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1 UVWX�YZ
	��
��������	
�	
�, ����������, ��� Hilbert

� L2(Rd). ��, ���	����, �����		����, ����. �����
���	����	�����	�, ���������. �������	�����
�	� (� � �!!�, "Æ [1]), �Æ"#$ �2(Z) 		�. � %	#!���"
"Æ [2–4] #.

&$Æ'�%$%, ���(&Æ [4] &'�'�� Z ()(��
�2(Z) =

{
z = (z(n)),

∑
n∈Z

|z(n)|2 < ∞
}

.
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/�0.	/0��1122�
2��3	43�, �243434
〈z, ω〉 =

∑
n∈Z

z(n)ω(n),

5�	5�� ‖z‖ =
√∑

n∈Z |z(n)|2. 4Æ' �2(Z) 3	65678, ��7� Hilbert �
L2[a, b], �434

〈f, g〉 =:
1

b − a

∫ b

a

f(t)g(t)dt.

0.� a = 0, b = 2π. 84 {einθ, n ∈ Z} � L2[0, 2π] 	99:6:, 7��8�; z ∈ �2(Z),∑
n∈Z z(n)einθ ∈ L2[0, 2π]. ;7�<, �2(Z) 3	65678�� �2(Z) < L2[0, 2π] 	�;�9

=:, 434
ẑ(θ) =:

∑
n∈Z

z(n)einθ.

=4 k ∈ Z, 43;>2? Rk : �2(Z) −→ �2(Z) 4
(Rkz)(·) =: z(· − k).

<@AB (Rkz)∧(θ) = eikθ ẑ(θ).
^_ 1.1 = {f1, f2, . . . , fp, gp} ⊆ �2(Z). > B(f1, f2, . . . , fp, gp) =: {R2kf1, R22kf2, . . .,

R2pkfp, R2pkgp}k∈Z �
 �2(Z) 	99:6:, C> B(f1, f2, . . . , fp, gp) 4 p ?	�:. ? p D
E /@, > B({f�}�∈N ) =: {R2�kf�, � ∈ N, k ∈ Z} 499:6	�F, � N ():(��.

#!ÆGHA�I�J		�:. B@(C��A��B�?	�: B(f1, g1), �C=
f1, g1 ∈ �1(Z) 2, p ?	�: B(f1, f2, . . . , fp, gp) ��DD
 [4]. ��E�C= f1, g1 ∈ �2(Z)
2BC5K	BA, 84/� �2(Z) 	��
	�;��BEF. L�MF2%	43.

^_ 1.2 = u, v ∈ �2(Z). > B(u, v) =: {R2ku,R2kv}k∈Z �
 �2(Z) 	�?	�:, C>
(u, v) 4	�D
N.

43
δn(m) =:

{
1, m = n;
0, m 	= n

� δ =: δ0, C� z ∈ �2(Z), ��� z =
∑

n∈Z z(n)δn.

` 1.1 = u = aδ + bδN , v = cδ + dδN , � |a|2 + |b|2 = |c|2 + |d|2 = 1, ac̄ + bd̄ = 0, N �

G�. <@AB (u, v) �	�D
N, >4 Haar �	�D
N. ? a = b = c = 1√
2
, d = − 1√

2
,

N = 1 @, ��	 (u, v) >4 Haar 	�D
N.
` 1.2 =

û(θ) =

{ √
2, θ ∈

[
− π

2
,
π

2

]
+ 2πZ,

0, otherwise,
v̂(θ) =

{ √
2, θ ∈

[π

2
,
3π
2

]
+ 2πZ,

0, otherwise.

H�4I 2.1 ��AB (u, v) �	�D
N, >4 Shannon 	�D
N. OP< û(θ) � v̂(θ) G
JQ, 7���	 u, v 	∈ �1(Z).

�HI, = (u, v) �	�D
N. 43 g1 = u, f1 = v, ? � ≥ 2 @, g� � f� R
ĝ�(θ) =: ĝ�−1(θ)û(2�−1θ), f̂�(θ) =: ĝ�−1(θ)v̂(2�−1θ) (1.1)
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43. �O����< g� � f� 	43�PI	. Q�Q, {f1, f2, . . . , fp, gp} � p ?	�: (Z
A 2.3). :[R, ��EBCO���	\�B@ (4I 2.4)�

= (u, v) �	�D
N, CR (1.1) 43		�F B({fn}n∈N ) � �2(Z) ]S?RS?⋂
�∈N V−� = {0}, � V−� = {∑k∈Z z(k)R2�kg�, z ∈ �2(Z)}.
? u, v ∈ �1(Z) @, 3%	B@�� Frazier 	4I. 4	TC��F, ��MF�;UT	

2?�= z, ω ∈ �2(Z), z � ω 	V3434
(z ∗ ω)(m) =:

∑
n∈Z

z(m − n)ω(n).

0�W?��TC z ∗ ω ^UX[ �2(Z). ��, ? z � ω X[ �1(Z) @, z ∗ ω X[ �1(Z) �R
(z ∗ ω)∧(θ) = ẑ(θ)ω̂(θ). ���� �2(Z) ��	�@_�C4 u, v ∈ �1(Z) 	`8 [2, 4]. 3V
a2? U : �2(Z) −→ �2(Z) 434

U(z)(n) =

{
z
(n

2

)
, n �Y�,

0, n �G�.

<@AB [U(z)]∧(θ) = ẑ(2θ). C= u, v ∈ �1(Z), � (1.1) 	�WK@�965678�<
g� = g�−1 ∗ U �−1(u), f� = g�−1 ∗ U �−1(v).

�:� Frazier 4I f� � g� 	43.
����	4I=B		�F]S	X�U�bZ, ��

⋂
�∈N V−� = {0} �HY[AB.

Frazier H�2!\]BC	 Haar 	�F	]Sc�z ∈ V−� ?RS?� k ∈ Z, z � k2�, k2� +
1, . . . , k2� + 2� − 1 3�.�. Gd	�, ^Z�/	�F[_��aUT	B�, 7���G<
\�ZAB �2(Z) �/	�F	]Sc. L2(Rd) 	�F	]Sce�Y]	`^ [5−8]. _
[ L2(Rd)  Gabor F]Sc	HA�""Æ [9, 10] #.

�Æ	\�a	�fg<@AB	X�bZ. �Ob��E=Bb;X�bZ�O�;�c
�3	 Ò�;�@�3	 h̀��;�& L2(R) 	 MRA �_	. ��� �2(Z) #!	
�F	]Sc���%bZ/�BC.

2 a�bcde
�d=B�;_[]Sc	X�U�bZ (4I 2.4). 4R, &$aQ �2(Z)  p ?	�:

	��. \�B@[��Æ [4] g<, i�	bc����"C4 u, v ∈ �2(Z), �G� u, v ∈
�1(Z). j7��ak, �84�%��	W? (� Shannon 	�D
N) de���	ef4.
���	�, �%	HA7��%aQ	B@. &$MF2%	MI�

fg 2.1 = ω, u ∈ �2(Z), C
(1) {R�kω}k∈Z 99:6?RS? ∑�−1

k=0 |ω̂(θ + 2πk
� )|2 = �, a.e.

(2) �^P	 k ∈ Z, 〈ω,R�ku〉 = 0 ?RS?
∑�−1

k=0 ω̂(θ + 2πk
� )û(θ + 2πk

� ) = 0, a.e.
hi 84〈R�k1ω,R�k2ω〉=〈ω,R�(k2−k1)ω〉,7�{R�kω}k∈Z99:6?RS? 〈ω,R�kω〉 =

δ(k). OP<

〈ω,R�kω〉 = 〈ω̂(·), ei�k·ω̂(·)〉 =
1
2π

∫ 2π

0

|ω̂(θ)|2e−i�kθdθ =
1
2π

∫ 2π
�

0

�−1∑
k=0

∣∣∣ω̂(
θ +

2πk

�

)∣∣∣2e−i�kθdθ
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�g {ei�kθ, k ∈ Z} � L2[0, 2π
� ] 	99:6:, 7� (1) 
5. �fI

〈ω,R�ku〉 =
1
2π

∫ 2π
�

0

�−1∑
k=0

ω̂
(
θ +

2πk

�

)
û
(
θ +

2πk

�

)
e−i�kθdθ.

H� Hölder G#g��AB
�−1∑
k=0

ω̂
(
θ +

2πk

�

)
û
(
θ +

2πk

�

)
∈ L1

[
0,

2π
�

]
.

84 {ei�kθ, k ∈ Z} � L1[0, 2π
� ] ]S, 7� (2) 
5.

H�MI 2.1,����BC2%	4I. R[ Frazier	 0GlhP[ u, v ∈ �2(Z)\�1(Z),
8R��	BC�]iGK	.

^g 2.1 = u, v ∈ �2(Z), C (u, v) �	�D
N?RS?

A(θ) =
1√
2

(
û(θ) v̂(θ)

û(θ + π) v̂(θ + π)

)
hijj�mjn.

hi �MI 2.1 � � = 2 ��:B(u, v) =: {R2ku,R2kv}k∈Z 99:6?RS? A(θ) h
ijj�mjn. 8R"7BC: ? A(θ) hijj�mjn@, B(u, v) � �2(Z) ]Sk�. O
P< A(θ) 	mc#l[2!b;bZ�

û(θ)v̂(θ) + û(θ + π)v̂(θ + π) = 0 a.e. (2.1)

|û(θ)|2 + |û(θ + π)|2 = 2 a.e. (2.2)

|v̂(θ)|2 + |v̂(θ + π)|2 = 2 a.e. (2.3)

4	UT, ��kl “a.e.”, <@AB 2π ����

m(θ) =:

⎧⎪⎪⎨⎪⎪⎩
− v̂(θ + π)

û(θ)
, û(θ) 	= 0;

v̂(θ)
û(θ + π)

, û(θ) = 0

mo
m(θ) + m(θ + π) = 0; (2.4)

v̂(θ) = m(θ)û(θ + π); (2.5)

|m(θ)| = 1. (2.6)

\]3, (2.4) � (2.5) gR m(θ) 	43pn�<. m (2.5) gnF (2.3) g, � |m(θ)|2|û(θ +
π)|2 + |m(θ + π)|2|û(θ)|2 = 2. h�, (2.6) g�R (2.2) � (2.4) gpn�<.

o m(θ) =:
∑

k ckeikθ, C (2.4) � (2.6) Pqr
m(θ) = eiθρ(2θ), � ρ(θ) = 1. (2.7)

4	BC B(u, v) =: {R2ku,R2kv}k∈Z 	]Sc, "7BC
B∧(u, v) =: {(R2ku)∧, (R2kv)∧}k∈Z = {ei2kθû(θ), ei2kθ v̂(θ)}k∈Z
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� L2[0, 2π] ]S�= f ∈ L2[0, 2π] R 〈f(θ), ei2kθû(θ)〉 = 〈f(θ), ei2kθv̂(θ)〉 = 0, C

0 =
1
2π

∫ π

−π

f(θ)û(θ)e−i2kθdθ =
1
2π

∫ 0

−π

f(θ)û(θ)e−i2kθdθ +
1
2π

∫ π

0

f(θ)û(θ)e−i2kθdθ

=
1
2π

∫ π

0

[f(θ)û(θ) + f(θ + π)û(θ + π)]e−i2kθdθ.

84 {ei2kθ}k∈Z � L2[0, π] 	99:6:, 7�
f(θ)û(θ) + f(θ + π)û(θ + π) = 0. (2.8)

KI�B
f(θ)v̂(θ) + f(θ + π)v̂(θ + π) = 0. (2.9)

BP (2.5) � (2.7) g�� v̂(θ) = eiθρ(2θ)û(θ + π), � ρ(θ) � 2π ��	R |ρ(θ)| = 1. nF
(2.9) g, Æ�

f(θ)û(θ + π) − f(θ + π)û(θ) = 0. (2.10)

@" (2.8) g (2.10) gso f(θ)(|û(θ)|2 + |û(θ + π)|2) = 0, �� f = 0, k B∧(u, v) ]S. Q�
B(u, v) ]S. 4I�B.

^g 2.2 = (u, v) �	�D
N, 43 g1 =: u, f1 =: v, � � ≥ 2

ĝ�(θ) =: ĝ�−1(θ)û(2�−1θ), f̂�(θ) =: ĝ�−1(θ)v̂(2�−1θ);

43 V0 =: �2(Z), � � ≥ 1,

V−� =:
{ ∑

k∈Z

z(k)R2�kg�, z ∈ �2(Z)
}

, W−� =:
{ ∑

k∈Z

z(k)R2�kf�, z ∈ �2(Z)
}

,

pq, � � ≥ 1, (1) {R2�kf�, R2�kg�}k∈Z 99:6; (2) V−� ⊕ W−� = V−�+1.
hi 84 (u, v) �	�D
N, R4I 2.1 �< |û(θ)| ≤ 2, |v̂(θ)| ≤ 2. Q�Q, f̂�, ĝ� ∈

L2[0, 2π], 7� f�, g� ∈ �2(Z).
2%H��tpr0BC (1): 84 (u, v) �	�D
N, 7� � = 1 @, (1) 
5. C=�

� − 1, (1) 
5, CRMI 2.1 �

2�−1−1∑
k=0

∣∣∣ĝ�−1

(
θ +

2πk

2�−1

)∣∣∣2 = 2�−1. (2.11)

8R
2�−1∑
k=0

f̂�

(
θ +

2πk

2�

)
ĝ�

(
θ +

2πk

2�

)
=

2�−1∑
k=0

∣∣∣ĝ�−1

(
θ +

2πk

2�

)∣∣∣2v̂(2�−1θ + πk)û(2�−1θ + πk)

= 2�−1[v̂(2�−1θ)û(2�−1θ) + v̂(2�−1θ + π)û(2�−1θ + π)] = 0.

KI��
2�−1∑
k=0

∣∣∣f̂�

(
θ +

2πk

2�

)∣∣∣2 =
2�−1∑
k=0

∣∣∣ĝ�

(
θ +

2πk

2�

)∣∣∣2 = 2�.

RMI 2.1 < (1) 
5.
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2%BC (2): OP< (Rkh)∧(θ) = eikθĥ(θ) �g f̂�(θ) = ĝ�−1(θ)v̂(2�−1θ), C∑
m∈Z

v(m − 2k)(R2�−1mg�−1)∧(θ) = ei2�kθv̂(2�−1θ)ĝ�−1(θ) = (R2�kf�)∧(θ).

3g#l[ R2�kf� =
∑

m∈Z v(m − 2k)R2�−1mg�−1. 8R W−� ⊆ V−�+1. KI
R2�kg� =

∑
m∈Z

u(m − 2k)R2�−1mg�−1 R V−� ⊆ V−�+1.

2%"7BC W−� ⊕ V−� ⊆ V−�+1 : 84 (u, v) �	�D
N, 7��8; j ∈ Z,

δj =
∑
k∈Z

ak,jR2ku +
∑
k∈Z

bk,jR2kv,

� ak,j , bk,j ∈ �2(Z). �q�65678, ���
eijθ =

∑
k∈Z

ak,jei2kθû(θ) +
∑
k∈Z

bk,jei2kθ v̂(θ).

Q�Q, ei2�−1jθ =
∑

k∈Z ak,jei2�kθû(θ) +
∑

k∈Z bk,jei2�kθv̂(θ). �qK1� ĝ�−1(θ), 3gur4
ei2�−1jθĝ�−1(θ) =

∑
k∈Z

ak,jei2�kθ ĝ�(θ) +
∑
k∈Z

bk,jei2�kθ f̂�(θ).

8R, R2�−1jg�−1 =
∑

k∈Z ak,jR2�kg� +
∑

k∈Z bk,jR2�kf�, �� V−�+1 ⊆ V−� ⊕ W−�. (2) �B.
jk 2.3 = (u, v) �	�D
N. 43 f�, g� K4I 2.2, C B(f1, f2, . . . , fp, gp) =:

{R2kf1, R22kf2, . . . R2pkfp, R2pkgp}k∈Z � p ?	�:.
2%��=B���	\�4I�
^g 2.4 = (u, v) �	�D
N. 43 f�, g� � V−� K4I 2.2, C	�F B({f�}�∈N ) �

�2(Z) ]S?RS? ⋂
�∈N V−� = 0.

hi ^� f ∈ ⋂
�∈N V−�, 84 � ≥ 1 @, V−� ⊕ W−� = V−�+1, 7� f⊥W−�. Q�Q,

B({f�}�∈N ) 	]ScTC f = 0. U�c�B. s��, C= z ∈ �2(Z) R 〈z,R2�kf�〉 = 0, k
z ⊥ W−�. R4I 2.2, z ∈ ⋂

�∈N V−� = {0}. X�c�B.
lm 2.1 ? u, v ∈ �1(Z) @, 4I 2.4 �� Frazier 	4I ("Æ [4, 4I 4.55]).

3 a�bcvnop
s�4I 2.4 =B		�F]S	X�U�bZ, �R[ V−� 	B�0.Y2w, 7�kt

�UT		�D
N, bZ ⋂
�∈N V−� = {0} �[[AB. 2%=Bh;<@AB	X�bZ.

3.1 qrstxQuv
OP< ĝ�(θ) =: ĝ�−1(θ)û(2�−1θ) �g g1 = u, pq, ĝ�(θ) =

∏�−1
j=0 û(2jθ). 2%	4I=B

	uc	�F]S	X�bZ�
^g 3.1 = (u, v) �	�D
N, > lim�−→∞ ĝ�(θ) = h(θ) a.e. R |h(θ)| ≤ c < 1, C

B({f�}�∈N ) =: {R2�kf�, k ∈ Z, � ∈ N} � �2(Z) ]S.
hi � V̂−� () V−� =: {∑k z(k)R2�kg�, z ∈ �2(Z)} 7�Nv	65678. R4I

2.4, "7BC ⋂
�∈N V̂−� = {0}. ^� f ∈ ⋂

�∈N V̂−�, Ct��! z� ∈ �2(Z), t�

f(θ) =
∑
k∈Z

z�(k)ei2�kθĝ�(θ) = ĝ�(θ)ẑ�(2�θ). (3.1)
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84 {R2�kg�, k ∈ Z} � V−� 	99:6:, 7� ||z�|| = ||f ||. Q�Q, ||ẑ�(2�θ)|| = ||U �(z�)|| =
||z�|| = ||f ||. R Fatou MI<∫ 2π

0

lim inf
�−→∞

|ẑ�(2�θ)|2dθ ≤ lim inf
�−→∞

∫ 2π

0

|ẑ�(2�θ)|2dθ = ||f ||2,

7�, lim inf�−→∞ |ẑ�(2�θ)| < ∞ hijj
5. R=4	bZ lim�−→∞ ĝ�(θ) = h(θ) a.e. �
(3.1) g, �

|f(θ)|2 = lim inf
�−→∞

[|ĝ�(θ)|2|ẑ�(2�θ)|2] = |h(θ)|2 lim inf
�−→∞

|ẑ�(2�θ)|2 a.e.

8R
||f ||2 =

∫ 2π

0

|h(θ)|2 lim inf
�−→∞

|ẑ�(2�θ)|2dθ ≤ c2 lim inf
�−→∞

∫ 2π

0

|ẑ�(2�θ)|2dθ = c2||f ||2.

84 0 < c < 1, 7� f = 0. 4I�B.

jk 3.2 = (u, v) �	�D
N, > û(θ) = (1 + einθ)mp(θ), � m > 0, n 	= 0 �(�,
|p(θ)| =: |∑k ckeikθ| ≤ α < 1, C B({f�}�∈N ) =: {R2�kf�, k ∈ Z, � ∈ N} � �2(Z) ]S.

hi <@u2 |û(θ)| = (2| cos nθ
2 |)m|p(θ)|. Q�Q

|ĝ�(θ)| =
�−1∏
j=0

|û(2jθ)| =
( �−1∏

j=0

2
∣∣∣∣ cos

2jnθ

2

∣∣∣∣)m �−1∏
j=0

|p(2jθ)| ≤ α�

( �−1∏
j=0

2
∣∣∣∣ cos

2jnθ

2

∣∣∣∣)m

.

84 0 < α < 1, R
∏�−1

j=0 2| cos 2jnθ
2 | = | sin 2�nθ

sin nθ
2

| ≤ | 1
sin nθ

2
|, 7� lim�−→∞ |ĝ�(θ)| = 0 a.e. R4I

3.1, ZA�B.

` 3.1 = (u, v) �W 1.1 	 Haar 	�D
N, k u = 1√
2
δ0 + 1√

2
δ1, pq û(θ) =

1√
2
(1 + eiθ). Haar 	�F	]Sc�RZA 3.1 �<.

jk 3.3 = (u, v)�	�D
N. > supp û∩[−π, π] ⊆ [a, b],� b ≤ min{2π+2a, 1
2a+π},

C B({f�}�∈N ) =: {R2�kf�, k ∈ Z, � ∈ N} � �2(Z) ]S.

hi 84 ĝ�(θ) � 2π ��	, 7�R4I 3.1 <�"7BC
suppĝ� ∩ [−π, π] ⊆

[ a

2�−1
,

b

2�−1

]
.

OP< ĝ�(θ) =
∏�−1

j=0 û(2jθ), C supp ĝ� ⊆ supp û. Ry=bZ<: supp ĝ� ∩ [−π, π] ⊆ [a, b]. Q
�Q, supp ĝ� ∩ [−π, π] ⊆ supp ĝ� ∩ [a, b], 7�"7BC

supp ĝ� ∩ [a, b] ⊆
[ a

2�−1
,

b

2�−1

]
. (3.2)

? � = 1@, (3.2)gz�
5. C= (3.2)g
5, 2%BC supp ĝ�+1∩ [a, b] ⊆ [ a
2� , b

2� ]. ^� η ∈
supp ĝ�+1∩ [a, b] ⊆ supp ĝ�∩[a, b] ⊆ [ a

2�−1 , b
2�−1 ],C 2a ≤ 2�η ≤ 2b.84 b ≤ min{2π+2a, 1

2a+π},
7� b − 2π ≤ 2a ≤ 2�η ≤ 2b ≤ a + 2π. Q�QOP< η ∈ supp ĝ�+1 ⊆ supp û(2�·), ��
a ≤ 2�η ≤ b, η ∈ [ a

2� , b
2� ]. BA�B.

` 3.2 = (u, v) �W 1.2 	 Shannon 	�D
N, C

û(θ) =

{ √
2, θ ∈

[
− π

2
,
π

2

]
+ 2πZ,

0, otherwise.
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z� supp û ∩ [−π, π] = [−π
2 , π

2 ] moZA 3.3 	bZ, �� Shannon 	�F�]S	. 84
u, v 	∈ �1(Z), 7� Shannon 	�F	]ScGwvx Frazier 	4I�<.

3.2 wrstxQuv
>	�D
N (u, v) 	 u y��E{w, C5�	�F	]Sc�R2z4Iuc�
^g 3.4 = (u, v) �	�D
NR u =

∑n+N
k=n akδk, an, an+N 	= 0. >

lim
�−→∞

max
k∈Z

|g�(k)| = 0,

C B({f�}�∈N ) =: {R2�kf�, k ∈ Z, � ∈ N} � �2(Z) ]S.

hi 84 ĝ�(θ) = ĝ�−1(θ)û(2�−1θ) R u ∈ �1(Z), 7� g� = g�−1 ∗ U �−1(u). BC��Q�
&$HA n = 0 	{| �̀�Zx<�H{|.

xy} = u =
∑N

k=0 akδk, � a0 	= 0, aN 	= 0. ��BC�
supp g� ⊆ {0, 1, . . . , N(2� − 1)}. (3.3)

\]3, supp g1 = supp u ⊆ {0, 1, . . . , N}. C= supp g�−1 ⊆ {0, 1, . . . , N(2�−1 − 1)}, C<@A
B g� = U �−1(u) ∗ g�−1 =

∑N
k=0 akδ2�−1k ∗ g�−1 mo (3.3) g.

�^Py4	 m ∈ Z, ~!t� N ;(� k ∈ Z, t� m − 2�k ∈ supp g�. \]3,
0 ≤ m − 2�k ≤ N(2� − 1) #l[

m − N(2� − 1)
2�

≤ k ≤ m

2�
.

� 0 ≤ m
2� − m−N(2�−1)

2� < N, 7�mobZ	 k ∈ Z ~!� N ;.

2%BC ⋂
�∈N V−� = {0}. ^� ω ∈ ⋂

�∈N V−�, Ct��! z� ∈ �2(Z), t� ω =∑
k z�(k)R2�kg�, 7��^P	 m ∈ Z,

|ω(m)| =
∣∣∣∣ ∑

k∈Z

z�(k)g�(m − 2�k)
∣∣∣∣ ≤ N max

k∈Z
|z�(k)|max

k∈Z
|g�(k)| ≤ N ||ω||2 · max

k∈Z
|g�(k)|.

84 lim�−→∞ maxk∈Z |g�(k)| = 0, 7� ω = 0.

xz} = (u, v) �	�D
N, � u =
∑n+N

k=n akδk. <@AB (u′, v′) = (R−nu,R−nv)
|�	�D
N, �R u′ =

∑N
k=0 an+kδk. 84 û′(θ) = e−inθû(θ), 7�

ĝ′�(θ) =
�−1∏
k=0

û′(2kθ) = e−in(2�−1)θĝ�(θ).

Q�Q, g′� = R−(2�−1)ng�, �� lim�−→∞ maxk∈Z |g′�(k)| = lim�−→∞ maxk∈Z |g�(k)| = 0. 43

V−� =:
{ ∑

k∈Z

z(k)R2�kg�, z ∈ �2(Z)
}
� V ′

−� =:
{ ∑

k∈Z

z(k)R2�kg′�, z ∈ �2(Z)
}

.

RO�Q< ⋂
�∈N V ′

−� = {0}. 4B ⋂
�∈N V−� = {0}, "7BC V̂−� = e−inθV̂ ′

−�. \]3

V̂−� = {ẑ(2�θ)ĝ�(θ), z ∈ �2(Z)} = {ẑ(2�θ)ein(2l−1)θĝ′�(θ), z ∈ �2(Z)}
= e−inθ{(Rnz)∧(2�θ)ĝ′�(θ), z ∈ �2(Z)} = e−inθV̂ ′

−�.

h��;#g�<	 z ∈ �2(Z) ?RS? Rnz ∈ �2(Z).
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` 3.3 = (u, v) �W 1.1 	 Haar �	�D
N, k u = aδ0 + bδN , � a, b 	= 0,
|a|2 + |b|2 = 1, C��		�F�]S	. \]3, o c = max{|a|, |b|}, C 0 < c < 1. R4I 3.4,
��"7BC

|g�(n)| ≤ c�. (3.4)

84 g1 = u, 7� (3.4) � � = 1 
5. C= |g�−1(n)| ≤ c�−1, C
g�(n) = g�−1 ∗ U �−1(u)(n) =

∑
m∈Z

U �−1(u)(n − m)g�−1(m) = ag�−1(n) + bg�−1(n − 2�−1N).

84 supp g� ⊆ {0, 1, 2, . . . N(2� − 1)}, 7�? n < 0 z n > N(2� − 1) @, g�(n) = 0, �
� (3.4) g
5 ?̀ 0 ≤ n ≤ N(2�−1 − 1) @, n − 2�−1N < 0, { g�−1(n − 2�−1N) = 0, ��
g�(n) = ag�−1(n).lH�prC=k� (3.4)g. ? N(2�−1−1) < n ≤ N(2�−1)@, g�−1(n) = 0,
�� g�(n) = bg�−1(n − 2�−1N), 8� (3.4) g
5.
3.3 { MRA |HtxQuv

��Æ	h�, ��EBC: !|��
 (MRA) }4		�F�]S	 (ZA 3.6). &$,
f ∈ L2(R) 	65678R5�P32	}E43

f̂(θ) = lim
N−→∞

∫ N

−N

f(x)e−ixθdx.

2%	MI��ÆG [11].
fg 3.1 = φ ∈ L2(R) mo 0 < α ≤ ∑

k∈Z |φ̂(θ + 2kπ)|2 ≤ β < ∞ a.e. 43 φj,k(x) =
2

j
2 φ(2jx − k) � V

′
j = {∑k∈Z z(k)φj,k : z ∈ �2(Z)}, C ⋂

j∈Z V
′
j = {0}.

^g 3.5 = (u, v)�	�D
N, ~Rmo φ(x) =
∑

k∈Z u(k)φ1,k(x),� φ ∈ L2(R). >
0 < α ≤ ∑

k∈Z |φ̂(θ + 2kπ)|2 ≤ β < ∞ a.e., C B({f�}�∈N ) =: {R2�kf�, k ∈ Z, � ∈ N} � �2(Z)
]S.

hi �^P	 j ∈ Z, 43 φj,k(x) = 2
j
2 φ(2jx − k) �g

V
′
j =:

{ ∑
k∈Z

z(k)φj,k : z = (z(k))k∈Z ∈ �2(Z)
}

, V̂ ′
j =: {f̂ , f ∈ V ′

j }.

MI 3.1 sor ⋂
j∈Z V

′
j = {0}. RbZ φ(x) =

∑
k∈Z u(k)φ1,k(x) � φj,k 	43< V

′
j ⊆ V

′
j+1,

��
⋂

j∈N V
′
−j = {0}. Q�Q�� ⋂

�∈N

V̂
′
−� = {0}. (3.5)

��BC
V̂ ′
−� = {ẑ(−2�θ)ĝ�(−θ)φ̂(θ), z ∈ �2(Z)}. (3.6)

\]3, 84 φ̂j,k(θ) = 2−
j
2 e−

ikθ

2j φ̂( θ
2j ), 7�

V̂ ′
−� =

{∑
k

z(k)2
�
2 e−ik2�θφ̂(2�θ), z ∈ �2(Z)

}
= {2 �

2 ẑ(−2�θ)φ̂(2�θ), z ∈ �2(Z)}.

R φ(x) =
∑

k∈Z u(k)φ1,k(x) �� φ̂(θ) = 2−
1
2 φ̂( θ

2 )û(− θ
2 ). Q�Q

φ̂(2�θ) = 2−
1
2 φ̂(2�−1θ)û(−2�−1θ) = · · · = 2−

�
2 φ̂(θ)ĝ�(−θ).

8R, (3.6) g�B.
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2%ZB B({f�}�∈N ) 	]Sc�R4I 2.4, "7BC ⋂
�∈N V−� = {0}, � V−� =

{∑ z(k)R2�kg�, z ∈ �2(Z)}, z#lI ⋂
�∈N

V̂−� = {0}, (3.7)

� V̂−� = {ẑ(2�θ)ĝ�(θ), z ∈ �2(Z)}. ^� h ∈ ⋂
�∈N V̂−�, t��! z� ∈ �2(Z), t� h(θ) =

ẑ�(2�θ)ĝ�(θ). R (3.6) g<, h(−θ)φ̂(θ) ∈ ⋂
�∈N V̂ ′

−� = {0}, { h(−θ)φ̂(θ) = 0. 84 h(θ) � 2π
��	, 7� |h(−θ)|2 ∑

k∈Z |φ̂(θ + 2kπ)|2 = 0. h�H� 0 < α ≤ ∑
k∈Z |φ̂(θ + 2kπ)|2 ≤ β < ∞

a.e. �� h(θ) = 0 a.e., �� (3.7) g�B.
L2(R) 	!|��
 (MRA) ��!?� {Vj}j∈Z ⊆ L2(R) Rmo
(1) Vj ⊆ Vj+1, j ∈ Z;
(2) f(·) ∈ Vj ?RS? f(2·) ∈ Vj+1;
(3)

⋂
j∈Z Vj = {0} � ⋃

j∈Z Vj = L2(R);
(4) t� φ ∈ V0, t� {φ(x − n)} �
 V0 	99:6:.
RbZ (1), (2) � (4) �<�t� u ∈ �2(Z), t� φ(x) =

∑
k∈Z u(k)φ1,k(x) R {R2ku, k ∈

Z} � �2(Z) 99:6. > u ∈ �2(Z) 4!|��
	|�!!. > (u, v) �	�D
N, �
u ∈ �2(Z)4!|��
	|�!!, C> (u, v)�R!|��
}4		�D
N, ��		�
F�R!|��
}4		�F. R[ {φ(x−n)}n∈Z 99:6?RS?∑

k∈Z |φ̂(θ+2πk)|2 = 1
a.e., 7�R4I 3.5 �ZB2%	BA�

jk 3.6 !|��
}4		�F�]S	.
lm 3.1 ZA 3.6 �~��, !|��
}4		�F[�]S	, 2%	W?(C�9

G
5. = u = 1√
2
δ0 + 1√

2
δ3, v = 1√

2
δ0 − 1√

2
δ3, C (u, v) �	�D
N. W 3.3 TC���		

�F�]S	. �� %, =

φ(x) =

⎧⎨⎩
1
3
, 0 ≤ x < 3,

0, x < 0 z x ≥ 3,

C φ(x) = φ(2x) + φ(2x − 3). ��<@AB {φ(x − k), k ∈ Z} G�:6	.
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