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L ∩ Eu �� L < =/!� u �3�>1
� Eu �$"#$.

1956 %, ? Busemann % Petty [1] &&�3'@'()�(
*) K,L ∈ K n

c , Æ+�,A u ∈ Sn−1, +
Voln−1(L ∩ Eu) ≤ Voln−1(K ∩ Eu),

-. Voln(L) ≤ Voln(K) �*+/?

Busemann % Petty [1] BA,C'()< Minkowski 
�*�0-��()./(0�
F,F ′ � Rn *� Minkowski ��, 1��/ r (1 < r < n), ,1 (2$34�) r ��0-�

F - 0-5672� F ′- 0-, 48 s > r 3, � s ��0-�*4+$5��6+/? Larman
% Rogers 72989:;:D<=8 n ≥ 12 3, Busemann–Petty ()5+/ [2]; >3';E
5F?@<G, Ball 72/!%A�=0%-��6D<=8 n ≥ 10 3, Busemann–Petty
()5+/ [3]; Giannapoulos [4] % Bourgain [5] $>?/:72B8�HI%A�,AC�
D@EA/!, B; Ball �D<�,=8 n ≥ 7 3, Busemann–Petty ()�*CDE. 8
n ≥ 5 % n ≥ 6 3, Busemann–Petty ()5+/�F9$>? Papadimitrakis [6] % Gardner [7]

GF. HG, Lutwak [8] JH$" (Intersection body) �9I, I/= Busemann–Petty ()�
J<$"��6, �,�+��
�*KLJJM()KN=L�O0. Lutwak �F9�:

KL A *) L � Rn *�$", K ∈ L n
o , +��+� u ∈ Sn−1, +

Voln−1(L ∩ Eu) ≤ Voln−1(K ∩ Eu),

-. Voln(L) ≤ Voln(K).

Gardner � n = 3 3� Busemann–Petty ()P&=MC�DE [9, 10]; Gaoyong Zhang (M
QN) [11] JJ= Busemann–Petty () n = 4 �N�. Zhang [12] RGF Busemann–Petty ()
, Rn *+MC�DE�2OOS� Rn *P3'0�*���� L �$", PT�Q
Lutwak P&�CR A A�= Busemann–Petty ()QRJJ�KU.

VS�W3'XS�P&YCR AZ3[��TUT-$ (quermassintegral) �V, 2�@
'� Busemann–Petty ()�J�W\�V.

Rn *�� K �W i '�TUT-$ W̃i(K) X? Steiner YZ]V

Voln(K+̃λB) =
n∑

i=0

(
n
i

)
λiW̃i(K).

GCU, �* B �[^� n ���A. 3[2 W̃i �� n �
�*�W i '�TUT-$, 2
w̃i �� n − 1 �
�*�W i '�TUT-$. \]�,�3'VOF)�(

KL 1 *) L1 � Rn *�$", L2 ∈ L n
o , +��+� u ∈ Sn−1 %,APC� i (0 ≤

i < n − 1), +
w̃i(L1 ∩ Eu) ≤ w̃i(L2 ∩ Eu), (1.1)

-.

W̃i(L1) ≤ W̃i(L2), (1.2)

8+_8 L1 = L2 3, .`+/.

,CR 1 *E i = 0, a� Busemann–Petty ()�J.
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Lutwak [8] / 1988 %&&$"�9I(? L ∈ L n
o , n ≥ 2, 4� L �$" IL CU�

ρIL(u) = Voln−1(L ∩ Eu) =
1

n − 1

∫
Sn−1∩Eu

ρL(v)n−1dVoln−2(v).

HG, Goody, Lutwak % Weil [13] &&e3'XfA�Z\AU��9I(Rn *�� L1 h

Y$", *)2gZ ρL1 ∈ C(Sn−1), + ρL1 = Rμ, �* R � Radon ij, μ � Sn−1 ��

+hT��k Borel ��. $"��T Brunn–Minkowski R9*�3'[O\l�i. ]^
I : L → IL �m_jT�\l<`FF,Sk [8, 12, 14]. Funk =0CR [15] Q<=]^ I ,
0�*���l (a L n

c ) ��ha�3'�m, baD<=*>@'�F)(
KL B *) C,D nn/ L n

c , +��+� u ∈ Sn−1, n+
Voln−1(C ∩ Eu) = Voln−1(D ∩ Eu),

4 C = D.

2001 %, Æoo%M�p [16] ,p*qqcr��d"reD<=*>F):
KL C *) K ∈ K n, L ∈ K n

c , n ≥ 2 +��+� u ∈ Sn−1 %,APC� i (0 ≤ i <

n),+
wi(L | Eu) = wi(K | Eu),

-. Wi(L) ≥ Wi(K) 8+_8 L % K ,Yf�AU>$.3.`+/.
VS�Ws'VOXS�t Funk =0CRW\,=�TUT-$�V, PT��,=CR

C ��T�V(
KL 2 *)K ∈ L n, L ∈ L n

c , n ≥ 2+��+� u ∈ Sn−1%,APC� i (0 ≤ i < n),+
w̃i(L ∩ Eu) = w̃i(K ∩ Eu),

-. W̃i(L) ≤ W̃i(K), 8+_8 L = K 3, .`+/.
,CR 2 *E i = 0, a� Funk =0CR.

2 ghij
*) L ∈ L n

o , 4�,A u ∈ Sn−1, � L �/0������ ρL XCU�
ρL(u) = max{c ≥ 0 : cu ∈ L}.

*) Li � Rn ��, + ti ≥ 0 (1 ≤ i ≤ m), 4��sjk� t1L1+̃ · · · +̃tmLm CU�
t1L1+̃ · · · +̃tmLm = {t1x1+̃ · · · +̃tmxm : xi ∈ Li}.

�,A u ∈ Sn−1, +
ρt1L1+̃···+̃tmLm

(u) = t1ρL1(u) + · · · + tmρLm(u). (2.1)

,�Tu�-R9 [12, 17, 18] *, >t.V%5.V�+2�.
� Lj ∈ L n

o (1 ≤ j ≤ n), 4� Lj (1 ≤ j ≤ n) ��Tu�- Ṽ (L1, . . . , Ln) CU�
Ṽ (L1, . . . , Ln) =

1
n

∫
Sn−1

ρL1(u) . . . ρLn(u)dVoln−1(u). (2.2)

8 L ∈ L n
o , 4 L �W i '�TUT-$ W̃i(L) X���

W̃i(L) = Ṽ (L, . . . , L︸ ︷︷ ︸
n−i

, B, . . . , B︸ ︷︷ ︸
i

). (2.3)
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u Li ∈ L n
o (i = 1, . . . , n), 4�Tu�-��T Aleksandrov–Fenchel 5.V, +

Ṽ (L1, . . . , Ln)m ≤
m∏

i=1

Ṽ (Li,m;Lm+1, . . . , Ln), (2.4)

8+_8 Li (i = 1, . . . ,m) v�vw (dilates) 3E.`.
, (2.4) V*? L1 = · · · = Lm−1 = K, Lm = L, Lm+1 = · · · = Ln = B, 4+
*) K,L ∈ L n

o , + 0 ≤ i < n − 1, 4
Ṽ (K, . . . ,K︸ ︷︷ ︸

n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L)n−i ≤ W̃i(K)n−i−1W̃i(L), (2.5)

8+_8 K � L �vw3, .`+/. 8 i = 0 3, (2.5) xw��T Minkowski 5.V.
A0 Radon ij (xS [14, 381 l]) �VSD<�[OXy(0� f �CU, Sn−1 ��

Borel ��, 4 f �A0 Radon ij Rf CU�
(Rf)(u) =

∫
Sn−1∩Eu

f(v)dVoln−2(v), u ∈ Sn−1. (2.6)

S* In t2/�� L n *�$"�
�. 3'\U$" L ∈ L n XCU� L gZ
ρL ∈ C(Sn−1) + ρL = Rμ, �* μ � Sn−1 ��\U�+hT� Borel ��. 2 In

g ��\U$
"�
�, 4 In

g � L n
c �3'yz1
 [12].

3 ()mno
KL 1 pqr � Kj ∈ L n

o (1 ≤ j ≤ n − 1), u ∈ Sn−1. z{�Tu�-�CU (2.2),
4 Kj ∩ Eu (1 ≤ j ≤ n − 1) � n − 1 ��Tu�- ṽ(K1 ∩ Eu, . . . ,Kn−1 ∩ Eu) X���

ṽ(K1 ∩ Eu, . . . ,Kn−1 ∩ Eu) =
1

n − 1

∫
Sn−1∩Eu

ρK1(v) . . . ρKn−1(v)dVoln−2(v).

/�, K1 ∩ Eu �W i '�TUT-$X|�
w̃i(K1 ∩ Eu) =

1
n − 1

∫
Sn−1∩Eu

ρK1(v)n−i−1dv. (3.1)

� M �0�*����, 4 ρM ∈ Ce(Sn−1), + ρM ≥ 0. CU3*��� L, 1�

ρL(u) =
1

n − 1

∫
Sn−1∩Eu

ρM (v)n−1dv =
1

n − 1
R(ρn−1

M )(u), (3.2)

Xs L � M �$".
z{ (3.1) V, Fibini CR, (3.2) V%�Tu�-�CU (2.2) V, \]�,

1
n

∫
Sn−1

w̃i(L1 ∩ Eu)ρM (u)n−1du =
1
n

∫
Sn−1

1
n − 1

∫
Sn−1∩Eu

ρL1(v)n−i−1dvρM (u)n−1du

=
1
n

∫
Sn−1

ρL1(u)n−i−1

(
1

n − 1
R(ρn−1

M )(u)
)

du

=
1
n

∫
Sn−1

ρL1(u)n−i−1ρL(u)du

= Ṽ (L1, . . . , L1︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L).



5� W^bc: Busemann–Petty _`deabXfgcd 1131

5RXs
1
n

∫
Sn−1

w̃i(L2 ∩ Eu)ρM (u)n−1du = Ṽ (L2, . . . , L2︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L).

?tsOSXs
Ṽ (L1, . . . , L1︸ ︷︷ ︸

n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L) ≤ Ṽ (L2, . . . , L2︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L).

? M �,Aj, Xs�,A�$" L, �Vn+/.
,�V*E L = L1, �,

W̃i(L1) ≤ Ṽ (L2, . . . , L2︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L1).

�u{v2�T� Aleksandrov–Fenchel 5.V (2.4), }w�,
W̃i(L1) ≤ W̃i(L2)

n−i−1
n−i W̃i(L1)

1
n−i ,

xRHT�,\]�y�5.V (1.2).
?�T� Aleksandrov–Fenchel 5.V�.`OSXs, 5.V (1.2) �.`OS� L1 %

L2 v�vw% w̃i(L1 ∩ Eu) = w̃i(L2 ∩ Eu), 4W� L1 = L2. D|.
KL 2 pqr � Q ∈ In

g , μ � Sn−1 �p+ Q �\U�+hT� Borel ��, a ρQ =
Rμ, μ ∈ Ce(Sn−1). ?/,13'n/ Ce(Sn−1) ���nXÆ��� C+

e (Sn−1) *�~'��
�}, �Æ3C~,�� μ1, μ2 ∈ C+

e (Sn−1), 1� μ = μ1 − μ2. � Zi �?�� μi p+�$"

 (i = 1, 2), 4+ Z1, Z2 ∈ In % ρQ = ρZ1 − ρZ2 . ?�����jT (2.1) Xs
Z1 = Q+̃Z2. (3.3)

*) Z ∈ In, 43C~, f ∈ C+
e (Sn−1), 1� ρZ = R( 1

n−1 · f), 4+
1
n

∫
Sn−1

w̃i(K ∩ Eu) · fdu = Ṽ (K, . . . ,K︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Z),

1
n

∫
Sn−1

w̃i(L ∩ Eu) · fdu = Ṽ (L, . . . , L︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Z).

?tsOS�
Ṽ (L, . . . , L︸ ︷︷ ︸

n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Z) = Ṽ (K, . . . ,K︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Z).

?�� f �,Aj, Xs�,A Z ∈ In, �V+/.
z� Q ∈ In

g , z{ (3.3) V, 4~, Z1 ∈ In, 1� Q+̃Z1 ∈ In, /�?
Ṽ (L, . . . , L︸ ︷︷ ︸

n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Q+̃Z1) = Ṽ (K, . . . ,K︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Q+̃Z1)

%

Ṽ (L, . . . , L︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Z1) = Ṽ (K, . . . ,K︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Z1),
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X�,

Ṽ (L, . . . , L︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Q) = Ṽ (K, . . . ,K︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, Q).

?/ In
g � L n

c �yz1
, z��,A M ∈ L n
c , n+

Ṽ (L, . . . , L︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

,M) = Ṽ (K, . . . ,K︸ ︷︷ ︸
n−i−1

, B, . . . , B︸ ︷︷ ︸
i

,M).

E M = L, +
Ṽ (K, . . . ,K︸ ︷︷ ︸

n−i−1

, B, . . . , B︸ ︷︷ ︸
i

, L) = W̃i(L).

{v2�Tu�-� Aleksandrov–Fenchel 5.V (2.4), �,

W̃i(L) ≤ W̃i(K).

.`+/OS��9<CR 1 $5.
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