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Abstract In this paper, we obtain an integral representation of extensional Bochner–
Martinelli kernel with weight factors of (0, q) differential form on bounded domains
and strongly pseudoconvex domain with piecewise smooth boundary in Cn, that is, we
obtain an extensional Koppelman–Leray–Norguet formula with weight factors. Then
we obtain the weighted continuous solution of ∂̄-equation on bounded domains. Because
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(1) ∂D ⊆ V1 ∪ · · · ∪ VN ;

(2) % z ∈ V1 ∪ · · · ∪ VN  ! D &"'&�C k : 1 ≤ k ≤ · · · ≤ N , � z ∈ Vk, ρk(z) < 0;

(3) (#
B)
 1 ≤ k1 < · · · < kl ≤ N �(#
% z ∈ Vk1 ∩ · · · ∩ Vkl
,

dρk1(z) ∧ · · · ∧dρkl
(z) 	= 0.

Æ Sk = {z ∈ ∂D ∩ Vk : ρk = 0}, k = 1, 2, . . . , N , $(L� 1 ≤ k1 ≤ · · · ≤ kl ≤ N 
#
�

%
 K = (k1, . . . , kl), *&

(i) ��L� k1, . . . , kl 	+'
((, SK = Sk1 ∩ · · · ∩ Skl
;

(ii) ,M, SK = ∅.
)N SK 
**, ��

∂D =
N∑

k=1

Sk, (1)

∂SK =
N∑

j=1

SKj , (2)

+O Kj = (k1, . . . , kl, j).

, �Æ- RN+1 O.��D λj≥0, j = 0, 1, 2, . . . , N "
∑N

j=0 λj = 1
% (λ0, λ1, . . . , λN ) ∈
RN+1 

-, ,/0 dλ1 ∧ dλ2 ∧ · · · ∧ dλN *& � 
**, $(L� 1 ≤ k1 < · · · < kl ≤ N 


#
�1.P/
B)
 K = (k1, . . . , kl), 0 |K| = l (.� K ∈ P (N), *&

ΓK = {ζ ∈ UK
D̄ : ρj(ζ) ≤ ρK(ζ) ≤ 0, j = 1, . . . , N},

M� D̄ = Γ1 ∪ · · · ∪ ΓN , " ∂ΓK = SK ∪ ΓK1 ∪ · · · ∪ ΓKN ,K ∈ P (N). Æ

�K =
{

λ ∈ � :
l∑

α=1

λkα = 1
}

, �0K =
{

λ ∈ � : λ0 +
l∑

α=1

λkα = 1
}

, (3)

+O 0K = (0, k1, . . . , kl). 234,5*&Q, �0K 1�4/0 dλk1
∧ · · · ∧ dλkl

*&
**, 2
( k = 0, 1, . . . , N , 3%
 �k 
**	 +1.

R. 1[2] � ∂D,SK ,�0K ,�K ,�0,ΓK �,5.*&, 67�

∂

[ ∑
|K|≤n

(−1)|K|SK ×�0K

]
=

∑
|K|≤n

SK ×�K − ∂D × Δ0, (4)

+O8�	(L� 1 ≤ k1 < · · · ≤ kl ≤ N 
.�1.P/
B)
 K = (k1, . . . , kl) 49.

R. 2[3] � D	CnO
�	
,1�?����	 ∂D,67(.��� f(z) ∈ C(∞)(D̄),
��:;5
 Bochner–Martinelli 60

f(z) =
∫

∂D

f(ζ)ω(m)(ζ − z, ζ̄ − z̄) −
∫

D

∂̄f(ζ) ∧ ω(m)(ζ − z, ζ̄ − z̄), z ∈ D, (5)

+O

ω(m)(ζ − z, ζ̄ − z̄) =
(n − 1)!
(2πi)n

(m

2

)n−1
∑n

j=1 |ζj − zj |m−2
∑n

α=1(−1)α−1(ζ̄α − z̄α)dζ̄[α] ∧ dζ[∑n
j=1 |ζj − zj |m

]n . (6)
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��;5
 B-M DEWF m = 2, 3, . . . , P (P < +∞), & m = 2 E, G�FH
 B-M D

ω(ζ − z, ζ̄ − z̄) =
(n − 1)!
(2πi)n

∑n
α=1(−1)α−1(ζ̄α − z̄α)dζ̄[α] ∧ dζ

|ζ − z|2n
. (7)

60I5JGK�XG
 Bochner–Martinelli LM60.

2 YZ[\9]^_`9abcdef
HQ, CNOK�O, 1�?� C(1) ���	
�	
5�PNLMÆ-, QRg5S, I

T5U	4!JK.1�
3LMV//MM, W+N'2OP, QQ3LMV
XYZR, S
KC1�Wh�	
�	
5[\
hP
]
^TUi
LMÆ-0. V�CWh�	
5
O4
h_W
X`YZ
3LMV, 1[��:

� D 	 Cn O
�	
, 1�*& 1 \&�
?� C(1) ���	 ∂D, u
(k)
α (ζ, z) (α =

1, 2, . . . , n) �
a]��, �D
〈u(k)(ζ, z), ζ − z〉 = 1, (8)

+O u(k)(ζ, z) = (u(k)
1 (ζ, z), . . . , u(k)

n (ζ, z)), ζ ∈ SK , z ∈ D, k ∈ K, K = (k1, . . . , kl) 	1.P/

L� 1 ≤ k1 ≤ · · · ≤ kl ≤ N 
B)
, Q*&

L(m)
α (λ, ζ, z, u) = λ0

(ζ̄α − z̄α)|ζα − zα|m−2∑n
j=1 |ζj − zj |m +

∑
k∈K

λku(k)
α (ζ, z),

α = 1, 2, . . . , n,m = 2, 3, . . . , P (P < +∞). (9)

0O λ0, λk ≥ 0 " λ0 +
∑

k∈K λk = 1, ^Q L
(m)
α (λ, ζ, z, u), α = 1, 2, . . . , n � D 5

�_W


3LMV. _I5, 4 (8) 0, �
n∑

α=1

(ζα − zα)L(m)
α (λ, ζ, z, u)

=
n∑

α=1

λ0(ζα − zα)
(ζ̄α − z̄α)|ζα − zα|m−2∑n

j=1 |ζj − zj |m +
∑
k∈K

λk

n∑
α=1

(ζα − zα)u(k)
α (ζ, z)

= λ0 +
∑
k∈K

λk = 1.

23, 4 (9) 0.*&
3LMV	
hN&_W
3LMV, +O u
(k)
α (ζ, z) `�
*
/0,

Æa�D 〈u(k)(ζ, z), ζ − z〉 = 1, ζ ∈ SK , z ∈ D. bb, ccd [1] O
je^Q, & f(z) ∈
C(∞)(D̄) E, M(f
d*
 z ∈ D �L� 1 ≤ k1 < · · · < kl ≤ N 
#
1.P/
B)

K = (k1, . . . , kl), C5&��
\&�, �

dζ,λ[f(ζ)ωζ,λ
′(L(m)

α (λ, ζ, z, u)) ∧ dζ] = ∂̄f(ζ) ∧ ωζ,λ
′(L(m)

α (λ, ζ, z, u)) ∧ dζ, (10)

+O
ω′(η) =

n∑
α=1

(−1)α−1ηαdη1 ∧ · · · ∧ [α] ∧ · · · ∧ dηn.

(10) 0(.� λ ∈ �0K �C SK 
g
�
5
 ζ Ue\.
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O4 C∞ hi θ(ζ, z) = (θ1(ζ, z), . . . , θn(ζ, z)) : D̄ × D̄ → Cn. (#
d*
 ζ, θ(ζ, z) f
! z jg, +*&
hihi Cn × Cn → C1, (ζ, z) → 〈θ(ζ, z), ζ − z〉 
k
, " G(0) = 1, l
Z θ 0k 〈θ, d(ζ, z)〉, Wj+kOPlm.

*&;5
 Bochner–Martinelli D
^TUi
]M/0�

T̄ (L(m)
α , ζ, z) =

(−1)n−1

(2π)n

n−1∑
k=0

1
k!

G(k)(〈Q, ζ − z〉)(∂̄Q)k ∧ 〈L(m)
α , d(ζ − z)〉

∧ 〈∂̄L(m)
α , d(ζ − z)〉n−k−1. (11)

0 dT̄ (L(m)
α , ζ, z) = (∂̄ζ,z + dλ)T̄ (L(m)

α , ζ, z) := T̂ (L(m)
α , ζ, z).

lm 1 � f 	 D 5
mn�	
 (0, q) /0, M
dζ,λ[f(ζ) ∧ T̄ (L(m)

α , ζ, z)] = ∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z) + (−1)qf(ζ) ∧ T̂ (L(m)

α , ζ, z)

− ∂̄z[f(ζ) ∧ T̄ (L(m)
α , ζ, z)]. (12)

no
dζ,λ[f(ζ) ∧ T̄ (L(m)

α , ζ, z)]

= (∂̄ζ,z + dλ)[f(ζ) ∧ T̄ (L(m)
α , ζ, z)] − ∂̄z[f(ζ) ∧ T̄ (L(m)

α , ζ, z)]

= ∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z) + (−1)qf(ζ) ∧ T̂ (L(m)

α , ζ, z) − ∂̄z[f(ζ) ∧ T̄ (L(m)
α , ζ, z)].

4b, Ma�n�: (0, q) /0
^TUi
LMÆ-

h_W60:

@m 1 � D 	 Cn O
�	
, 1�*& 1 \&�
?� C(1) ���	 ∂D, u
(k)
α (ζ, z)

(α = 1, 2, . . . , n) �
a]��, ζ ∈ SK , z ∈ D, k ∈ K, K = (k1, k2, . . . , kl) 	1.P/
L
� 1 ≤ k1 < · · · < kl ≤ N 
B)
. 2 λ0, λk ≥ 0, " λ0 +

∑
k∈K λk = 1. $ u(k)(ζ, z) =

(u(k)
1 (ζ, z), . . . , u(k)

n (ζ, z)) �D
〈u(k)(ζ, z), ζ − z〉 = 1, ζ ∈ SK , z ∈ D, k ∈ K. (13)

67, (.� D̄ 5mn�	
 (0, q) /0 f , j" ∂̄f C D̄ 5omn�	, ���^TUi
L
MÆ-;50

(−1)qf(z) =
∑

|K|≤n

(−1)|K|
∫

SK×ΔK

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

−
[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z) +

∫
D×Δ0

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

]

+ (−1)q+1
∑

|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̂ (L(m)
α , ζ, z)

+ ∂̄z

[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̄ (L(m)
α , ζ, z)+

∫
D×Δ0

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

]
, (14)

+O8�Mo	( |K| ≤ n − q � |K| ≤ n − q − 1 
L� 1 ≤ k1 < · · · < k1 ≤ N 
.�1.

P/
B)
 K = (k1, . . . , kl) 49
, jMo� l ≤ n � l ≤ n− 1. 2 SK , �0K , �K , �0 p

|K| �5q.*&, L
(m)
α (λ, ζ, z, u) � (9) 0.-.
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no 4! D 	 Cn O
�	
, j"1�?����	, L
(m)
α (λ, ζ, z, u) 	;5
 B-M

D, (! D̄ 5
#
�mn�	
 (0, q) /0 f j" ∂̄f C D̄ 5omn�	, T̄0,q Æ- T̄ 
f

! z 	 (0, q) p
Mr, U2cc!Æq 2 
je, �;5
 Koppelman 60

(−1)qf(z) =
∫

∂D×�0

f(ζ) ∧ T̄ (L(m)
α , ζ, z) −

∫
D×�0

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

+ ∂̄z

∫
D×�0

f(ζ) ∧ T̄ (Lm
α , ζ, z). (15)

Cir/∑
|K|≤n(−1)|K|SK ×Δ0K 5 (SK ,Δ0K 4*& 1 st), ( dζ,λ[f(ζ)∧ T̄ (L(m)

α , ζ, z)] s
Z Stokes 60, �

∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

dζ,λ[f(ζ) ∧ T̄ (L(m)
α , ζ, z)]

=
∑

|K|≤n

(−1)|K|
∫

∂(SK×Δ0K)

f(ζ) ∧ T̄ (L(m)
α , ζ, z), (16)

4Ou 1 
vta�

∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

dζ,λ[f(ζ) ∧ T̄ (L(m)
α , ζ, z)]

=
∑

|K|≤n

(−1)|K|
[ ∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z) + (−1)q

∫
SK×Δ0K

f(ζ) ∧ T̂ (L(m)
α , ζ, z)

− ∂̄z

∫
SK×Δ0K

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

]
, (17)

4Æq 1 aQ ∑
|K|≤n(−1)|K|∂(SK ×�0K) =

∑
|K|≤n SK ×�K − ∂D × Δ0, .,�

∑
|K|≤n

(−1)|K|
∫

∂(SK×Δ0K)

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

=
∑

|K|≤n

(−1)|K|
∫

SK×ΔK

f(ζ) ∧ T̄ (L(m)
α , ζ, z) −

∫
∂D×Δ0

f(ζ) ∧ T̄ (L(m)
α , ζ, z). (18)

Ub4 (16)–(18) 0, a�
∫

∂D×Δ0

f(ζ) ∧ T̄ (L(m)
α , ζ, z) =

∑
|K|≤n

(−1)|K|
∫

SK×ΔK

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

−
∑

|K|≤n

(−1)|K|
∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

− (−1)q
∑

|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̂ (L(m)
α , ζ, z)

+
∑

|K|≤n

(−1)|K|∂̄z

∫
SK×Δ0K

f(ζ) ∧ T̄ (L(m)
α , ζ, z), (19)
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4 (15) 0, SK�

(−1)qf(z) =
∫

∂D×Δ0

f(ζ) ∧ T̄ (L(m)
α , ζ, z) −

∫
D×Δ0

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

+ ∂̄z

∫
D×�0

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

=
∑

|K|≤n

(−1)|K|
∫

SK×ΔK

f(ζ) ∧ T̄ (L(m)
α , ζ, z)−

∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

− (−1)q
∑

|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̂ (L(m)
α , ζ, z)

+
∑

|K|≤n

(−1)|K|∂̄z

∫
SK×Δ0K

f(ζ) ∧ T̄ (L(m)
α , ζ, z) −

∫
D×Δ0

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

+ ∂̄z

∫
D×�0

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

=
∑

|K|≤n

(−1)|K|
∫

SK×ΔK

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

−
[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z) +

∫
D×Δ0

∂̄ζf(ζ) ∧ T̄ (L(m)
α , ζ, z)

]

+ (−1)q+1
∑

|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̂ (L(m)
α , ζ, z)

+ ∂̄z

[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̄ (L(m)
α , ζ, z)+

∫
D×Δ0

f(ζ) ∧ T̄ (L(m)
α , ζ, z)

]
, (20)

.,*u 1 e\.

pq 1 C*u 1 
w��, ��x:( z ∈ D 	jg
, 67(#
 D̄ 5
mn (0, q) /
0 f , ��C D 5 ∂̄f = 0, 1 ≤ q ≤ n, �

g(z) = (−1)q

[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

f ∧ T̄ (L(m)
α , ζ, z) +

∫
D×Δ0

f ∧ T̄ (L(m)
α , ζ, z)

]

	 ∂̄g = f C D O
^TUimnV.

no ��x:f! z ∈ D 	jg
, 67( {1, . . . , N} 
#
1.P/
�%i
 K =
(k1, k2, . . . , kl), /0 T̂ (L(m)

α , ζ, z) f! z̄ 
y��u, ., T̂ (L(m)
α , ζ, z) = 0. �� q > 0, 4*

u 1 \�vt 1.

3 3rstYZ[\9 Cauchy–Leray ef9uvf
<wxystYZ[\9 Leray–Norguet ef9uvf

4 (14) 0, a,vt1�Wh?� C(1) ���	
wNx
5hhy�
^TUi
LM
60 (hz_W
p1[
) �JK
;50. zo, a�n�	
5^TUi
 (0, q) /0

Cauchy–Leray 60
;50, �{|}
5^TUi
 (0, q) /0
 Leray–Norguet 60
;
50, G�
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@m 2 �D	 CnO�	
,1�*& 1\&�
?� C(1) ���	 ∂Dp SK ,ΓK ,Δ0K ,
�� SK 5
*r��W (k)(ζ, z) ∈ C(1) " 〈W (k)(ζ, z), ζ−z〉 	= 0,+O ζ ∈ SK , z ∈ D, k ∈ K,
k = (k1, . . . , kl) 	1.P/
L� 1 ≤ k1 < · · · < kl ≤ N 
B)
, G,Q 'Ou 1, 67(!.
� D̄ 5
 (0, q) /0 f U��:^TUi
LMÆ-
(−1)qf(z) =

∑
|K|≤n

(−1)|K|
∫

SK×ΔK

f(ζ) ∧ T̄ (H(m)
α , ζ, z)

−
[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (H(m)
α , ζ, z) +

∫
D×�0

∂̄ζf(ζ) ∧ T̄ (H(m)
α , ζ, z)

]

+ (−1)q+1
∑

|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̂ (H(m)
α , ζ, z)

+ ∂̄z

[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̄ (H(m)
α , ζ, z)+

∫
D×Δ0

f(ζ) ∧ T̄ (H(m)
α , ζ, z)

]
, (21)

+O

H(m)
α (λ, ζ, z) = λ0

(ζ̄α − z̄α)|ζα − zα|m−2∑n
j=1 |ζj − zj |m +

∑
k∈K

λk
W

(k)
α (ζ, z)

〈ζ − z,W (k)〉 ,

α = 1, 2, . . . , n, m = 2, 3, . . . , P (P < +∞), (22)

T̄ (H(m)
α , ζ, z) =

(−1)n−1

(2π)n

n−1∑
k=0

1
k!

G(k)(〈Q, ζ − z〉)(∂̄Q)k ∧ 〈H(m)
α , d(ζ − z)〉

∧ 〈∂̄H(m)
α , d(ζ − z)〉n−k−1. (23)

0O8�	z{CL� 1 ≤ k1 < · · · < kl ≤ N 
.�1.P/
B)
 K = (k1, . . . , kl) 5, j
Mo� l ≤ n � l ≤ n − 1.

no ÆaC (13) 0O, ~

u(k)
α (ζ, z) =

W
(k)
α (ζ, z)

〈ζ − z,W (k)〉 , α = 1, 2, . . . , n, (24)

4!

〈u(k)(ζ, z), ζ − z〉 =
n∑

α=1

(ζα − zα)
W

(k)
α (ζ, z)

〈ζ − z,W (k)〉 = 1,

M4 (14) 0Ga\� (21) 0e\. j|.
@m 3 � f �
1�?� C(1) ���	
{|}
 D̄ 5mn
 (0, q)/0, ��/0 ∂̄f

C D̄ 5}	mn
, 1 ≤ q ≤ n, +O G,Q 'Ou 1, 67�

(−1)qf(z) = −
[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

∂̄ζf(ζ) ∧ T̄ (E(m)
α , ζ, z) +

∫
D×�0

∂̄ζf(ζ) ∧ T̄ (E(m)
α , ζ, z)

]

+ ∂̄z

[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

f(ζ) ∧ T̄ (E(m)
α , ζ, z)

+
∫

D×Δ0

f(ζ) ∧ T̄ (E(m)
α , ζ, z)

]
, (25)
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+O
E(m)

α (λ, ζ, z) = λ0
(ζ̄α − z̄α)|ζα − zα|m−2∑n

j=1 |ζj − zj |m +
∑
k∈K

λk
P

(k)
α (ζ, z)
Φ(ζ, z)

, (26)

T̄ (E(m)
α , ζ, z) =

(−1)n−1

(2π)n

n−1∑
k=0

1
k!

G(k)(〈Q, ζ − z〉)(∂̄Q)k ∧ 〈E(m)
α , d(ζ − z)〉

∧ 〈∂̄E(m)
α , d(ζ − z)〉n−k−1,

α = 1, 2, . . . ,n, m = 2, 3, . . . , P (p < +∞).

0O P
(k)
α (ζ, z) 	 Henkin � Leiterer C{|}
5.O4
{~�� [1, 10], �D

Φ(k)(ζ, z) =
n∑

α=1

(ζα − zα)P (k)
α (ζ, z).

zo�, � ∂̄f = 0 C D 5, M
g(z) = (−1)q

[ ∑
|K|≤n

(−1)|K|
∫

SK×Δ0K

f ∧ T̄ (E(m)
α , ζ, z) +

∫
D×Δ0

f ∧ T̄ (E(m)
α , ζ, z)

]

	 ∂̄g = f C D O
^TUimnV.
no ÆaC (13) 0O, ~

u(k)
α (ζ, z) =

P
(k)
α (ζ, z)

Φ(k)(ζ, z)
, α = 1, 2, . . . , n, (27)

4!

〈u(k)(ζ, z), ζ − z〉 =
n∑

α=1

(ζα − zα)
P

(k)
α (ζ, z)

Φ(k)(ζ, z)
= 1,

M4 (14) 0, Ga\� (25) 0e\. j|.
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