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��, .���/0��. 12G3�, /4>�3056���47�1H��	28916
		
.

91H�";, 916�/3I�	4:, 528916J�/3;	I�6<. 7=>?,
	
056���47�1H��	28916@�I�.

056���47�1H��	/8AB9CDK{
Eẋ(t) = f(t, x(t), x(t − τ), u(t)), t ≥ t0,

x(t) = ϕ(t), t0 − τ ≤ t ≤ t0.
(1)

6E x(t) ∈ Rn �LFGH, E ∈ Rn×n �/3��:Æ, u(t) ∈ Rm �1HGH, τ > 0 ��4,
ϕ(t) �;ILF28, f(t, x, y, z) ∈ C1(R × Rn × Rn × Rm, Rn).

< B �8=J9 [t0 − τ, t0] K n L9M;IGHM28N>	;I?@.
OP 1 ���� (1) >NA, O

A(t) =
∂f(t, 0, 0, 0)

∂x
=

∂f

∂x

∣∣∣
x=y=z=0

,

B(t) =
∂f(t, 0, 0, 0)

∂y
=

∂f

∂y

∣∣∣
x=y=z=0

,

C(t) =
∂f(t, 0, 0, 0)

∂z
=

∂f

∂z

∣∣∣
x=y=z=0

,

12� {
Eẋ(t) = A(t)x(t) + B(t)x(t − τ) + C(t)u(t), t ≥ t0,

x(t) = ϕ(t), t0 − τ ≤ t ≤ t0
(2)

��� (1) �3NA	/BC���.
O K �=J9 [t0 − τ, t0] K28	/3D�	EF56?@. 12>
OP 2 O α ∈ K ; x0(·, t0, ϕα, uα) (ϕα ∈ B) ��� (1) 	PQG t ∈ [t1, t1 + τ ] �,

x0(t, t0, ϕα, uα) = α(t − t1 + t0 − τ) 	HI, O

A(t) =
∂f(t, x0(t, t0, ϕα, uα), x0(t − τ, t0, ϕα, uα), uα(t))

∂x
,

B(t) =
∂f(t, x0(t, t0, ϕα, uα), x0(t − τ, t0, ϕα, uα), uα(t))

∂y
,

C(t) =
∂f(t, x0(t, t0, ϕα, uα), x0(t − τ, t0, ϕα, uα), uα(t))

∂z
,

J��� (2) ��� (1) �3 x0(·, t0, ϕα, uα) 	/BC���.
OP 3 O α(·) �?@ K 	/328, B ;I28?@. ��J3Q3K	 ϕ ∈ B, �9

/3�L t1, t0 < t1 < ∞ �/39M	1HM u[t0,t1+τ ], R� x(t; t0, ϕ, u) = α(t − t1 + t0 − τ),
t ∈ [t1, t1 + τ ]. 6E x(t; t0, ϕ, u) ��� (1) 	N t0 OIC ϕ �;I28C u �;I1H	A,
J��� (1) �3 B J3 K ;	28 α(·) �91	. �� α(·) ≡ 0, �� (1) �3 B J3
α(·) ≡ 0 �91	, J�P���3NQ91; ���� (1) �3 K ;	S>28R91, J�
T�3?@ K 91.

S�T!"056���47�1H�� (1). UVR�U=���W/9A	.
�� det(E) �= 0, �� (1) T�SV	�47���. N� [7] 9CTW056;XY1H

��Z�/U056���47�1H��. SC, S�[X�� [11] � [21] 	7���.
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2 XYZ[\]^Z_`a
12ef`g056���47�1H��	/BC��� (2), ÆKaTChbB.
OP 4 O E �/3cÆ, ���9/3:Æ Ed PQ:
10 EEd = EdE;
20 EdEEd = Ed;
30 (I − EdE)El = 0,

J12� Ed �:Æ E 	 Drazin i:Æ, d� D- iÆ. 6E l �:Æ E 	be, �R
rank(El+1) = rank|, (El) >X	cj0fd8.

8� [3] g [5], 12>h
ef 1 J3Q3cÆ E, TD-iÆ�9W/, .��TJordanegY� E = T

(
J1 0
0 J0

)
T−1.

6E J0 �kNÆ, J1 � T i�9iÆ, J Ed =
(
J−1
1 0
0 0

)
T−1.

129CT�� (2) ��l3��{
Eẋ(t) = A(t)x(t) + B(t)x(t − τ) + EEdC(t)u(t), t ≥ t0,

x(t) ≡ 0, t0 − τ ≤ t ≤ t0,
(3)

{
Eẋ(t) = A(t)x(t) + B(t)x(t − τ) + (I − EEd)C(t)u(t), t ≥ t0,

x(t) ≡ 0, t0 − τ ≤ t ≤ t0
(4)

� {
Eẋ(t) = A(t)x(t) + B(t)x(t − τ), t ≥ t0,

x(t) = ϕ(t), t0 − τ ≤ t ≤ t0.
(5)

6E I ∈ Rn×n �jmÆ.
MhhÆh
Of 1 �� x1(t), x2(t) ����� (3) � (4) 	A, x(t, ϕ, 0) ��� (5) 	A, J x(t) =

x(t, ϕ, 0) + x1(t) + x2(t) ��� (2) 	A.
OP 5 J3�� (3), �� X(t, s) ∈ Rn×n, .PQck⎧⎪⎪⎨

⎪⎪⎩
E

∂X(t, s)
∂t

= A(t)X(t, s) + B(t)X(t − τ, s), t > s,

X(t, s) =

{
EEd, t = s,

0, t < s,

(6)

12� X(t, s) ��� (3) 	lmAÆ.
OP 6 J3�� (4), �� Y (t, s) ∈ Rn×n, .PQck⎧⎪⎪⎨

⎪⎪⎩
E

∂Y (t, s)
∂t

= A(t)Y (t, s) + B(t)Y (t − τ, s) + (I − EEd)δ(t − s), t > s,

Y (t, s) =

{
I − EEd, t = s,

0, t < s,

(7)

12� Y (t, s) ��� (4) 	lmAÆ. 6E δ(t) � δ- 28 [3, 5].
Of 2 O X(t, s) ��� (3) 	lmAÆ, �� (3) 	A9CDK

x1(t) =
∫ t

t0

X(t, s)EdC(s)u(s)ds. (8)
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ij 8 (8) B, 12>

Eẋ1(t) = E

∫ t

t0

∂X(t, s)
∂t

EdC(s)u(s)ds + EX(t, t)EdC(t)u(t)

=
∫ t

t0

E
∂X(t, s)

∂t
EdC(s)u(s)ds + EEEdEdC(t)u(t).

83 EdEEd = Ed, EEd = EdE, .8 (6) B, 12>

Eẋ1(t) =
∫ t

t0

E
∂X(t, s)

∂t
EdC(s)u(s)ds + EEdC(t)u(t)

=
∫ t

t0

(A(t)X(t, s) + B(t)X(t − τ, s))EdC(s)u(s)ds + EEdC(t)u(t)

= A(t)
∫ t

t0

X(t, s)EdC(s)u(s)ds + B(t)
∫ t

t0

X(t − τ, s)EdC(s)u(s)ds + EEdC(t)u(t)

= A(t)x1(t) + B(t)
∫ t−τ

t0

X(t − τ, s)EdC(s)u(s)ds

+ B(t)
∫ t

t−τ

X(t − τ, s)EdC(s)u(s)ds) + EEdC(t)u(t)

= A(t)x1(t) + B(t)x1(t − τ) + EEdC(t)u(t).

=� 2 �h.

ef 2 J3Q3cÆ E, 12>
(E + I)(I − EEd)(I + E(I − EEd))−1 = I − EEd. (9)

ij 8k� 1, ��

E = T

(
J1 0

0 J0

)
T−1, J Ed = T

(
J−1

1 0

0 0

)
T−1.

83 J0 �kN:Æ, J0 + I 9i, 12>

I − EEd = T−1

(
0 0

0 I

)
T = T−1

(
0 0

0 J0 + I

)
T × T−1

(
I 0

0 J0 + I

)−1

T

= (E + I)(I − EEd)(I + E(I − EEd))−1.

ef 3 J3 δ- 28, 12>∫ t

0

δ(t − s)C(s)u(s)ds = C(t)u(t). (10)

ij 12TW,��28 f ∗g=J� f ∗g =
∫ t

0
g(t−s)f(s)ds,T LaplaceCn� L(f ∗g) =

L(f)L(g), l L(δ) = 1, 6n12>

L

(∫ t

0

δ(t − s)C(s)u(s)ds

)
= L(δ(t))L(C(t)u(t)) = L(C(t)u(t)),

o
∫ t

0
δ(t − s)C(s)u(s)ds = C(t)u(t).
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Of 3 O Y (t, s) ��� (4) 	lmAÆ, �� (4) 	A9CDK

x2(t) =
∫ t

t0

Y (t, s)(I + E(I − EEd))−1C(s)u(s)ds. (11)

ij N (11) � (7) B, 12>

Eẋ2(t) = E

∫ t

t0

∂Y (t, s)
∂t

(I + E(I − EEd))−1C(s)u(s)ds

+ EY (t, t)(I + E(I − EEd))−1C(t)u(t)

=
∫ t

t0

E
∂Y (t, s)

∂t
(I + E(I − EEd))−1C(s)u(s)ds

+ E(I − EEd)(I + E(I − EEd))−1C(t)u(t)

=
∫ t

t0

(A(t)Y (t, s) + B(t)Y (t − τ, s))(I + E(I − EEd))−1C(s)u(s)ds

+
∫ t

t0

(I − EEd)δ(t − s)(I + E(I − EEd))−1C(s)u(s)ds

+ E(I − EEd)(I + E(I − EEd))−1C(t)u(t).

8k� 3 �

Eẋ2(t) = A(t)
∫ t

t0

Y (t, s)(I + E(I − EEd))−1C(s)u(s)ds

+ B(t)
∫ t

t0

Y (t − τ, s)(I + E(I − EEd))−1C(s)u(s)ds

+ (I − EEd)(I + E(I − EEd))−1

∫ t

t0

δ(t − s)C(s)u(s)ds

+ E(I − EEd)(I + E(I − EEd))−1C(t)u(t)

= A(t)
∫ t

t0

Y (t, s)(I + E(I − EEd))−1C(s)u(s)ds

+ B(t)
∫ t−τ

t0

Y (t − τ, s)(I + E(I − EEd))−1C(s)u(s)ds

+ (I − EEd)(I + E(I − EEd))−1C(t)u(t)

+ E(I − EEd)(I + E(I − EEd))−1C(t)u(t)

= A(t)x2(t) + B(t)x2(t − τ)

+ (I + E)(I − EEd)(I + E(I − EEd))−1C(t)u(t).

8k� 2 T Eẋ2(t) = A(t)x2(t) + B(t)x2(t− τ) + (I −EEd)C(t)u(t), o x2(t) ��� (4) 	A.

8=� 2, =� 3 �=� 1, 12>
Of 4 O X(t, s) ��� (3) 	lmAÆ, Y (t, s) ��� (4) 	lmAÆ, x(t, ϕ, 0) ���

(5) 	A, J�� (2) 	A9CDK

x(t) = x(t, ϕ, 0) +
∫ t

t0

X(t, s)EdC(s)u(s)ds +
∫ t

t0

Y (t, s)(I + E(I − EEd))−1C(s)u(s)ds. (12)
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3 XYZ[\]^mnopq
8=� 4, 12>�� (2) 	AZ9CDK

x(t) = x(t, ϕ, 0) +
∫ t

t0

[X(t, s)Ed + Y (t, s)(I + E(I − EEd))−1]C(s)u(s)ds. (13)

9, O

W (t0, t1) =
∫ t1

t0

[X(t1, s)Ed + Y (t1, s)(I + E(I − EEd))−1]C(s)

× CT (s)[(Ed)T XT (t1, s) + ((I + E(I − EEd))−1)T Y T (t1, s)]ds, (14)

6E “T ” pors.
Of 5 J3�� (2), �Qq28 α(·) ∈ K , ���9 t1 > t0, R�

rank (W (t0, t1)) = n, (15)

J�9/39M	1H u(t) 9rR���	A9>p�@qNrs.
ij 9 (13) B;, s

u∗(s) = −CT (s)[(Ed)T XT (t1, s) + ((I + E(I − EEd))−1)T Y T (t1, s)]

× W−1(t0, t1)x(t1, ϕ, 0), s ∈ [t0, t1],

12>
x(t1) = x(t1, ϕ, 0) +

∫ t1

t0

[X(t1, s)Ed + Y (t1, s)(I + E(I − EEd))−1]C(s)u∗(s)ds = 0.

Of 6 ���� (2) PQh
(i) �9 t1 > t0, R� (15) >X;
(ii) ck

B(t)x(t − τ) + C(t)u(t) = 0 (16)

9t@ (t1, t1 + τ) K>9M	1H,
J�� (2) �3;I28?@ B J3NQ�91	.

ij 8=� 5, 12>: J3Qq ϕ ∈ B �9 u[t0,t1], R� x(t1, t0, ϕ, u[t0,t1]) = 0. ��
(16) B>X, J9t@ (t1, t1 + τ) K, �� (2) >�{

Eẋ(t) = A(t)x(t), t ∈ (t1, t1 + τ),

x(t1) = 0.
(17)

uv, 129>J3S>	 t ∈ [t1, t1 + τ ], x(t) = 0.
Of 7 J3�� (2) �Q3	28 α(·) ∈ K , ���9 t1 > t0, R��� (15) >X, J

J3Q3	 ϕ ∈ B �9/39M1H u(t), R�TA>
x(t1, t0, ϕ, u[t0,t1]) = α(t0 − τ).

ij 9�� (13) ;, s

u∗(s) = −CT (s)[(Ed)T XT (t1, s) + ((I + E(I − EEd))−1)T Y T (t1, s)]

×W−1(t0, t1)[x(t1, ϕ, 0) − α(t0 − τ)], s ∈ [t0, t1],
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12>
x(t1) = x(t1, ϕ, 0)q +

∫ t1

t0

[X(t1, s)Ed + Y (t1, s)(I + E(I − EEd))−1]C(s)u∗(s)ds

= x(t1, ϕ, 0) +
∫ t1

t0

[X(t1, s)Ed + Y (t1, s)(I + E(I − EEd))−1]C(s)

× [−CT (s)[(Ed)T XT (t1, s) + ((I + E(I − EEd))−1)T Y T (t1, s)]

× W−1(t0, t1)(x(t1, ϕ, 0) − α(t0 − τ))]ds

= x(t1, ϕ, 0) − W (t0, t1)W−1(t0, t1)(x(t1, ϕ, 0) − α(t0 − τ))

= α(t0 − τ)).

Of 8 ���� (2) PQh
(i) �9 t1 > t0, R��� (15) >X;
(ii) ck

B(t)x(t − τ) + C(t)u(t) − E
d

dt
α(t − t1 + t0 − τ) + A(t)α(t − t1 + t0 − τ) = 0 (18)

9t@ (t1, t1 + τ) K>9M	1H u(·),
J�� (2) �3;I28?@ B J328 α(·) ∈ K �91	.

ij J3 ϕ ∈ B ��� (15) ;	 t1, 8=� 7 12>, �9/39M	1H u[t0,t1], R
� x(t1, t0, ϕ, u[t0,t1]) = α(t0 − τ). ��ck (18) >X, 9t@ (t1, t1 + τ) K, �� (2) �{

E d
dt (x(t) − α(t − t1 + t0 − τ)) = A(t)(x(t) − α(t − t1 + t0 − τ)), t ∈ (t1, t1 + τ),

x(t1) = α(t0 − τ),

o {
E d

dt (x(t) − α(t − t1 + t0 − τ)) = A(t)(x(t) − α(t − t1 + t0 − τ)), t ∈ (t1, t1 + τ),

x(t1) − α(t0 − τ) = 0.

uv, JS>	 t ∈ [t1, t1 + τ ], 129� x(t)−α(t− t1 + t0 − τ) = 0, o x(t) = α(t− t1 + t0 − τ).
SC�� (2) �3;I28?@ B J328 α(·) ∈ K �91	.

4 \] (1) ^mnopq
9`g056���47�1H��.
Of 9 J3�� (1), ��T/BC��� (2) �3NAPQwth
(i) �9 t1 > t0, R��� (15) >X;
(ii) 9t@ [t1, t1 + τ ] K, J:Æck

EŻ(t) = A(t)Z(t) + B(t)Z(t − τ) + C(t)U(t), (19)

129Cs/3:Æ U(t) ∈ Rm×n, R�G det (Z(t1)) �= 0 �, 12> det (Z(t) �= 0,
J�� (1) �3 B J3NQ�91	.

ij J3 t ∈ [t0, t1], 12=J uξ(t) = u(t, ξ) = CT (t)[(Ed)T XT (t1, t) + ((I + E(I −
EEd))−1)T Y T (t1, t)]ξ. 6E ξ ∈ Rn. J3u1H, O�� (1) 	A� x(t; t0, ϕ, uξ).
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O

J(t) =
∂x(t; t0, ϕ, uξ)

∂ξ

∣∣∣∣
ξ=0

. (20)

8�� (1) 12�hJ3 t ∈ [t0, t1 + τ ],

EJ̇(t) =
[
∂f

∂x
(t, 0, 0, 0)

∂x(t)
∂ξ

+
∂f

∂y
(t, 0, 0, 0)

∂x(t − τ)
∂ξ

+
∂f

∂z
(t, 0, 0, 0)

∂u

∂ξ

]∣∣∣∣
ξ=0

= A(t)J(t) + B(t)J(t − τ) + C(t)
∂u

∂ξ
(t, 0),

o

EJ̇(t) = A(t)J(t) + B(t)J(t − τ) + C(t)
∂u

∂ξ
(t, 0). (21)

uv, J3 t ∈ [t0, t1], ∂u
∂ξ (t, 0) = CT (t)[(Ed)T XT (t1, t) + ((I + E(I − EEd))−1)T Y T (t1, t)].

8=� 4, 12>�� (21) 	A�

J(t) =
∫ t

t0

[X(t, s)Ed + Y (t, s)(I + E(I − EEd))−1]C(s)
∂u

∂ξ
(s, 0)ds

=
∫ t

t0

[X(t, s)Ed + Y (t, s)(I + E(I − EEd))−1]C(s)

× CT (s)[(Ed)T XT (t1, s) + ((I + E(I − EEd))−1)T Y T (t1, s)]ds,

o J(t1) = W (t0, t1). 8 (i),12> det (J(t1)) �= 0. 8 (ii),9t@ [t1, t1+τ ]K,9Cs ∂u
∂ξ (t, 0),

R�J3�� (21) 	A J(t) PQG t ∈ [t1, t1 + τ ] �, det (J(t)) �= 0.
N�� (20); J(t)	=Jvt28=�, det (J(t)) �= 03xu129CA x(t; t0, ϕ, ξ) =0,

t1 ≤ t ≤ t1 + τ, ξ � ϕ 	28. =� 9 hw.
v 1 =� 9 ;	wt (ii) 9x�MhPQ. y�, O K = Z(t1), ��9t@ [t1, t1 + τ ]

K, 129Cs:Æ U(t) ∈ Rm×n PQ
A(t)K + B(t)Z(t − τ) + C(t)U(t) = 0, (22)

J9t@ [t1, t1+τ ]K,:Æck (19)	A� Z(t) ≡ K. Gv,G det (Z(t1)) �= 0�, det (Z(t) �=0.
Of 10 J3�� (1), ��T/BC��� (2) �3=J 2 ;=J	��	HI x0(·, t0,

ϕα, uα) PQwth
(i) J=J 2 ;=J	 t1 > t0, (15) >X;
(ii) 9t@ [t1, t1 + τ ] K, J:Æck (19), 129Cs/3:Æ U(t) ∈ Rm×n, R�G

det (Z(t1)) �= 0 �, 12> det (Z(t) �= 0,
J�� (1) �3;I28?@ B J3?@ K ;	28 α(·) �91	.

ij O x0(·, t0, ϕα, uα) ≡ x0(t), 12Kayn y(t) = x(t) − x0(t), J�� (1) TC�

Eẏ(t) = −Eẋ0(t) + f(t, y(t) + x0(t), y(t − τ) + x0(t − τ), u(t)). (23)

J3 t ∈ [t0, t1], =J uξ(t) = u(t, ξ) = uα(t) + CT (t)[(Ed)T XT (t1, t) + ((I + E(I −
EEd))−1)T Y T (t1, t)]ξ. J3P1H, O�� (23) 	A� y(t; t0, ϕ, uξ).

O

J(t) =
∂y(t; t0, ϕ, uξ)

∂ξ

∣∣∣∣
ξ=0

. (24)



5� Y \: Z]^_[`Va\]Wbc^_-d]^ 1161

8�� (23) 9�, J3 t ∈ [t0, t1 + τ ], 12>

EJ̇(t) =
[
∂f

∂x
(t, x0(t), x0(t − τ), uα(t))

∂y(t)
∂ξ

+
∂f

∂y
(t, x0(t), x0(t − τ), uα(t))

∂y(t − τ)
∂ξ

+
∂f

∂z
(t, x0(t), x0(t − τ), uα(t))

∂u

∂ξ

]∣∣∣∣
ξ=0

= A(t)J(t) + B(t)J(t − τ) + C(t)
∂u

∂ξ
(t, 0),

o

EJ̇(t) = A(t)J(t) + B(t)J(t − τ) + C(t)
∂u

∂ξ
(t, 0). (25)

uv, J3 t ∈ [t0, t1], >
∂u

∂ξ
(t, 0) = CT (t)[(Ed)T XT (t1, t) + ((I + E(I − EEd))−1)T Y T (t1, t)].

8=� 4 9�, ck (25) 	A�

J(t) =
∫ t

t0

[X(t, s)Ed + Y (t, s)(I + E(I − EEd))−1]C(s)
∂u

∂ξ
(s, 0)ds

=
∫ t

t0

[X(t, s)Ed + Y (t, s)(I + E(I − EEd))−1]C(s)

× CT (s)[(Ed)T XT (t1, s) + ((I + E(I − EEd))−1)T Y T (t1, s)]ds,

o J(t1) = W (t0, t1). 8 (i)� det (J(t1)) �= 0. 8 (ii),9t@ [t1, t1 +τ ]K,129Cs ∂u
∂ξ (t, 0),

R�ck (25) 	APQJ t ∈ [t1, t1 + τ ], det (J(t)) �= 0.

Nck (24) ; J(t) 	=J, 8t28=�, det(J(t)) �= 0 3xu9CA y(t; t0, ϕ, ξ) = 0,
t1 ≤ t ≤ t1 + τ, ξ � ϕ 	28. o129A

x(t; t0, ϕ, ξ) = α(t − t1 + t0 − τ), t1 ≤ t ≤ t1 + h,

ξ � ϕ 	28. =� 10 �h.

v 2 =� 9 9CzK=� 10 	/3yw, o��9=� 10 ;O y(t) = x(t) − x0(t), =
� 10 o�=� 9.

9Ka/3ywzÆS�	7���, o=� 9.

x) `g��{
ẋ1(t) = sin(x1(t) + u1(t)) + cos x2(t) + sin(x1(t − 1) + x2(t − 1)), t ≥ 0,

0 = sin(x2(t) + x2(t − 1)) + cos(x1(t) + x1(t − 1)) + u2(t), t ≥ 0.
(26)

�� (26) 	�3NA	/BC����{
ẋ1(t) = x1(t) + x1(t − 1) + x2(t − 1) + u1(t), t ≥ 0,

0 = x2(t) + x2(t − 1) + u2(t), t ≥ 0.
(27)

Jy�� (27) � (2), 12>

E =

(
1 0

0 0

)
, A =

(
1 0

0 1

)
, B =

(
1 1

0 1

)
, C =

(
1 0

0 1

)
.
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8�� (6) � (7), 12>hG t ∈ (0, 1) . t > S �

X(t, s) =

(
et−s 0

0 0

)
, Y (t) =

(
0 0

0 δ(t − s)

)
.

8�� (14), 12>hG t1 ∈ (0, 1) �

W (0, t1) =

⎛
⎜⎝

1
2
(e2t1 − 1) 0

0
∫ t1

0

δ2(t)dt

⎞
⎟⎠ ,

o rank(W (0, t1)) = 2, =� 9 ;	wt (i) PQ. 8G 1 Mh��=� 9 	wt (ii) >X. 8=
� 9, 12>�� (26) �3NQ�91	.

z{ K=@�{{S�|}�|~}�S�~a	��.
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