÃ(y)| |f(y)|dy

≤ C
∑

|α|=m

∞∑
k=1

(2−k + 2−εk)
(
|2kQ̃|−1

∫
2kQ̃

|DαA(y) − (DαA)Q̃|rdy
)1/r

||f ||Ln/δ

≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ .

wL
||F Ãt (f2)(x) − F Ãt (f2)(x0)|| ≤ C

∑
|α|=m

||DαA||BMO||f ||Ln/δ .

(ii) uv��A�T� C > 0, D��Vb H1 C� a, � ||g̃Aψ (a)||Ln/(n−δ) ≤ C. K∫
Rn

g̃Aδ (a)(x)dx =
[ ∫

2Q

+
∫

(2Q)c

]
g̃Aδ (a)(x)dx = J + JJ.

� J , �LItx
Qm+1(A;x, y) = Rm+1(A;x, y) +

∑
|α|=m

1
α!

(x − y)α(DαA(x) −DαA(y)).

��%go 2 	��, �
g̃Aδ (a)(x) ≤ gAδ (a)(x) + C

∑
|α|=m

∫
Rn

|DαA(x) −DαA(y)|
|x− y|n |a(y)|dy.

wL, �go 2 �� [2] H, J 1 < p < n/δ, 1/q = 1/p− δ/n P, g̃δ � (Lp, Lq) ��	, z

J ≤ C||g̃Aδ (a)||n/((n−δ)q)Lq |2Q|1−n/((n−δ)q) ≤ C||a||n/(n−δ)Lp |Q|1−n/((n−δ)q) ≤ C.

yxy JJ , < Ã(x) = A(x) −∑|α|=m
1
α! (D

αA)2Qxα, S Qm(A;x, y) = Qm(Ã;x, y). � a 	z
{{-(, � x ∈ (2Q)c, K

F̃At (a)(x) =
∫
Rn

ψt(x− y)Rm(A;x, y)
|x− y|m a(y)dy −

∑
|α|=m

1
α!

∫
Rn

ψt(x− y)DαÃ(x)(x − y)α

|x− y|m a(y)dy

=
∫
Rn

[
ψt(x − y)
|x− y|m − ψt(x − x0)

|x− x0|m
]
Rm(Ã;x, y)a(y)dy

+
∫
Rn

ψt(x − x0)a(y)
|x0 − x|m [Rm(Ã;x, y) −Rm(Ã;x, x0)]dy

−
∑

|α|=m

1
α!

∫
Rn

[
ψt(x− y)(x− y)α

|x− y|m − ψt(x− x0)(x − x0)α

|x− x0|m
]
DαÃ(x)a(y)dy,

:= JJ1 + JJ2 + JJ3.
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��%go 2 � (i) 	��, � x ∈ (2Q)c, �

||JJ1|| ≤ C

∫
Rn

[ |y − x0|
|x− y|n+m+1−δ +

|y − x0|ε
|x− y|n+m+ε−δ

]
|Rm(Ã;x, y)| |a(y)|dy

≤ C
∑

|α|=m
||DαA||BMO

(|Q|1/n|x− x0|−n−1+δ + |Q|ε/n|x− x0|−n−ε+δ
)
,

||JJ2|| ≤ C

∫
Rn

|Rm(Ã;x, y) −Rm(Ã;x, x0)| |a(y)|
|x− y|m+n−δ dy

≤ C
∑

|α|=m
||DαA||BMO

∫
Rn

|x0 − y| |a(y)|
|x− x0|n+1−δ dy

≤ C
∑

|α|=m
||DαA||BMO|Q|1/n|x− x0|−n−1+δ,

||JJ3|| ≤ C

∫
Rn

|x0 − y|
|x− y|n+1−δ

∑
|α|=m

|DαÃ(x)| |a(y)|dy

≤ C
∑

|α|=m
|DαÃ(x)|[|Q|1/n|x− x0|−n−1+δ + |Q|ε/n|x− x0|−n−ε+δ

]
.

wL
JJ ≤

∫
(2Q)c

(||JJ1 + JJ2 + JJ3||)n/(n−δ)dx

≤ C

( ∑
|α|=m

||DαA||BMO

)n/(n−δ) ∞∑
k=1

k[2−kn/(n−δ) + 2−knε/(n−δ)] ≤ C.

(iii) �LItx
Rm+1(A;x, y) = Qm+1(A;x, y) +

∑
|α|=m

1
α!

(x − y)α(DαA(x) −DαA(y)).

��%go 2 	��, �
gAδ (f)(x) ≤ g̃Aδ (f)(x) + C

∑
|α|=m

∫
Rn

|DαA(x) −DαA(y)|
|x− y|n−δ |f(y)|dy,

� (i), (ii) �� [2], �

|{x ∈ Rn : gAδ (f)(x) > λ}| ≤ |{x ∈ Rn : g̃Aδ (f)(x) > λ/2}|
+
∣∣∣∣
{
x ∈ Rn :

∑
|α|=m

∫
Rn

|DαA(x) −DαA(y)|
|x− y|n−δ |f(y)|dy > Cλ

}∣∣∣∣
≤ C(||f ||H1/λ)n/(n−δ).

(iv) < a � H1 C�, suppa ⊂ Q = Q(x0, d). � a 	z{{-(, � u ∈ 3Q \ 2Q, K

FAt (a)(x) = χ4Q(x)FAt (a)(x)+χ(4Q)c(x)
∫
Rn

[
Rm(Ã;x, y)ψt(x−y)

|x− y|m −Rm(Ã;x, u)ψt(x− u)
|x−u|m

]
a(y)dy

− χ(4Q)c(x)
∑

|α|=m

1
α!

∫
Rn

[
ψt(x− y)(x − y)α

|x− y|m − ψt(x− u)(x− u)α

|x− u|m
]
DαÃ(y)a(y)dy

− χ(4Q)c(x)
∑

|α|=m

1
α!

∫
Rn

(x− u)α

|x− u|mψt(x− u)DαÃ(y)a(y)dy,
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S
gAδ (a)(x) = ‖FAt (a)(x)‖ ≤ χ4Q(x)‖FAt (a)(x)‖

+ χ(4Q)c(x)
∥∥∥∥
∫
Rn

[
Rm(Ã;x, y)ψt(x− y)

|x− y|m − Rm(Ã;x, u)ψt(x− u)
|x− u|m

]
a(y)dy

∥∥∥∥
+ χ(4Q)c(x)

∥∥∥∥ ∑
|α|=m

1
α!

∫
Rn

[
ψt(x− y)(x− y)α

|x− y|m − ψt(x − u)(x− u)α

|x− u|m
]
DαÃ(y)a(y)dy

∥∥∥∥
+ χ(4Q)c(x)

∥∥∥∥ ∑
|α|=m

1
α!

∫
Rn

(x− u)α

|x− u|mψt(x− u)DαÃ(y)a(y)dy
∥∥∥∥

= I1(x) + I2(x, u) + I3(x, u) + I4(x, u).

��% (i) 	��, �

||I1(·)||Ln/(n−δ) ≤ ||gA
δ (a)||Lq |4Q|(n−δ)/n−1/q ≤ C||a||Lp |Q|1−1/p ≤ C;

||I2(·, u)||Ln/(n−δ)

≤ C

∞∑
k=2

[∫
2k+1Q\2kQ

(∫
Q

(
|y − u|

|x − y|m+n+1−δ
+

|y − u|ε
|x − y|m+n+ε−δ

)
|Rm(Ã; x, y)| |a(y)|dy

) n
n−δ

dx

]n−δ
n

+
∑

|α|=m

||DαA||BMO

∞∑
k=2

[∫
2k+1Q\2kQ

(∫
Q

|y − u|
|x − y|n+1−δ

|a(y)|dy

) n
n−δ

dx

]n−δ
n

≤ C
∑

|α|=m

||DαA||BMO

∞∑
k=2

[∫
2k+1Q\2kQ

(∫
Q

k

(
|y − u|

|x − y|n+1−δ
+

|y − u|ε
|x − y|n+ε−δ

)
|a(y)|dy

) n
n−δ

dx

]n−δ
n

≤ C
∑

|α|=m

||DαA||BMO

∞∑
k=2

[∫
2k+1Q\2kQ

k

(
d

(2kd)n+1−δ
+

dε

(2kd)n+ε−δ

)n−δ
n

dx

](n−δ)/n

||a||L∞ |Q|

≤ C
∑

|α|=m

||DαA||BMO

∞∑
k=2

k(2−k + 2−εk) ≤ C;

||I3(·, u)||Ln/(n−δ)

≤ C
∑

|α|=m

∞∑
k=2

[∫
2k+1Q\2kQ

(∫
Q

(
|y − u|

|x − y|n+1−δ
+

|y − u|ε
|x − y|n+ε−δ

)
|DαÃ(y)||a(y)|dy

) n
n−δ

dx

]n−δ
n

≤ C
∑

|α|=m

∞∑
k=2

(
d

(2kd)n+1−δ
+

dε

(2kd)n+ε−δ

)(
1

|Q|
∫

Q

|DαÃ(y)|dy

)
||a||L∞ |Q||2kQ|n−δ

n

≤ C
∑

|α|=m

||DαA||BMO

∞∑
k=2

(2−k + 2−εk) ≤ C.

wL, � I4(x, u) 	-(, �

||gAδ (a)||Ln/(n−δ) ≤ C.

(v) 7%Vb6= Q = Q(x0, d), �

f = fχ4Q + fχ(4Q)c = f1 + f2 � u ∈ 3Q \ 2Q,
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K

F̃At (f)(x) = F̃At (f1)(x) +
∫
Rn

Rm(Ã;x, y)
|x− y|m ψt(x− y)f2(y)dy

−
∑

|α|=m

1
α!

(DαA(x)−(DαA)Q)
∫
Rn

[
ψt(x−y)(x−y)α

|x− y|m −ψt(u−y)(u−y)
α

|u− y|m
]
f2(y)dy

−
∑

|α|=m

1
α!

(DαA(x) − (DαA)Q)
∫
Rn

(u− y)α

|u − y|mψt(u− y)f2(y)dy,

S ∣∣∣∣g̃Aδ (f)(x) − gδ

(
Rm(Ã;x0, ·)
|x0 − ·|m f2

)
(x0)

∣∣∣∣ =
∣∣∣∣∥∥F̃At (f)(x)

∥∥− ∥∥∥∥Ft
(
Rm(Ã;x0, ·)
|x0 − ·|m f2

)
(x0)

∥∥∥∥
∣∣∣∣

≤
∥∥∥∥F̃At (f)(x) − Ft

(
Rm(Ã;x0, ·)
|x0 − ·|m f2

)
(x0)

∥∥∥∥
≤ ∥∥F̃At (f1)(x)

∥∥+
∥∥∥∥
∫
Rn

[
Rm(Ã;x, y)
|x− y|m ψt(x − y) − Rm(Ã;x0, y)

|x0 − y|m ψt(x0 − y)
]
f2(y)dy

∥∥∥∥
+
∥∥∥∥ ∑

|α|=m

1
α!

(DαA(x) − (DαA)Q)
∫
Rn

[
ψt(x−y)(x−y)α

|x− y|m −ψt(u−y)(u−y)
α

|u− y|m
]
f2(y)dy

∥∥∥∥
+
∥∥∥∥ ∑

|α|=m

1
α!

(DαA(x) − (DαA)Q)
∫
Rn

(u− y)α

|u− y|mψt(u− y)f2(y)dy
∥∥∥∥

= J1(x) + J2(x) + J3(x, u) + J4(x, u).

��% (i) � (iv) 	��, �
1
|Q|

∫
Q

J1(x)dx ≤ |Q|−1/q||g̃Aδ (f1)||Lq ≤ C|Q|−1/q||f1||Lp ≤ C||f ||Ln/δ ;

1
|Q|

∫
Q

J2(x)dx ≤ C
∑

|α|=m
||DαA||BMO

1
|Q|

∫
Q

∞∑
k=2

∫
2k+1Q\2kQ

× k

( |x− x0|
|x0 − y|n+1−δ +

|x− x0|ε
|x0 − y|n+ε−δ

)
|f(y)|dydx

≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ

∞∑
k=1

k(2−k + 2−εk)

≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ ;

1
|Q|
∫
Q

J3(x, u)dx≤
∑

|α|=m

C

|Q|
∫
Q

|DαA(x) − (DαA)Q)|

×
∞∑
k=2

∫
2k+1Q\2kQ

( |x− u|
|x− y|n+1−δ +

|x− u|ε
|x− y|n+ε−δ

)
|f(y)|dydx

≤ C
∑

|α|=m
||DαA||BMO

∞∑
k=2

(2−k + 2−εk)||f ||Ln/δ ≤ C||f ||Ln/δ .

wL, � J4(x, u) 	-(, �
1
|Q|

∫
Q

∣∣∣∣∣g̃Aδ (f)(x) − gδ

(
Rm(Ã;x0, ·)
|x0 − ·|m f2

)
(x0)

∣∣∣∣∣ dx ≤ C||f ||Ln/δ .
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�u.

OW 2 t`a (i) op�go 2 	��, H
μδ(f)(x) ≤ C

∫
Rn

|f(y)|
|x− y|n−δ dy,

wL, J 1 < p < n/δ, 1/q = 1/p− δ/n P, μδ � (Lp, Lq) ��	. +#uv�� μδ $, !%
o	&'-(. Æ suppf ⊂ (2Q)c, < Ã(x) c%o 1 	��$q. K

||F Ã
t (f)(x) − F Ã

t (f)(x0)||

≤
(∫ ∞

0

∣∣∣∣
∫
|x−y|≤t

Ω(x−y)Rm(Ã; x, y)

|x − y|m+n−1−δ
f(y)dy−

∫
|x0−y|≤t

Ω(x0−y)Rm(Ã; x0, y)

|x0 − y|m+n−1−δ
f(y)dy

∣∣∣∣
2
dt

t3

)1/2

+
∑

|α|=m

(∫ ∞

0

∣∣∣∣
∫
|x−y|≤t

(
Ω(x−y)(x−y)α

|x − y|m+n−1−δ
−
∫
|x0−y|≤t

Ω(x0−y)(x0−y)α

|x0 − y|m+n−1−δ

)
DαÃ(y)f(y)dy

∣∣∣∣
2
dt

t3

)1/2

≤
(∫ ∞

0

[∫
|x−y|≤t, |x0−y|>t

|Ω(x − y)||Rm(Ã; x, y)|
|x − y|m+n−1−δ

|f(y)|dy

]2
dt

t3

)1/2

+

(∫ ∞

0

[∫
|x−y|>t, |x0−y|≤t

|Ω(x0 − y)||Rm(Ã; x0, y)|
|x0 − y|m+n−1−δ

|f(y)|dy

]2
dt

t3

)1/2

+

(∫ ∞

0

[∫
|x−y|≤t,|x0−y|≤t

∣∣∣∣Ω(x − y)Rm(Ã; x, y)

|x − y|m+n−1−δ
− Ω(x0 − y)Rm(Ã; x0, y)

|x0 − y|m+n−1−δ

∣∣∣∣|f(y)|dy

]2
dt

t3

)1/2

+
∑

|α|=m

(∫ ∞

0

∣∣∣∣
∫
|x−y|≤t

(
Ω(x−y)(x−y)α

|x−y|m+n−1−δ
−
∫
|x0−y|≤t

Ω(x0−y)(x0−y)α

|x0 − y|m+n−1−δ

)
DαÃ(y)f(y)dy

∣∣∣∣
2
dt

t3

)1/2

:= K1 + K2 + K3 + K4.

� |x− y| ≈ |x0 − y|, J y ∈ (2Q)c, �

K1 ≤ C

∫
Rn\Q̃

|f(y)| |Rm(Ã;x, y)|
|x− y|m+n−1−δ

(∫
|x−y|≤t<|x0−y|

dt

t3

)1/2

dy

≤ C

∫
Rn\Q̃

|f(y)| |Rm(Ã;x, y)|
|x− y|m+n−1−δ

|x0 − x|1/2
|x− y|3/2 dy ≤ C

∑
|α|=m

||DαA||BMO||f ||Ln/δ .

��c, � K2 ≤ C
∑

|α|=m ||DαA||BMO||f ||Ln/δ .

� K3, �LIptx (D� [16]):∣∣∣∣ Ω(x− y)
|x− y|n−1−δ − Ω(x0 − y)

|x0 − y|n−1−δ

∣∣∣∣ ≤
( |x− x0|
|x0 − y|n−δ +

|x− x0|γ
|x0 − y|n−1+γ−δ

)
,

�

K3 ≤ C
∑

|α|=m
||DαA||BMO

∫
Rn\Q̃

( |x− x0|
|x0 − y|n−δ +

|x− x0|γ
|x0 − y|n−1−δ+γ

)

×
(∫

|x0−y|≤t,|x−y|≤t

dt

t3

)1/2

|f(y)|dy

≤ C
∑

|α|=m
||DαA||BMO

∞∑
k=1

k(2−k + 2−γk)||f ||Ln/δ ≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ .
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� K4, ��% K1, K2, K3 	��, �

K4 ≤ C
∑

|α|=m

∞∑
k=1

∫
2k+1Q̃\2kQ̃

( |x− x0|
|x0−y|n+1−δ+

|x− x0|1/2
|x0−y|n+1/2−δ+

|x− x0|γ
|x0−y|n+γ−δ

)
|DαÃ(y)| |f(y)|dy

≤ C
∑

|α|=m
||DαA||BMO

∞∑
k=1

k(2−k + 2−k/2 + 2−γk)||f ||Ln/δ

≤ C
∑

|α|=m
||DαA||BMO||f ||Ln/δ .

/c%o 1 	��$q	6|M:�� (ii), (iii), (iv), (v), |%}~, +#}�~n. �u.
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